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Abstract

We propose a novel approach based on dual filtering techniques for the detection of possible variations
of the thermal properties of the spacecraft that result from variations of its physical properties and for
determining a complete thermal mapping of the system. System and sensor uncertainties are taken into
account in the lumped parameter modeling of the thermal system and a dual filter is run on the stochastic
model in an alternating optimization fashion to estimate the thermal state and coefficients of the resulting
thermal network from the readings of few, strategically placed, thermal sensors.

1 Introduction

In this paper we introduce a novel approach to infer
the health status of the spacecraft and its instru-
mentations from the readings of few, strategically
placed thermal sensors. System and sensor uncer-
tainties are taken into account in the lumped pa-
rameter network (LPN) modeling of the thermal
system and a nonlinear dual filter is run on the re-
sulting stochastic model. In the dual filtering con-
figuration [1, 2] the states and the parameters of
a dynamic system are estimated simultaneously in
an alternating optimization fashion. To cope with
the strong nonlinearities of the resulting thermal
network we propose to use the “unscented” exten-
sion of the well known Kalman filter [3, 4]. The
main advantage of the dual filtering based method
applied to the thermal network is the possibility
of detecting variations in the thermal properties of
the spacecraft as a result of variations of its phys-
ical properties together with a complete thermal
mapping of the system. Events such as faults can
be detected by the dual filter as well as new values
of system parameters (e.g. radiative couplings) that
result from a variation of the spacecraft geometry
(e.g. from the deployment of antennas, solar panels,
etc.). Finally, the system could be employed as a
virtual sensor able to identify anomalous behaviors
of a possible faulty physical sensor.

The method proposed would be particular attrac-
tive in those network whose state and parameters
can be estimated by the filter using a minimal

amount of readings. The relation between the net-
work topology and this minimal number is there-
fore an issue strictly related to the observability of
the system which is here approached using graph
theory.

The idea of describing in a probabilistic framework
the uncertainties in a LPN has been proposed by [5]
in order to detect the presence of faulty electrical
components. However that approach based on a
Markov network and on the Iterative Proportional
Fitting [6, 7] is unable in its original formulation
to deal with dynamical systems. The dual filtering
based method proposed in this paper can be seen
as an extension of that approach for dynamical sys-
tem.

This paper is organized as follows. In Section 2 we
introduce the state estimation problem and give a
brief description of the unscented Kalman filter and
of the dual state estimation configuration. In Sec-
tion 3 a stochastic modeling of the thermal system
based on the LPN and its state-space representa-
tion are presented. The problem of parameters ob-
servability is discussed in Section 4. In Section 5
we illustrate our method through a simple example
and in Section 6 we draw conclusions and discuss
future work.
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2 Filtering techniques and

configurations

In state estimation problems, the state-space rep-
resentation of the dynamical system is used. This
describes the evolution of the system state xk over
time, and the measurements yk as a function of the
state1:

xk = f(xk−1,w,vk−1) (1)

yk = g(xk,w,nk) (2)

where w are the model parameters, vk is the state
noise, nk the measurement noise, and k the sample
step counter. For given parameters w these equa-
tions define a probability density function (pdf) for
the state transition p(xk|xk−1) and for the mea-
surement p(yk|xk).

Since the system and the measurements are
stochastic, the exact state cannot be inferred
from the measurements, only the pdf of the state
p(xk|y1:k) from sample step 1 to k can be de ter-
mined. So, the goal of the state estimation problem
is to determine p(xk|y1:k). Although it is possible
to use Bayes’ rule to express this conditional den-
sity in terms of the state transition pdf p(xk|xk−1),
and the measurement pdf p(yk|xk), the evaluation
of it requires the evaluation of several integrals,
which is not possible (analytically) in general [8].
In principle it is possible to evaluate these integrals
numerically (which is done, e.g., in approximate
grid-based methods where the state space is dis-
cretized [8]), but these methods are in most cases
very inefficient.

Under certain assumptions the conditional pdf
p(xk|y1:k) can be solved (or approximated) by the
Kalman filter or its extensions, such as the ex-
tended/unscented Kalman filter. Below we give a
short overview of the Kalman filter and the un-
scented Kalman filter and their corresponding as-
sumptions. Note that there are other filtering
methods that are not discussed here.

1For simplicity, we do not consider inputs that may act

on the system. The extension to include inputs is straight-

forward.

2.1 Filter types

2.1.1 Kalman filter (KF)

Consider a linear system

xk = Fxk−1 + vk−1

yk = Gxk + nk

with known and constant system matrices F and
G. The state noise vk−1 and measurement noise
nk are both assumed to be additive, and assumed
to have a zero mean Gaussian distribution. Fur-
thermore independence between noises at differ-
ent time instants and between the state and mea-
surement noise is assumed: cov{vk1

,vk2
} = 0 and

cov{nk1
,nk2

} = 0 for k1 6= k2, and cov{vk1
,nk2

} =
0 for any k1 and k2.

Under these assumptions the conditional pdf
p(xk|y1:k) is also Gaussian, and the Kalman fil-
ter expresses analytically the mean and covariance
of p(xk|y1:k) [1]. The Kalman filter is guaranteed
to converge if the state noise excites all states and
the system (F,G) is observable [9].

If the process equation and/or the measurement
equation is/are nonlinear, modified versions of the
Kalman filter must be used. The most common
modification is based on the linearization of the
nonlinear functions and is referred to as extended
Kalman filter (EKF) [10, 11]. Another extension
of the Kalman filter for nonlinear systems is the
Unscented Kalman Filter (UKF).

2.1.2 Unscented Kalman filter

Contrary to the EKF, the UKF does not use a lin-
earization of the system and the noises are not as-
sumed to be Gaussian [3, 4]. To represent the mean
and the covariance of the (conditional) state pdf’s,
so-called sigma points are defined with appropriate
weights attached to each point. The sigma points
and the weights are chosen such that their weighted
mean and covariance approximate the true mean
and covariance of the pdf.

The UKF approximates the mean and the covari-
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ance of the posterior pdf with second order (Taylor)
accuracy. As the EKF operates with first order ac-
curacy, the UKF can be expected to have better
performance and convergence properties. Never-
theless, convergence cannot be guaranteed for the
UKF.

The equations of the UKF are given in Table 1. The
main assumption here is that the state pdf can be
sufficiently described by its mean and covariance.

2.2 Filter configurations

These filters can be used for state estimation, pa-
rameter estimation, or for the simultaneous esti-
mation of the state and the parameters. These re-
quire different filter configurations, which are sum-
marized below.

2.2.1 State tracking

The model parameters are assumed to be known.
The goal of state tracking is to determine the pdf
p(xk|y1:k) for every k.

2.2.2 Parameter tracking

The model states and measurements are assumed
to be known. The state-space model is formed for
the evolution of the model parameters xpar,k = wk,
which is often assumed to be a random walk with
noise vpar,k. The measurement is written as a func-
tion of the system state xk and the model param-
eters xpar,k, and a “state tracking” filter is run for
xpar,k :

xpar,k = xpar,k−1 + vpar,k−1 (3)

yk = g′(xk,xpar,k,nk) (4)

2.2.3 Joint estimation

In joint estimation both the system state and the
model parameters are estimated simultaneously.
To this end, an augmented state vector is defined

consisting of both the system state and the model
parameters, xaug,k = [xT

k ,xT
par,k]T. Based on (1)–

(4) a new state-space system is formed on which
the filter is run.

2.2.4 Dual estimation

Similarly to joint estimation, in dual estimation
the system state and the model parameters are es-
timated simultaneously. However, here the state
system (1)–(2) and the parameter system (3)–(4)
are kept separately, and two filters are run, one for
the state estimation, and one for the parameter es-
timation. For each sample step k the result of the
state estimation of the previous sample step xk−1

is used as an input for the parameter estimator,
and vice versa, the result of the parameter estima-
tor of the previous sample step xpar,k−1 is used in
the state estimatoras shown in Fig. 1.

In [1] it is suggested that the dual filter has better
convergence properties than the joint filter.

3 The thermal stochastic

state-space model

As already mentioned the thermal system can be
represented by a LPN, whose nodes are isother-
mal volumes where heat can be stored and links
represent the heat flow between two nodes. Nodes
are characterized by their thermal capacitance and
possibly by a heat source whereas links are char-
acterized by a thermal conductance and/or by a
radiative exchange factor.

Applying the heat conduction and radiation equa-
tions to this network yields to the following system
of differential equations.

Ci

dTi

dt
=

∑

j 6=i

Kij (Tj − Ti) +
∑

j 6=i

Rij

(

T
4

j − T
4

i

)

+ Qi

(5)

with i, j = 1, . . . , n, where n is the number of nodes
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Table 1: The Unscented Kalman Filter
I. Initialize with:

x̂0 = E[x0],P0 = E[(x0 − x̂0)(x0 − x̂0)
T], x̂a

0 = E[xa
0 ],

Pa
0 = E[(xa

0 − x̂a
0)(xa

0 − x̂a
0)

T] = diag{P0,Pv,Pn}

where xa
k = [xT

k vT
k nT

k ]T is the augmented state vector.

Evaluate steps II, III, and IV below for k = 1, 2, . . .
II. Calculate sigma points:

X a
0,k−1 = x̂a

k−1

X a
i,k−1 = x̂a

k−1 +
(

√

(nx + λ)Pa
k−1

)

i
, for i = 1, . . . , nx

X a
i,k−1 = x̂a

k−1 −
(

√

(nx + λ)Pa
k−1

)

i−nx,
for i = nx, . . . , 2nx

where X a
k = [(X x

k )T (X v
k )T (Xn

k )T]T and
√

Pa
k−1 is a Cholesky factor, and the design parameters

selected as λ = α2(nx + k) − nx, 1 ≥ α ≥ 10−4, k is typically taken to equal 3 − nx, and nx is
the dimension of the augmented state, and (M)i denotes the i-th column of matrix M.

III. Time update :

X x
i,k|k−1 = f(X x

i,k−1,X
v
i,k−1),

x̂k|k−1 =

2nx
∑

i=0

W
(m)
i X x

i,k|k−1,

Pk|k−1 =

2nx
∑

i=0

W
(c)
i [X x

i,k|k−1 − x̂k|k−1][X
x
i,k|k−1 − x̂k|k−1]

T,

Yi,k|k−1 = g(X x
i,k|k−1,X

n
i,k−1),

ŷk|k−1 =

2nx
∑

i=0

W
(m)
i Yi,k|k−1.

IV. Measurement update:

Pykyk
=

2nx
∑

i=0

W
(c)
i [Yi,k|k−1 − ŷk|k−1][Yi,k|k−1 − ŷk|k−1]

T,

Pxkyk
=

2nx
∑

i=0

W
(c)
i [X x

i,k|k−1 − x̂k|k−1][Yi,k|k−1 − ŷk|k−1]
T,

Kk = Pxkyk
P−1

ykyk
,

x̂k|k = x̂k|k−1 + Kk(yk − ŷk|k−1),

Pk|k = Pk|k−1 −KkPykyk
KT

k ,

where the weights are: W
(m)
0 = λ/(nx + λ), W

(c)
0 = λ/(nx + λ) + (1 − α2 + β), W

(m)
i = W

(c)
i =

1/2(nx + λ), for i = 1, . . . , 2nx.
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x̂(k − 1) x̂−(k) x̂(k)

y(k)

ŵ−(k)ŵ(k − 1) ŵ(k)

Time Update x̂

Time Update ŵ

Meas. Update x̂

Meas. Update ŵ

Figure 1: The dual estimation scheme. The two filters use each other’s estimation from the previous sample
step.

in the network, Ti [◦C], Ci [J/◦C] and Qi [W] are
the temperature, capacitance and heat source of
node i respectively, Kij [W/◦C] and Rij [W/◦C4]
are the conductance and the radiative exchange
factor between nodes i and j.

A discrete time system can be derived by (5) by
substituting the time derivatives in the left-hand
side by a first order approximation. The dis-
crete time system equations considering an additive
noise term vi that takes into account the modeling
uncertainties can be written as follows:

Ti,k+1 =
t

Ci,k





∑

j 6=i

Kij,k (Tj,k − Ti,k) + . . .

+
∑

j 6=i

Rij,k

(

T 4
j,k − T 4

i,k

)

+ Qi,k



 + vi,k (6)

Note that in (6) we introduce a time dependency
of the system parameters Ci, Kij and Rij denoted
by the subscript k.

Denoting the measured temperature at node i and
the measurement noise by T̃i and ni respectively,

we can write:

T̃i,k = Ti,k + ni,k (7)

with i = 1, . . . , m, where m is the number of tem-
perature sensors in the network.

Furthermore the state variable vector, the input
vector and the measurement vector are defined
as T = [T1, . . . , Tn]T , Q = [Q1, . . . , Qn]T , T̃ =
[T̃1, . . . , T̃m]T , respectively. Then the stochastic
thermal model introduced in Equations (6) and (7)
can be rewritten in the following compact state-
space representation:

Tk+1 = AkTk + BkT
4
k + Qk + vk (8)

T̃k = CTk + nk (9)
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where

A ∈ R
n×n, a(i, i) =

−t

Ci

∑

j 6=i

Kij , a(i, j) =
−t

Ci

Kij ,

B ∈ R
n×n, b(i, i) =

−t

Ci

∑

j 6=i

Rij , b(i, j) =
−t

Ci

Rij ,

C ∈ R
m×n,

v = [v1, . . . , vn]T , n = [n1, . . . , nm]T .

The dual filter configuration introduced in Sec-
tion 2.2.4 can now be applied to the system rep-
resented by Equations (8) and (9) to estimate in
an alternating optimization fashion the complete
thermal states and parameters of the network (e.g.
the radiative exchange factors). Note that, by esti-
mating the network parameters, possible variations
of the physical properties of the system can be de-
tected as the result of variations of the thermal
properties. This feature allows the identification in
real time of possible faults in the system as well as
of new values of parameters resulting from changes
in the spacecraft geometry (e.g. from the deploy-
ment of antennas).

The method proposed is particularly attractive in
those network whose state and parameters can be
estimated by the filter using a minimal amount of
readings. The relation between the network topol-
ogy and this minimal number is therefore an issue
strictly related to the observability of the system
which is here approached using graph theory and
discussed in the next session. Note that the observ-
ability of the parameters can be computed analyti-
cally because in the dual filtering configuration the
parameter tracking filter is run on a liner system.

4 Network observability

The necessary number and the location of the sen-
sors depends on the structure of the network, it
can be cast into the question: “Which nodes of a
given network must be chosen in order that for each
link at least one of the nodes it connects is among

the chosen nodes?”. In the following we shortly de-
scribe a strategy to find an answer to this question.
Consider a network with nodes N = {Nα}, α =
1, . . . , n and links L = {Lβ}, β = 1, . . . , l. We
denote the adjacency matrix2 (links) by L as well
and moreover use the incidence matrix I. Our net-
work does not contain any loops and two nodes
are connected by not more than one link. There-
fore the possible entries of the incidence and of the
adjacency matrix are simply 0 and 1, the former
matrix in addition is traceless. Finally, a n-vector
M0 is needed, whose entries are the number of links
attached to each of the nodes. This vector is e.g.
obtained as M0 = L × 1n = I × 1l.

From the vector M0 we can derive relatively easy
an upper and lower bound for the number S of nec-
essary sensors to ensure observability of the whole
thermal network, namely

min
m







∑

α∈{m}

Nα ≥ m







≤ S

≤ min
m











∑

α∈{m}

Nα −
1

2
γ(γ − 1)



 ≥ m







,

(10)

where {m} is the set of chosen nodes and m its
cardinality (the number of measurements). This
formula represents the fact that in the best case
we choose m nodes without any link between each
other while in the other extreme every chosen node
has a link to each of the other chosen nodes.

To obtain a precise result the multiple choices of
a certain link must be identified. Whether or not
two nodes Ni and Nj are connected by a link can
be determined either from the adjacency or from
the incidence matrix by

∆Nαβ =
∑

γ

IαγIγβ = Lαβ . (11)

2We use the standard definitions of graph theory. The

adjacency matrix L is a n×n matrix, whose entries Lαβ are

the number of links connecting the node Nα with the node

Nβ . The incidence matrix is an n × l matrix. Its entries

have values 0, 1 or 2 and define the number of times the

node Nα is incident to the link Lβ .
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Therefore the minimal set of nodes to be chosen
may be written as

S = min
m























∑

α∈{m}

Nα −
∑

α,β∈{m}
α>β

Lαβ









≥ m















.

(12)
We illustrate this result by two examples. Consider
a complete network, which means that each node
is incident to n − 1 links. Choosing the node N1

therefore chooses n− 1 links. The second node N2

chooses n− 2 as the link connected to N1 does not
count any more. The next one chooses n − 3 and
so on. With a set of m nodes therefore

(n − 1) + (n − 2) + . . . + (n − m − 1) =

= m(m − 1) −
1

2
m(m − 1)

links have been chosen. This yields the upper
bound in equation (10) and given the total number
of links l = n(n−1)/2 one obtains that m = (n−1)
nodes must be chosen. On the other hand in a
minimal network, where each node Nα is just con-
nected to Nα−1 and Nα+1 the total number of links
is l = n − 1. Choosing all links N2α we obtain the
lower bound in (10).

Obviously equation (12) yet is lacking a clear strat-
egy how to choose the nodes. Here we propose a
simple iterative program, based on a series of vec-
tors Ma, a = 0, 1, 2, . . ., where M0 is the list of
numbers of links per node as defined above. Each
vector Ma defines the next node to be chosen and
a rule how to determine Ma+1 as follows:

1. Determine all nodes with only one link at-
tached to, i.e. the set of elements {Ma,α} of
Ma with Ma,α = 1 ∀α. All nodes connected
by a link to one of the elements in {Ma,α} are
chosen in a first step. This is motivated by the
fact that for each node with a single link either
the node itself must be chosen or the one it is
connected to. The latter case is advantageous
if one intends to reduce the number of neces-
sary nodes.

2. Define a new vector Ma+1 as

Ma+1 = Ma −
∑

α

L × Lα , (13)

where Lα is the vector built from the α’th col-
umn of L and α runs over all the nodes that
have been chosen in step one. Obviously the
elements Ma+1,α now are zero. Ma+1 counts
the number of links attached to each node that
are not yet chosen. If Ma+1 again has entries
with value +1 go back to step 1. If Ma+1 has
entries larger than zero and not unity go to
step 3. Else the process terminates and the
nodes to be chosen are determined.

3. Choose the largest component among the vec-
tor Ma, which we denote by Ma,β. This is
the next node to be chosen in the process. It
may be possible that more than one node has
the maximal number of links. Denoting the
set of these nodes by Nmax one should choose
the node with the least elements pointing to
another member of the set, i.e.

min
β∈Nmax







∑

γ∈Nmax

Lβγ







. (14)

If the answer is not yet unique one could re-
peat this step by taking the node with the least
links to the set of nodes with the second most
links and so on.

4. Analogous to point 2 a vector Ma+1 is defined
as

Ma+1 = Ma − L × Lβ . (15)

If Ma+1 has entries larger than zero go back
to step one. Else the process terminates and
the nodes to be chosen are determined.

5 A simple example

To illustrate our approach we consider the simple
three nodes thermal network shown in Fig. 2. Ac-
cording to the arguments presented in Section 4, to
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preserve the observability of the parameters of the
network, two of the three nodes must be chosen as
locations for the temperature sensors (represented
by the gray color in the figure).

1

3 2

T1, T̃1, Q1, C1

T3, T̃3, Q3, C3 T2, Q2, C2

R13, K13

R23, K23

R12, K12

Figure 2: A simple three nodes thermal networks.
The gray nodes are those chosen as location for the
sensors.

The state variable vector, the measurement vector
and the input vectors become T = [T1, T2, T3]

T ,
T̃ = [T̃1, T̃2]

T and Q = [Q1, Q2, Q3]
T , respectively.

As an example, let us consider constant the radia-
tive and capacitance parameters and assume that
we want to estimate the state vector together with
the conductive parameters K = [K12, K13, K23]

T .
The state space system for this network can be
written as follows:





T1,k+1

T2,k+1

T3,k+1



 = Ak





T1,k

T2,k

T3,k



 + B





T 4
1,k

T 4
2,k

T 4
3,k



 +





Q1,k

Q2,k

Q3,k



 +





v1,k

v2,k

v3,k



 , (16)

(

T̃1,k

T̃2,k

)

= C





T1,k

T2,k

T3,k



 +

(

n1,k

n2,k

)

(17)

where:

Ak =







−
K12,k+K13,k

C1

K12,k

C1

K13,k

C1

K21,k

C2

−
K21,k+K23,k

C2

K23,k

C2

K31,k

C3

K32,k

C3

−
K31,k+K32,k

C3






,

B =







−R12+R13

C1

R12

C1

R13

C1

R21

C2

−R21+R23

C2

R23

C2

R31

C3

R32

C3

−R31+R32

C3






,

C =

(

1 0 0
0 1 0

)

.

For the sake of this example, we show in Fig. 3
and Fig. 4 the performance of our approach on the
simple triangular network. Fig. 3 show the capa-
bility of the dual filter to track abrupt variations
of the network parameters that might results from
variations of the system physical properties. Fig. 4
shows the dynamics of the “true” network temper-
atures and their estimates.

6 Conclusions and future

work

We have proposed a novel approach based on dual
filtering for the detection of variations of the ther-
mal properties of the spacecraft and for determin-
ing a complete thermal mapping of the system.
System and sensor uncertainties are taken into ac-
count in the lumped parameter modeling of the
thermal system and a dual filter is run on the
stochastic model to estimate the thermal states and
the network parameters from the minimum set of
sensor readings that insures system observability.
To cope with the strong nonlinearities of the re-
sulting thermal network we have proposed to use
an unscented Kalman filter. We have illustrated
the approach on a simple three nodes network and
shown how the dual filter is able to estimate the
system states and at the same time detect changes
of the thermal parameters of the network. We are
currently working on the application of our method
to a satellite thermal network. In the future we
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Figure 3: Performances of the dual filter for the tracking of K = [K12, K13, K23]
T . The dashed lines represent

the real values of the parameters whereas the continuous lines represents the filter estimates.

will extend our model in order to account for the
temperature dependency of the network parame-
ters and to cope with unknown system inputs.
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represent the real values of states whereas the continuous lines represent the filter estimates.
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