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Abstract. Perturbation theory is a well–recognized
and effective tool to analyze the stability prop-
erties of models in Astrodynamics; in particular,
KAMandNekhoroshev’s theorems allow to under-
stand the long term behavior of nearly–integrable
dynamical systems. Following the work of La-
grange, Poincaré and Conley, the combination of
Dynamical Systems, chaos theory and Lagrangian
points gave birth to new concepts of space mis-
sions, nowadays known as Space Manifold Dy-
namics. e fields of application of perturbation
techniques involve also problems of rotational dy-
namics, like the spin–orbit problem or the pitch
model. In this context, we provide analytical and
numerical results to investigate the stability prop-
erties of the dynamics.

1 Introduction

Merging the knowledge of Dynamical Systems, Celes-
tial Mechanics and Astrodynamics has produced many
advances in spacecraft mission analysis and design. A
new branch of Astrodynamics, the so–called Space
Manifold Dynamics (hereafter SMD), has made an im-
pressive impact on the way of thinking about spacecraft
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trajectories (see, e.g., [4], [5], [28], [35]). e clas-
sical technique to design space trajectories is based on
patching together the solutions of the 2–body problem;
the new interplanetary orbits of SMD are designed by
making use also of the complicated (sometimes chaotic)
structure of the N–body phase space. e development
of the ideas, which lead to this new discipline, is a fan-
tastic paradigm of how science evolves: J.–L. Lagrange
([37]) discovered five (triangular and collinear) equi-
librium points (in the synodic frame) of the restricted
3–body problem, but he thought that his results had just
an academic interest, since he passed awaymany decades
before the first asteroid close to one of the equilibria
was observed (i.e., 588 Achilles discovered in 1906). In
1968 the mathematician C. Conley ([14]) exploited the
power of the unstable collinear points and he proved
mathematically the existence of low–energy transit or-
bits leading the spacecraft from one primary to the other
with a minimum expense of fuel, though the time to
reach the goal might notably increase with respect to
the application of the method of patched conics. Ten
years later, space agencies started to develop interplane-
tary missions fully exploiting the Lagrangian points and
the chaotic trajectories from the Hiten spacecraft ([42])
to ISEE–3, SOHO, MAP, etc.

A key role in the analysis of new trajectories us-
ing Dynamical Systems tools is played by the cele-
brated Kolmogorov–Arnold–Moser (hereafter KAM)
andNekhoroshev’s theorems ([34], [1], [45], [46]). Un-
der very general assumptions, KAM theory provides re-
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sults on the stability of motions inHamiltonian systems,
which are small perturbations of integrable ones (more
specifically, KAM theory establishes the persistence of
invariant tori with fixed frequency for infinite times).
On the other hand, Nekhoroshev’s theorem provides the
confinement of the actions (e.g., semimajor axis, eccen-
tricity, inclination in the N–body problem) over expo-
nential times. e original applications of these theo-
rems provided results very far from being of practical
interest in Astronomy. However, the development of
computer–assisted techniques, including the construc-
tion of adapted algebraic manipulators for perturbative
series expansions, allowed us to obtain results in agree-
ment with the observed values of the astronomical pa-
rameters (see, e.g., [8], [10] and references therein). It is
worth stressing that both theories allow also for the de-
velopment of numerical techniques apt to investigate the
stability of the dynamical systems, with the advantage of
having a strong theoretical support. In fact, KAM the-
ory provides tools for the construction (by a Newton’s
method) of invariant tori as well as of stable and un-
stable manifolds; Nekhoroshev’s theorem serves as the
basis for techniques for the computation of the stability
times and for the description of the interlaced geography
of resonances. Both theories are based on the develop-
ment of suitable normal forms, which can be efficiently
implemented on algebraic manipulators. In this work
we consider two models associated to orbital and rota-
tional problems in Astrodynamics: a 3–body problem
to describe the orbital motion of a spacecraft and a ro-
tational model to investigate its attitude stability. Both
models are described by a nearly–integrable Hamilto-
nian system (such that KAM and Nekhoroshev’s the-
orems can be applied). Since the dynamics of celestial
bodies is always affected by (eventually small) dissipa-
tions, we take into account also dissipative models. As
an example, we consider the pitch problem including a
non–rigid structure of the spacecraft and the effect of an
atmosphere. We remark that recent perturbative meth-
ods have been developed to encompass the dissipative
case, through the computation of suitable normal forms
([9], [11]).
is paper is organized as follows. Section 2 reviews the
basic facts about the Lagrangian points; we present in
Section 3 the motivations for the development of Space
Manifold Dynamics, leading to new methods for the
design and analysis of interplanetary trajectories. e
stability problem motivating the development of KAM
and Nekhoroshev’s theories is described in Section 4.
An example of Nekhoroshev’s type estimates is given in

Section 5, while applications of KAM theory and nu-
merical tools for studying the stability character of the
dynamics are presented in Section 6. Some conclusions
are drawn in Section 7.

2 e Lagrangian solutions

We consider the restricted 3–body problem, formed by
a body P with mass µ, which moves in the gravitational
field of two primaries P0, P1 with masses µ0, µ1, respec-
tively; we assume that µ0 > µ1 >> µ, which implies
that the primaries P0, P1 are not influenced by P (re-
stricted problem). We consider a reference frame with
the origin coinciding with the barycenter of the pri-
maries; in this setting, we define r and∆ as the distances
of P from P0 and P1, while r ′ is the distance between the
primaries and φ is the angle formed by the directions of
r, r ′. Let the reference plane coincide with the invari-
able plane of motion, formed by the unperturbed Ke-
pler motion of the primaries,and let the positive x–axis
be along the direction joining the primaries. In this set-
ting we introduce the orbital elements (a ′, e ′,M ′) to
describe the Keplerian motion of P1 at any time, being
respectively the semimajor axis, the eccentricity and the
mean anomaly. To describe the motion of P, we intro-
duce the orbital elements (a, e, i,ω,Ω,M), where the
inclination i, the argument of pericenterω and the lon-
gitude of the ascending nodeΩ define the orientation of
the osculating Keplerian ellipse. For µ1 = 0 the quanti-
ties (a, e, i,ω,Ω) are constants, whileM = nt +M0,
beingM0 the initial value and n the mean motion. Un-
der the influence of P1, all orbital elements of P become
functions of the time. We refer to the former as the un-
perturbed motion and to the latter as the perturbed mo-
tion, respectively. Without loss of generality we nor-
malize to unity the gravitational constant G as well as
we set r ′ = 1, µ0 + µ1 = 1, so that the angular velocity
of rotation is unity. To a first approximation we assume
that P1 moves on a circular orbit (e ′ = 0) and that the
motion of P is confined to lie in the invariable plane of
motion (i = 0,Ω = 0). e problem in the synodic
frame is shown in Figure 1, where the two primaries P0
and P1 are kept fixed in the coordinate system which is
uniformly rotating around the barycenter of P0 and P1
with the angular velocity of the primaries. In this set-
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F . Hill ’s curves and the geometry of the restricted 3–body
problem for µ1 = 5 ·10−2; the Lagrangian equilibrium points are
denoted by L1, L2, L3 (collinear), L4, L5 (triangular).

ting, the equations of motion for P can be written as

ẍ− 2ẏ =
∂Ω

∂x
,

ÿ+ 2ẋ =
∂Ω

∂y
, (1)

where the potentialΩ is defined by

Ω(x,y) = µ0

(
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2
+

1
r

)
+ µ1

(
∆2

2
+

1
∆

)
.

We look for the minima of the potential Ω to define
the equilibrium points; a standard computation shows
that the fixed points are located either on y = 0 for x
depending on the mass ratio µ0/µ1 as well on special
points, which form together with the location of P0 and
P1 an equilateral triangle (with φ = 60◦). e former
are known as collinear, the latter as triangular (or equi-
lateral) equilibrium points; they are numbered from L1
to L5 as shown in Figure 1. A plot of the potential along
the line y = 0, sayΩ(x) = Ω(x, 0) is given in Figure 2
for µ1 = 5 · 10−2. As it is well known ([50]), there
exists a natural invariant of motion associated to (1),
the so–called Jacobi integral CJ, which can be derived
by multiplying (1) by ẋ and ẏ, and integrating their sum
with respect to time to obtain the relation

ẋ2 + ẏ2 = 2Ω− CJ ,

Μ0 Μ1
x

WHxL

L1 L2L3

F . Minima of Ω(x) = Ω(x, 0), corresponding to the
collinear equilibrium points of the restricted problem for µ1 = 5 ·
10−2.

where CJ is a constant. Since the square of the velocity
cannot become negative, the motion is bounded by the
relation 2Ω − CJ > 0. We report in Figure 1 different
regions of the equipotential Ω(x,y) in color scale to-
gether with the zero velocity or Hill’s curves. e form
of Hill’s curves for a given mass ratio µ1/µ0 mainly de-
pends on the value of CJ and one can find regimes of
closed regions, which imply stability of motion for all
times. A detailed description of the topology of the zero
velocity curves is shown in Figure 3. While for smallCJ

the zero velocity curves degenerate to the triangular La-
grange points themselves (3a), with increasing CJ they
surround L4 and L5 symmetrically (3b) until they touch
at the collinear equilibrium point L3 (3c). Increasing
againCJ we find one closed zero velocity curve, with the
shape of a horseshoe (3d). For larger values of CJ the
outer curve touches at the collinear point L2 (3e), an-
other connecting channel is opened (3f) until the inner
curve touches at the equilibirium L1 (3g). Finally we
get two disconnected regimes (3h), encircling the two
masses µ0 and µ1, respectively. e Hamiltonian asso-
ciated to the planar, circular, restricted 3–body problem,
close to the 1:1 resonance, can be written in terms of
Delaunay variables as ([7])

H(L,G, τ,ω, λ ′) = −
1

2(1 + L)2 − (1 + L)

−µ1R(L,G, τ,ω, λ ′) , (2)
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F . Types of zero velocity curves for different Ja-
cobi–constants for µ1 = 5 · 10−2: a)CJ = 3, b)CJ = 3.074, c)
CJ = 3.0975, d) CJ = 3.15, e) CJ = 3.4019, f) CJ = 3.43,
g) CJ = 3.4685, h) CJ = 3.55.

where the modified Delaunay variables are defined in
terms of the Keplerian elements as

L =

√
a

a ′ − 1, τ = λ− λ ′,

G =

√
a

a ′

(√
1 − e2 − 1

)
, ω

and λ, λ ′ are the mean orbital longitudes of P and P1,
respectively. e Hamiltonian (2) is nearly integrable,
since for µ1 = 0 it reduces to the Kepler’s problem in the
rotating coordinate system. However, for µ1 6= 0 the
disturbing function R(L,G, τ,ω, λ ′) introduces a more
general (non–integrable) dynamics. e restricted pla-
nar, circular, 3–body problem serves as a basic model for
different kinds of space scenarios as we will see in the
next Section. Indeed, L1, L2, L3 are not stable, but with
an additional amount of propulsion it is possible to keep
the spacecraft close to those points. On the other hand
L4 and L5, being gravitationally stable, are good candi-
dates for next generation space stations or observatories
([20]). is suffices to motivate the increasing inter-
est for the study of the dynamics near the Lagrangian
points.

3 Space Manifold Dynamics

e transfer of a spacecraft between different trajec-
tories is classically obtained through a patched conic
approximation, each 2–body approximation being valid
within different spheres of influence ([2]). An alterna-
tive to such classical techniques in Astrodynamics has
been recently proposed by merging the knowledge of
Celestial Mechanics, Dynamical Systems and Flight
Dynamics. e overall technique goes under the name
of Space Manifold Dynamics, which we are going to
shortly present here ([5], [28], [35]).
As it is well known, the Keplerian motion is only a first
approximation of the dynamics of the celestial bodies,
namely the 2–body approximation provided, e.g., by the
Earth and the spacecraft. A better description of the
motion is obtained by adding the gravitational influ-
ence of a third body, e.g. the Moon. However, Henri
Poincaré ([48]) showed that the 3–body problem is not
integrable and that a complete analytical solution, like in
the Keplerian model, cannot be provided. Nevertheless,
themass of the second primary is typically small with re-
spect to the leading primary; in this case one can think
of the 3–body problem as a perturbed 2–body problem
(see Section 2). In our example the integrable part is
provided by the motion of the spacecraft subject to the
Earth, while the perturbation is due to the influence
of the Moon. is class of close–to–integrable 3–body
problems can be conveniently investigated through the
so–called perturbation theory (see, e.g., [8], [23], see
also [16] for an approach based on Lie series), which
aims to remove the perturbation appearing in (2) to
higher orders in the (normalized) perturbing parameter,
i.e. µ1/µ0. Since the work of Poincaré we know that,
beside regular motions, the 3–body problem exhibits
chaotic dynamics, characterized by an extreme sensitiv-
ity to variations of the initial conditions. As we will see
later, an effective tool to distinguish between regular and
chaotic motions is obtained through the computation of
the Lyapunov exponents or related quantities called Fast
Lyapunov Indicators ([24]). Chaotic motions are gener-
ated around the unstable equilibrium solutions, giving
rise to homoclinic (i.e. intersections between stable and
unstable manifolds belonging to the same equilibrium
point) and heteroclinic (i.e. intersections between sta-
ble and unstable manifolds belonging to different equi-
librium points) intersections at the crossing of the stable
and unstablemanifolds. Within the 3–body problemwe
have reviewed in Section 2 the existence of triangular
and collinear equilibrium solutions in the synodic refer-
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ence frame. e discovery dates back to J.–L. Lagrange,
who believed that such equilibrium solutions were just
a simple mathematical curiosity, since he passed away
many decades before the first asteroid (588 Achilles in
1906) close to the triangular positions was observed. In
1968 the mathematician Charles C. Conley published
a paper where new routes from Earth to Moon, al-
ternative to the patched conic approach, are envisaged.
e idea is to prove the existence of low–energy orbits
through the collinear point L1: in order to have min-
imal fuel costs, the spacecraft moves on orbits whose
Jacobi constant is just above that corresponding to the
collinear point (see [14]). Figure 3 shows that in case g)
there is no orbit connecting the primaries, but a slight
decrease of the Jacobi constant as in case e) leads to the
opening of the bottleneck allowing for transits between
the primaries. e existence of transit orbits through
the bottleneck is proven in [14] (see also [15]) by lin-
earizing the equations of motion around L1 and by using
Moser’s version of Lyapunov’s theorem ([44]). Tran-
sit orbits are then provided by using the stable and un-
stable manifolds associated to L1 (see Figure 4), which
can be explicitly constructed using efficient numerical
algorithms closely following the KAM proof given in
[41], namely by solving the functional equation defin-
ing the tori through a Newton’s method ([32]). More-

F . e dynamics around the bottleneck associated to L1. In
green, non-transit orbits, in red, transit orbits (the picture is a copy
of the original one in [14] obtained from [36]).

over, Conley showed that the low–energy orbits satisfy
the following mission requirements:

i) Minimizing Fuel: is is due to the low–energy
needed, however this requirement must be com-
pensated for by a much higher time for reaching

the goal.

ii) Control and Stability: the transfer of the space-
craft from the transit to the circumlunar orbit is ob-
tained through a simply controlled impulse in the
bottleneck region. is implies stability, since the
transit time is small.

iii) Flexibility: outside the bottleneck region around
the collinear point L1, one can approximate the
motion by a 2–body problem where patched conics
can be used to reach the Moon.

It is remarkable to mention that Conley concludes his
paper with the following comment on the time required
to reach the Moon by using the low–energy trajecto-
ries: ”Unfortunately, orbits such as these require a long
time to complete a cycle (e.g., 6 months, though a modifi-
cation of the notion might improve that)”. And later he
adds: ”On the other hand, one cannot predict how knowl-
edge will be applied -� only that it often is”; indeed, the
foundations of SMD have been laid ([5], [28], [35]).
New spacecraft trajectories are made possible through
the concepts of chaos, KAM tori, invariant manifolds
and Lagrangian points. By the way, some natural bod-
ies already experienced such dynamics, like those as-
teroids in the 3:1 resonance with Jupiter, which get
transported through chaotic orbits and eventually be-
come Mars–crossing. e use of collinear points in
Astrodynamics becomes nowadays very useful, thanks
to the following facts: they provide a good observa-
tional point of the Sun (compare with the so–called
halo orbits, i.e. 3–dimensional periodic orbits around a
collinear point), the L2 Moon–Earth collinear point can
be used to establish communications between the Earth
and the hidden side of the Moon, the collinear points
provide an effective interplanetary transport, being nat-
ural dynamical channels, thus minimizing fuel. e
first probe which used the Lagrangian points and the
halo orbits, ISEE–3, was launched in 1978 to study the
Earth’s magnetic field and the solar wind. Later, many
other missions profited of the peculiar dynamical geog-
raphy around the Lagrangian points, like Hiten (1990),
SOHO (1995), ACE (1997), MAP (2001), Genesis
(2001), Herschel–Planck (2009). Many other missions
are also planned in the future (e.g., JWST, Gaia, KuaFu,
etc.).

Motivated by the success of these new ideas in Space
Manifold Dynamics as started by C. Conley, we pro-
ceed to investigate the stability problem (see Section 4)
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within the following frameworks, having relevance in
Astrodynamics:

i) e analysis of the stability of the triangular La-
grangian points, which can be performed through
Nekhoroshev’s theory (see Section 5).

ii) e construction of the invariant tori through a
suitable parametric representation as performed in
KAM theory (see Section 6.1). is technique can
be extended also to construct the stable and unsta-
ble manifolds around the collinear points.

iii) e extension of the stability analysis to a particular
model of rotational dynamics, including the effect
of dissipative contributions (see Section 6.2).

4 e stability problem

Many celestial models can be seen as perturbations of
integrable dynamical systems, like in the case of the re-
stricted 3–body problem. A nearly–integrable system is
described by a Hamiltonian of the form

H(J,φ) = h0(J) + εh1(J,φ) , (3)

where J = (J1, . . . , Jd) ∈ Rd are the actions, φ =
(φ1, . . . ,φd) ∈ Td are the angle variables and ε is
a small positive real parameter. e choice of ac-
tion–angle variables comes from the fact that in the in-
tegrable approximation ε = 0 the associated canonical
equations can be solved as follows:

J̇ = −
∂h0(J)

∂φ
= 0

⇒ J(t) = J(0) = const.

φ̇ =
∂h0(J)

∂J
≡ ω(J)

⇒ φ(t) = ω (J(0)) t+ φ(0) , (4)

where (J(0),φ(0)) denote the initial conditions.
From a mathematical point of view, the solution takes
place on a torus with given frequency ω = ω(J(0)).
However, for ε 6= 0 the equations of motion in terms of
action–angle variables are of the form:

J̇ = −ε
∂h1(J,φ)
∂φ

,

φ̇ = ω(J) + ε
∂h1(J,φ)
∂J

.

t

J HtL

TH¶ L

Α
H¶
L

F . e stability problem (5).

One could argue that the motion is still on average
ε–close to the integrable approximation or, in other
words, that the effect of the perturbation becomes im-
portant only after a time T ∝ ε−1. We will see in the
ongoing discussion that this is not always the case. To be
more formal, let us investigate a stability problem such
that the actions remain bounded over a given interval of
time, namely there exists ε0 > 0 such that for ε 6 ε0:

|J(t) − J(0)| 6 α(ε) for t 6 T(ε) , (5)

where T = T(ε) is the stability time and α = α(ε) is
some bounded function of ε (compare with Figure 5).
As a first result, we can already state that for ε = 0 we
have T = ∞ and α = 0. It is interesting to investigate
the parameter ranges, say 0 6 ε 6 ε0 for some ε0 > 0,
which lead to one of the following conclusions for the
solution associated to a Hamiltonian system of the form
(3):

i) ere exist a perpetual solution, such that |J(t) −
J(0)| < α(ε) for all times.

ii) For solutions which are not perpetually stable,
there exists a stability time T(ε) such that |J(t) −
J(0)| is bounded for any t 6 T(ε).

e seminal results provided by KAM and Nekhoro-
shev theories are motivated by the previous discussion.
e content of KAM theory ([34], [1], [45]) is the fol-
lowing. Let us consider a nearly–integrable system of
the form (3), such that for ε = 0 it admits the unper-
turbed solution (4). e hypotheses for the applicability
of KAM theorem are the following:

1. e unperturbed Hamiltonian h0 is
non–degenerate, i.e. ∂2h0/∂J

2 6= 0.
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2. e frequency of motionω = ω(J(0)) is diophan-
tine, namely, it satisfies the non–resonance condi-
tion |ω ·k|−1 6 C|k|s for any k ∈ Zd and for some
positive constants C, s.

e first assumption is needed to guarantee that the fre-
quency of motion varies with the action J, while the
second assumption is needed to control the small di-
visor problem arising in perturbation theory ([8]). If
the perturbing parameter satisfies a smallness condition,
say ε 6 ε0 for some positive ε0, then KAM theorem
ensures the persistence of an invariant surface for the
perturbed system with frequency equal to the unper-
turbed frequency ω. We remark that KAM theorem
does not impose restrictions on the stability time and
therefore the existence of the invariant surfaces is guar-
anteed for eternity. e proof of the theorem is con-
structive in the sense that it provides an explicit algo-
rithm to build the invariant torus through a perturba-
tive Newton’s method. Moreover, as we will see in Sec-
tion 6.1, for systems with low degrees of freedom KAM
theorem provides a strong stability property in the sense
of confinement of the dynamics in the phase space by
establishing the existence of two trapping tori.

e result due to Nekhoroshev ([46], [47]) concerns a
stability theorem of type (5) by providing a bound on the
diffusion of the actions for exponential times. In partic-
ular, Nekhoroshev’s theorem yields that the functions
α, T are of the form

α(ε) = ε0ρ
a
0 , T(ε) = t0 e

( ε0
ε )

b

, (6)

for some positive constants ε0, ρ0, t0, a, b. Equa-
tion (6) states that the action variables stay bounded
for a stability time which is exponentially long in ε−1.
e theorem can be applied, provided the unperturbed
Hamiltonian h0 satisfies a suitable non–degeneracy
condition (even weaker than that required in KAM
theorem), which is called in the original paper the
steepness condition ([46]). Since this condition re-
quires a somehow complicated mathematical formula-
tion, in most literature this assumption is replaced by
the so–called quasi–convexity condition on h0 (see, e.g.,
[25], [26]). More precisely, a Hamiltonian h0 is said
to be quasi–convex if at least one of the following in-
equalities holds true for any v ∈ Rd (‖ · ‖ denotes the
Euclidean norm):

|ω(J) · v| > `‖v‖ ,
∂2h0(J)

∂J2
v · v > m‖v‖2

for some positive constants `, m. We remark that the
stability time depends only on the parameters t0, ε0,b,
strongly connected to the geometry and dimensional-
ity of the system. Although former studies ([39], [40],
[43]) already indicated an exponential stability behavior
of the solution of some dynamical systems, the proof
followed 20 years later ([46]). In his famous work
Nekhoroshev gave the detailed analysis of the action
space based on the so–called geography of the resonances.
With this result it was possible to prove a global stability
theorem, valid in an open domain of the phase space.

5 Stability of the triangular points

In order to illustrate the powerful results which can be
obtained through Nekhoroshev’s theorem, we analyze
the stability of the Earth–Moon triangular Lagrangian
points within the framework of the planar, circular, re-
stricted 3–body problem. e main technical tool for
the analytical studies leading to stability theorems of the
form (5) is the so-called normal form. In Hamiltonian
systems normal forms are achieved by means of a change
of coordinates, such that in the new set of variables the
system (3) can be written in cartesian coordinates as

H(r)
(
J(r),φ(r)

)
=

h0
(r)

(
J(r); ε

)
+ εr+1hr+1

(
J(r),φ(r)

)
,

where r is the order of normalization. We call h0
(r) the

(integrable) normal form and εr+1hr+1
(
J(r),φ(r)

)
the

remainder at the r–th order of normalization. e equa-
tions of motion in normal form coordinates become

dϕ(r)

dt
= ω(r)

(
J(r); ε

)
+ εr+1 ∂hr+1

∂J(r)
,

dJ(r)

dt
= −εr+1 ∂hr+1

∂φ(r)
,

being ω(r)
(
J(r); ε

)
= ∂h

(r)
0 /∂J(r). erefore, under

the assumption that the norm of εr+1hr+1
(
J(r),φ(r)

)
is small, up to the orderO(εr+1) the solution in normal
form coordinates is given by

φ(r)(t) = ω(r)
(
J(r)(0)

)
t+ φ(r)(0) ,

J(r)(t) = J(r)(0) = const. (7)

e solution describes the motion on the torus with fre-
quency equal to ω(r)(J(r)(0)). Note that the solution
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(7) is given in terms of the variables
(
J(r),ϕ(r)

)
, to-

gether with a normalized frequencyω(r). Estimates of
the form (5) rely on the evaluation of the norm of the re-
mainder function and of the generating function, which
defines the symplectic transformation S from original
to normalized variables, say S : (J,φ)→

(
J(r),φ(r)

)
.

While the former will give upper bounds on the stabil-
ity time, the latter can be used to give bounds on the
deviation of the actions. In order to obtain stability es-
timates of the Lagrangian points of the Sun–Earth sys-
tem, we consider a variant of Nekhoroshev’s theorem,
the so–called isochronous version ([22], [29]), where
the perturbing parameter ε is replaced by the distance,
which is assumed to be small, from the elliptic equilib-
rium point:

|ρ(t) − ρ(0)| 6 ρ(0)a for any

t 6 T = t0 e
(ρ∗

ρ )
b

(8)

for some t0 > 0 constant; here ρ = ρ(t) is the distance
from the equilibrium point at time t, ρ∗ is the maxi-
mum distance up to which the ”Nekhoroshev’s regime”
applies and the exponents a,b are parameters depend-
ing on the number of degrees of freedom. e stabil-
ity time is exponential in the inverse of the distance ρ,
which is bounded by the quantity ρ(0)a. is variant of
Nekhoroshev’s theorem is useful close to elliptic equilib-
ria ([10], [18], [38]) and it can be implemented also in
the case of symplectic mappings ([3]). As in Section 2
we assume that the eccentricity of the Earth is zero, say
e ′ = 0, and we derive a 2–dimensional symplectic map-
ping, which is suitable to describe the dynamics close to
the Lagrangian point L4. is can be done by using the
averaged disturbing function:

R̄ =
1

2π

∫ 2π

0
R(L,G, τ,ω, λ ′) dλ ′ ,

and by deriving the mapping equations via a generating
function (see [30]) of the form:

W = τnLn+1 +ωnGn+1

−2π
(

1
2 (1 + Ln+1) 2 + (1 + Ln+1) + µ1R̄

)
.

In the circular averaged case G is a constant of motion
and the relevant dynamics reduce to a 2–dimensional
surface of section, which is defined by the symplectic

transformation in phase space:

τn+1 =
∂W

∂Ln+1

= τn − 2π
(

1 −
1

(1 + Ln+1) 3 +

µ1
∂R̄

∂Ln+1
(τn,Ln+1)

)
,

Ln =
∂W

∂τn

= Ln+1 − 2πµ1
∂R̄

∂τn
(τn,Ln+1) .

e mapping in the present form can be used as an im-
plicit symplectic integrator of the averaged system to
obtain the solution vector for initial conditions (L(0),
τ(0)) at discrete times t = 2πn. A typical phase por-
trait obtained from the averaged Hamiltonian equations
for the Sun–Earth ratio is given in Figure 6. e fixed
points located atM −M ′ = 60◦ and 300◦ correspond
to L4 and L5; they are of elliptic type and they are sur-
rounded by librational invariant curves. e fixed point
located at M − M ′ = 180◦ is a saddle (correspond-
ing to L3); the separatrix going through L3 separates the
rotational and librational regime of motion. e phase
portrait was obtained for the Sun–Earth mass ratio for
e ′ = 0 and e = 0 on a grid of initial conditions to cover
the different regimes of motion. It is interesting to in-
vestigate the stability of the equilibrium points over long
time scales. is can be performed through numerical
studies (including also additional perturbative effects),
like it was done e.g. in [17], or by means of pure an-
alytical methods ([19], [21]) leading to Nekhoroshev
type stability estimates. In its simplest application of
the theorem one uses the Taylor series expansion of the
generating function close to one of the elliptic equilib-
rium points. e resulting mapping is polynomial in the
canonical variables and it can be rendered explicit using
iterated series inversions. Moreover, it is convenient to
diagonalize the linear form of the mapping and to write
it in complex conjugated variables using a suitable coor-
dinate transformation based on the eigensystem of the
linearized mapping equation. In general, mappings of
the present type can then be written in a very compact
form as

zn+1 = Ωωzn +
∑
k>2

Fk (z, z̄) , (9)

where z, z̄ ∈ Cd (d > 0) and Ωω =(
eiω1 , eiω2 , . . . , eiωd

)
is a d-dimensional vector of
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complex numbers associated to the linear frequency vec-
tor ω ≡ (ω1, . . . ,ωd) of the unperturbed twist map-
ping. e perturbation can be split as the sum of its
contributions Fk, labeled by the polynomial order de-
fined by k =

∑d
l=1(al+bl) for monomials of the form

z1
a1 z̄1

b1…zdad z̄d
bd . To obtain estimates on the sta-

bility time we seek, like in the continuous case, for a
change of coordinates S : z ∈ Cd → ζ ∈ Cd, such that
in the new variables the mapping equations become

ζn+1 = Ω(ω+ω′)ζn + R(r+1) (ζ, ζ̄
)

, (10)

where ζ, ζ̄ ∈ Cd are the transformed variables,
Ω(ω+ω′) is the shifted frequency vector of the normal-
ized mapping and R(r+1) denotes higher order contri-
butions. We call (10) the Birkhoff normal form of the
mapping (9) and R(r+1)

(
ζ, ζ̄ ) the remainder at the nor-

malization order r. If the latter can be neglected, the
motion is confined to lie on invariant circles in each hy-
perplane and in the vicinity of the central equilibrium.
However, in general the remainder will cause a drift of
the radii, defined by ρ = ζζ̄, on times approximately in-
verse to the size of the norm of

∥∥R(r+1)
∥∥. It was shown

in ([38]) that in the case of the Lagrangian configura-
tions, close to the equilibrium point L4 or L5, the dis-
tance from the equilibrium ρ and the stability time T are
connected via the relation:

ρ = 2−
1

2−r

(
(r− 2)

(
r

r− 2

)r ∥∥∥R(r+1)
∥∥∥ T) 1

2−r

,

where r is the order of normalization. e expres-
sion is related to (8) in case the norm of the remain-
der

∥∥R(r+1)
∥∥ becomes exponentially small; in that case

it was possible to prove the confinement of the initial
conditions close to the triangular equilibria for exponen-
tially long times ([38]).

6 Attitude dynamics and KAM theory

In order to describe the results which can be obtained
by applying KAM theory, we consider the attitude dy-
namics of a spacecraft, more precisely, we introduce two
different models in rotational dynamics. e spin–orbit
problem and the pitch model. e former model is con-
sidered within a conservative setting; for any non–zero
eccentricity of the satellite’s orbit, themodel is described
by a 1–dimensional, time–dependent, second–order dif-
ferential equation. KAM theory provides a tool to con-
struct an explicit approximate solution and to provide

0° 60° 120° 180° 240° 300°
-0.002

-0.001

0.000

0.001

0.002

M-M'

a
�
a

'
-

1

L4

L3
L5

F . Phase portrait of the Lagrangian averaged problem for
the Earth–Sun model. e elliptic fixed points situated atM −
M ′ = 60◦ and 300◦ correspond to the triangular equilibrium
points L4 and L5. ey are surrounded by invariant librational
curves. e saddle at 180◦ corresponds to the unstable equilibrium
point L3.

results about the stability of the satellite’s motion. e
pitch model concerns the motion of a non–rigid, asym-
metric spacecraft on a circular orbit within a slightly re-
sisting medium. Also this model is described by a 1–di-
mensional, time–dependent, second–order differential
equation. e regular and chaotic character of the dy-
namics is analyzed through the implementation of the
so–called Fast Lyapunov Indicators (see Section 6.3).
Numerical tools, like Poincaré surfaces of section and
the computation of the FLIs, are used in both models
to investigate the dynamical stability.

6.1 e spin–orbit model

A simple model describing the rotational dynamics of a
spacecraft S is obtained as follows. We assume that the
satellite has a triaxial shape with principal moments of
inertia A > B > C; we also assume that the barycen-
ter of the spacecraft moves around the primary P on a
Keplerian orbit. Concerning the rotation of the space-
craft we assume that the spin–axis coincides with the
shortest physical axis and that it is perpendicular to the
orbit plane (more interesting models would release the
latter assumption by allowing the spacecraft to have an
obliquity). After normalizing the units of measure so
that the mean motion is unity (i.e. the period of revolu-
tion is 2π), this model is described by the second–order
differential equation (see [8])

ẍ+ ε
(a
r

)3
sin(2x− 2f) = 0 , (11)
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where ε ≡ 3/2(B− C)/A, a is the semimajor axis, r is
the orbital radius and f is the true anomaly, while x is the
angle formed by the longest physical axis (belonging, by
assumption, to the orbital plane) and the periapsis line
(see Figure 7). A spin–orbit resonance occurs whenever
the period of revolution is proportional through a ra-
tional number to the period of rotation. A synchronous
resonance occurs whenever the two periods are equal as
in the case of a geosynchronous satellite always pointing
the same spot on the Earth. Since, by assumption, the

F . e geometry of the spin–orbit model (see the text).

orbit is a Keplerian ellipse, both r and f are known func-
tions of the time and they depend parametrically on the
orbital eccentricity e. is implies that the phase–space
of the spin–orbit model is 3–dimensional; henceforth
the 2–dimensional invariant KAM surfaces provide an
important stability property in the sense of confinement
in a given region of the phase space. Figure 8 provides
some Poincaré maps (at times multiple of 2π) for dif-
ferent values of the parameters. We first analyze a sam-
ple which could refer to some geosynchronous satellites,
namely with an almost circular orbit e = 10−3 and a
relatively large oblateness, i.e. a measure of the ratio
of the moments of inertia (ε = 0.1, 0.4, 0.8), moti-
vated by the fact that vehicles can be long and thin with
antennas always pointing the same spot on the Earth.
Comparing these cases we see that the librational re-
gion around the synchronous resonance (approximately
located at y = 1, being y ≡ ẋ) increases as ε grows.
Outside the librational region we find the rotational in-
variant tori, which run the whole interval [0, 2π). A re-
duction of the synchronous libration and a simultane-
ous increase of the chaotic regions is obtained by taking
larger values of the eccentricity like in Figure 8d). e

stability of the librational motion can be shown through
the implementation of KAM theory. In fact, being the
phase space associated to (11) 3–dimensional, the 2–di-
mensional invariant rotational tori separate the phase
space into invariant regions. In particular, the existence
of two rotational surfaces bounding the librational curve
from below and above provide the stability of the mo-
tion in the phase space region enclosed by these curves.
is idea has been implemented in the cases of the re-
stricted 3–body problem and the spin–orbit model ([8]),
obtaining stability results for parameter values consis-
tent with the astronomical data. ese results are ob-
tained through the application of a (computer–assisted)
KAM theorem, which provides also a constructive al-
gorithm to determine the invariant tori. In fact, a rota-
tional KAMsurface with frequencyω for (11) is defined
as an invariant 2–dimensional torus which is described
by the parametric equation

x = θ+ u(θ, t) , (12)

where θ is a parametric coordinate running in the in-
terval [0, 2π), such that θ̇ = ω. e unknown func-
tion u must be determined so that (12) is a solution of
(11); in particular, if we define the operatorD such that
Du = ω∂u

∂θ
+ ∂u

∂t
, then u must satisfy the equation

D2u(θ, t)+ε
(a
r

)3
sin(2θ+2u(θ, t)−2f) = 0 . (13)

KAM theory provides us a tool to solve equation (13)
by means of a Newton’s method, using the following al-
gorithm:

1. expand the function u in Taylor–Fourier series and
define the truncation to a suitable order N, say
uN(θ, t), as initial approximation:

uN(θ, t) =
N∑
j=1

εj
∑

m,n∈Z
û(j)
m,ne

i(mθ+nt) , (14)

for real coefficients û(j)
m,n;

2. insert (14) in (13) and compute recursively the co-
efficients û(j)

m,n (notice that the second term in (13)
depends on the coefficients of u at the orders 1, ...,
N−1, so that the equation provides a recursive re-
lation to define uN);

3. use a Newton’s method (as developed in KAM the-
ory, see e.g. [8], [41]) to get a better approximate
solution within the limiting precision.
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F . Poincaré maps of the spin–orbit model for a) e = 0.001, ε = 0.1, b) e = 0.001, ε = 0.4, c) 0.001, ε = 0.8, d) e = 0.01,
ε = 0.1.

We remark that such an algorithm can be conveniently
implemented on a computer to find the Taylor–Fourier
coefficients of the parameterizing function u and that it
can be extended to encompass also the construction of
stable and unstable manifolds around unstable equilibria
([41], [32]).

6.2 Pitch motion of a non–rigid spacecraft with
viscous drag

Spacecraft dynamics is in general affected by external
torques which may provoke energy dissipation (com-
pare with [13], [31]). Examples are the Solar radi-
ation pressure, the gravity gradient torque, the effect
of an atmosphere, the magnetic torque induced by the
planetary’s magnetic field or the torque provoked by a
non–rigid structure whenever elastic and/or deformable
elements are included in the spacecraft. Following [33]
we consider the motion of an asymmetric spacecraft,
assuming that the non–rigidity is modeled by a peri-
odic variation of one of the moments of inertia, say
A(t) = A0 + A1 cosνt, where A0, A1 are constants

with A1 << A0 and ν is the frequency of variation. In
this model we assume that the moments of inertia, say
A > B > C, define a body frame (O, x,y, z) with O
coinciding with the barycenter of the spacecraft (which
we assume to keep unaltered by the non–rigid structure).
Let us denote by (O,X, Y,Z) the orbital frame with the
Z–axis pointing to the planet, theX axis along the direc-
tion of the velocity vector and the Y axis perpendicular
to the orbit plane; as a first approximation, we assume
that the orbit is circular. e Euler angles (ψ, ϑ,ϕ) be-
tween the orbital and body frames are called yaw, pitch,
roll angles, respectively ([31]). According to [33] we as-
sume that the yaw and roll motions are initially at rest,
say ψ(0) = ψ̇(0) = 0 and ϕ(0) = ϕ̇(0) = 0, and that
the spacecraft orbits in a slightly resisting medium. If
the units of measure are chosen so that the orbital fre-
quency of the spacecraft is unity, the equation of motion
becomes ([33])
ϑ̈ = −K sin ϑ cos ϑ− ε sin ϑ cos ϑ cos(νt) − δθ̇ , (15)

where K ≡ 3(A0 − C)/B, ε ≡ 3A1/B and δ is the
viscous constant.
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F . Poincaré maps of the pitch model for δ = 0 and a) K = 1, η = 1, ε = 0.01, b) K = 1, η = 1, ε = 0.1, c) K = 1, η = 1,
ε = 0.5, d) K = 0.5, η = 1, ε = 0.1.

Figure 9 shows some Poincarémaps (at timesmultiple of
2π) for different values of the parameters; the first three
plots fix the values of K = 1, η = 1, while ε varies,
showing an increasing amplitude of the chaotic region
as ε gets larger; Figure 9d shows an example where the
parameter K has been decreased to K = 0.5.

6.3 Stability regions

e Poincaré maps of Sections 6.1 and 6.2 provide a
picture of the dynamics for specific values of the pa-
rameters. In order to have a global view of the dynam-
ics, one can make use of classical chaos indicators, like
the Lyapunov exponents ([6]), which reveal the regu-
lar or chaotic character of the dynamics. Strictly re-
lated to Lyapunov exponents, an effective indicator of
chaos, already used in several contexts of Astrodynam-
ics, is the Fast Lyapunov Indicator, hereafter FLI ([24]),
which is obtained as the value of the largest Lyapunov
exponent at a fixed time. More precisely, let us write
the spin–orbit equation (11) or the pitch equation (15)
as a first–order differential system of the form ż = f(z),

where z ≡ (x,y) ∈ R2 and f is a 2–dimensional vector
function; let the variational equations be written as

v̇ =
(∂f(z)
∂z

)
v ,

where v is a 2–dimensional vector. e FLI can be com-
puted as follows: given the initial conditions z(0) ∈ R2,
v(0) ∈ R2, the FLI at time T > 0 is provided by the
expression ([24])

FLI(z(0), v(0), T) ≡ sup
0<t6T

log ||v(t)|| .

Figure 10 provides the FLI–maps associated to (11)
in the plane ε versus y for e = 10−3, e = 10−2,
e = 10−1, respectively; the main features of the dynam-
ics can be captured at a glance, provided we associate
to each color a specific behavior: black to purple cor-
respond to periodic orbits and associated librational re-
gions; orange denotes rotational invariant surfaces; yel-
low corresponds to chaotic dynamics. e results show
that for small values of the eccentricity, say e = 10−3,
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a) b) c)

F . Values of the FLI (color scale) of the spin–orbit model showing ε versus y for a) e = 10−3, b) e = 10−2, c) e = 10−1.

most of the phase space is filled byKAM tori or by the li-
brational regime around the synchronous resonance (i.e.
around y = 1); a tiny chaotic zone (the yellow re-
gion) surrounds the synchronous resonance, whose li-
brational amplitude gets bigger as the oblateness ε in-
creases. As the eccentricity grows, say e = 10−2, a
region of non–synchronous resonance with frequency
equal to 3/2 (i.e. starting from y = 1.5) appears as well
as with frequency equal to 2/1 (i.e. around y = 2). For
larger eccentricities, say e = 10−1, most of the phase
space is dominated by chaotic motions.
A similar computation has been performed for the pitch
model as in Figure 11; the first two panels refer to the
conservative case, while in the last panels a small dissi-
pation (δ = 0.001) has been considered. A comparison
between Figure 11a and b shows that the amplitude of
the librational region increases with K, while a compar-
ison between Figure 11b and c shows the effect of the
dissipation on a time scale up to 150 time units. e sys-
tem being dissipative, the latter picture is simply a tran-
sient dynamic. Indeed, Figure 11d shows the evolution
on a time scale three times bigger than that of panel c.
Due to the fact that the dissipation is small, one can ob-
serve only tiny variations of the dynamical behavior of
the solution.

7 Conclusions

e fruitful combination of the concepts of manifolds,
chaos and Lagrangian points led to the pioneer work by
C. Conley about new routes for mission design. e
interaction between Dynamical Systems, Celestial Me-
chanics and Astrodynamics has revealed many unex-

pected ways to plan space missions and it has opened
new perspectives. In fact, the space between the Earth
and the Moon as well as that between planets is not
dynamically empty, but on the contrary it is definitely
crowded by regular stable orbits, unstable manifolds,
weakly and strongly chaotic trajectories and escaping
orbits. e geography of the phase space has been
deeply investigated by using Nekhoroshev’s theorem,
whose proof contains the interplay between resonant
and non–resonant motions. e dynamics on specific
invariant manifolds have been established by the cel-
ebrated KAM theory, which provides an explicit con-
structive algorithm to compute the invariant tori as well
as the stable and unstable manifolds. e basic ingredi-
ent of KAM and Nekhoroshev’s theorems is the devel-
opment of perturbation theories for nearly–integrable
systems, which allow to reduce the size of the perturba-
tion to higher orders in the perturbing parameter. e
associated normal forms can be computed by means of
an adapted manipulator for perturbative series expan-
sions and the results can be used to compute the dy-
namics of spacecraft within the accuracy of the normal
form. ese ideas have found a ground–test in many
applications concerning the dynamics of natural and ar-
tificial celestial bodies, for example, new routes to Moon
and planets have been constructed through Space Man-
ifold Dynamics ([27]), the stability of the rotation of
dumbbell and tether satellite models have been explored
through normal forms ([12], [49]) and the Lagrangian
equilibrium points have been used in several spacecraft
missions.

Although the theoretical framework is well understood
through the consolidated KAMand Nekhoroshev’s the-
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a) b) c) d)

F . Values of the FLI (color scale) of the pitch model showing ε versus y for a) K = 0.5, η = 1, δ = 0, b) K = 1, η = 1,
δ = 0, c) K = 1, η = 1, δ = 0.001, t = 150, d) K = 1, η = 1, δ = 0.001, t = 450.

ories, concrete applications to Astrodynamics still need
to be fully exploited. In particular, we point out that the
dynamics of spacecraft (as well as that of natural bod-
ies) is affected by dissipative forces (e.g. Yarkowski ef-
fect, non–rigidity, gravity gradient torque, etc.). If the
strength of the dissipation is small, the dynamics are
closely related to that of the conservative model, but on
the long run the dissipative effects alter the orbits and af-
fect the dynamics in the sense that the motion is driven
toward some attractors (indeed, the dissipation can be
conveniently used to modify the spacecraft motion). In
this scenario, the dynamics can be studied on different
time scales according to mission requirements such as
the conservative dynamics, the adiabatic regime and the
dissipative setting. ese studies can be performed both
for orbital and rotational motions, as well as for analyz-
ing the interplay between the two dynamical characters.
It is worthmentioning that suitable normal forms can be
developed to encompass the dissipative case ([11]). e
dissipative normal forms seem very promising to inves-
tigate the effect of dissipation and to evaluate the dy-
namics of the spacecraft with greater accuracy. In con-
clusion, we believe that the mathematical tools available
at present can be conveniently used to investigate and
develop new methods in mission design and analysis.
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