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Abstract

A great challenge for mechanical devices is environment interaction. Indeed, while machines excel in
pick-and-place tasks, they are rather poor in operations such as running, flying and grasping. Current researches
suggest “low impedance” as the key asset for environment interacting tasks.

Compliance and lightness are different aspects of impedance. Biological joints are inherently compliant and
lightweight. Moreover, biological joints are organs and not only passive mechanism. Indeed, they are complex
systems which behave actively in order to preserve their functional stability. Biological joints are able to adapt
themselves to internal failures and to changes in the environment and/or in the operating conditions. Clearly,
artificial equivalents of biological joints which embody the aforementioned features may be very useful for
mechanical systems which interact with the environment.

With these premises, in this work we first present the state of the art and the needs of environment interacting
devices. Then, we investigate, in depth, the active and passive features shown by biological joints, and examine
how these features can be transferred into an artificial counterpart which has to be suited to environment
interaction and to other applications as well. In this framework, we take the knee joint as a benchmark. In
particular, we examine the active and passive roles ligaments play in the functional stability of the knee. Finally,
synthesis, kinematic analysis, stiffness analysis and implementation issues of a novel biologically inspired joint
which can be suited to environment interaction and to other applications are addressed. Since the new joint takes
inspiration from the major features which are found in the knee joints of several animal species, it has been
named “Almost TWO degree of freedoms Knee-Inspired” (ATWOKI) joint.
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Chapter 1
Joint Technology: State of the Art, Limits and Needs

1.1.1 The Actual Challenge for Mechanical Devices: Environment Interaction

Mechanical devices demonstrated very successful at performing tasks that require movements in free space or
known environments under position or trajectory control of the device degrees of freedom. Indeed, machines can
perform such tasks with great speed, endurance, precision and accuracy which are rather difficult and tedious for
humans. On the other hand, to date, there are many tasks in which machine competence is inferior to that of the
biological counterparts, i.e. live beings.

Despite extensive research, actions which require consistent interaction with the real world such as walking,
running, swimming, catching, grasping and manipulation, and which are considered easy to most able-bodied
live beings, have been proven difficult for mechanical devices. As a result, while machines such as
pick-and-place robots that use position/trajectory control have found their way into effective applications (e.g.
spray painting vehicle exteriors, pick and place of integrated circuit chips and arc/spot welding), for the most
part, mechanical devices that contact the surrounding environment and work within kinematic constraints have
been only limited to a laboratory research level.

Unfortunately, since our world is kinematically and inertially constrained, it is important for a mechanical

device to be able to adapt to the environment. Frequently, the environment defines a flow interaction and leaves
the machine with only the option to modulate its effort. In other words, while the machine can push on and give
energy to the environment, it cannot specify how the environment will respond. If the machine tries to control
the position at a constrained interface, there exists a basic incompatibility between the two physical systems.
Therefore, whenever a mechanical device interacts with an environment or with a work piece and is not simply
moving around in free space, while it is still important for the machine to understand its own sense of position,
the machine also needs some capability of being compliant in order to allow the causality of the
machine-environment interface to maintain a proper relationship.
In practice, all environments do have some compliance. While most constraints have high stiffness, there are
other environments which are very compliant. Perhaps, the compliance is even variable, like in an inflated elastic
balloon. In these cases it may be necessary for the mechanical device to control some combination of flow and
effort, but once again, the machine must be capable of being compliant.

In technical language, such concepts are resumed by the following statement: mechanical devices must possess

“low impedance”.

1.1.2 Interacting Mechanical Devices: State of the Art and New Trends
In the recent past, different techniques, ideas and algorithms have been used by researchers in order to match
the impedance requirements of mechanical devices with the impedance characteristics of the environment.

Practically, it is possible to sort all the efforts in two classes: passive and active methods.
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Passive methods are essentially based on the introduction of some concentrated compliance into the machine
structure while living the control system to perform a traditional position control [1, 2].
A very clever example is the remote center compliance (RCC) which is a special compliant end-effector set up to

automatically execute a peg-in-hole assembly [1].
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Figure 1.1 Remote Center of Compliance (RCC) Figure 1.2 Behaviour of RCC in Peg-in-Hole Operations

A RCC is depicted in Fig. 1.1 (courtesy from ATI Industrial Automation). A representative schematic of the
behavior of the RCC in peg-in-hole operations is shown in Fig. 1.2. The configuration of the RCC creates a
compliance center at a certain point within its structure. Forces acting on the remote compliance center result in
pure translations, while torques exerted about the remote compliance center cause pure rotations. By placing a
peg tip right at the remote compliance center, it can be passively dropped into a hole without jamming.

Active methods [3, 4], conversely, do not introduce any form of passive compliance. Instead, compliance is
actively generated by means of specific control algorithms. Among these approaches we can recall explicit force
control, stiffness control [5], damping control [4], impedance control [6], hybrid position-force control [7], and
virtual model control [8].

Despite the advances and the very interesting results achieved, unfortunately, both methods did not succeed by
themselves in making mechanical devices perform as their biologic counterparts. Passive techniques are usually
task specific oriented and, if not associated with a proper control system, render the machine sloppy during task
execution so as to cause the system to miss the overall goals [2]. Active methods are limited by the performances
of standard actuation systems which are poor at generating accurate forces in the machine joints. Accurate force
generation is indeed essential to the active control techniques. In facts, force controlled, i.e. ideally
zero-impedance, actuators are heavily affected by friction, stick-slip, breakaway forces on seals, backlash in
transmissions, cogging in motors and reflected inertia through a transmission, which induce relevant force noise
in the actuator output. Note that these effects are minimized, instead, when the mechanical device is controlled in
position or trajectory. Indeed, in such circumstances, the mass of both the robot and the actuators low-pass filters
the force noise on the positional output.

Owing to these limitations, a further trend is currently being undertaken. In essence, it is a hybrid approach
which relies on the introduction of passive compliance in the machine structure [9] or in the machine actuators
[10], and on the use of properly modified force-control schemes which take into account the flexibility of the
structure to be controlled [11, 12]. These techniques are showing interesting results and seem very promising

especially on the light of the emerging compliant actuator technologies such as the electroactive polymers [13].
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Indeed, such materials, which seem to possess performances comparable to or even better than natural muscles,
may provide a mean for building simple, slender and lightweight actuators which, by avoiding transmissions and

sliding parts, may feature better actuator force output in addition to compliance.

1.1.3 Interacting Mechanical Devices: a Novel Paradigm in Machine Design

From the preceding sections, it can be seen that the need to make machines interact with the environment is
leading the design community toward a controversial paradigm, i.e. the introduction of compliance into
mechanisms and actuators.

Traditionally, mechanisms and actuators have been built to be as stiff as possible in order to increase the
overall system bandwidth. Higher cut-off frequencies are indeed perfectly suited to pick-and-place robots where
strict kinematic performances such as fast movements, high position accuracy and impending disturbance
rejection are required. Besides, while these objectives are surely still welcomed, interacting machines call for
different priorities. Stability when contacting environments of variable and unknown stiffness is the main target.
Then, the ability to filter shock loads and, more generally, to insulate machine components from the
environment, in addition to the possibility to store energy and control its flow for increasing the overall machine
efficiency follow.

Elasticity complies with all these requirements. As a major example, note that the actuator benchmark for
environment interacting operations, i.e. biological muscles, are intrinsically compliant. Further, it has to be
understood that the frequency threshold of operation of interacting devices is much lower than the one sought for

pick-and-place tasks and, therefore, the use of elasticity is not a limiting factor here.

1.2 The Need of a Compliant Joint Technology

As mentioned in Section 1.1.2, to date, research efforts in compliant mechanical devices have been mainly
focused on actuator and control technologies. Few research groups concentrated on the features and properties of
the mechanisms to be controlled. In such spare works, however, only topics related to link compliance have been
addressed, while not much has been said about compliant joints. Note that, in the context of this research study,
the definition of compliant joints goes beyond the concepts related to the well known flexible joints used in high
accuracy micro-positioning devices and similar. Indeed, with compliant joint we intend a pair that provides lower
stiffness and large relative motions in some directions, i.e. the practical degrees of freedom of the joint, and
higher stiffness and very small motions in the remaining directions.

Compliant joints are a very potential topic which deserves to be addressed. Indeed, as attainable by the use of
springs in series with actuators and/or flexibility of links, compliant joints may: a) compensate for poor
positioning accuracy of gross motions, like the RCC device described in Section 1.2; b) allow for a more touch-
gently action, which is essential in manipulation; and c¢) introduce shock reduction and energy storage
capabilities, which are fundamental in locomotion [14] and in vibration damping. Moreover, compliant joints
may also provide other positive features that could allow overcoming the manufacturing and the functional

limitations shown by traditional joints in more common applications.
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1.3.1 Traditional Joint Technology: State of the Art and Actual Limits

Traditional mechanical pairs are based on 1 degree-of-freedom (dof) joints made by rigid members with
matching, i.e. congruent, conjugate surfaces. From a kinematical perspective traditional pairs are independent
kinematic elements under bilateral geometric constraint. They are usually referred to as lower pairs and comprise
rigid-pinned-hinges, sliders and lead screws. Among standardization, modularity and other aspects, the main
advantage related to the success of lower pairs consists in the reduced contact pressure between the connected
links that limits internal stresses and wear of the materials which make the pair.

However, this speculation is rather ideal and, in practice, the use of such joints involves several issues. Indeed,
unless resorting to rather costly manufacturing processes, contacting surfaces of lower pairs are quite far from
being congruent. Moreover, in order to assemble the mating links and the overall mechanisms they are placed in,
lower pairs need to be provided with some clearance which, apart from decreasing contacting surface
congruence, introduces backlash (that causes vibration and shock sensitivity) and leads to kinematic
indeterminacy between the connected links (that causes accuracy and control issues). Of course, a possible
alternative to clearance-affected pairs is the use of pre-loaded pairs; however, mechanisms presenting pre-loaded
pairs require very precise tolerances and, consequently, very high manufacturing costs. Further, the bilateral
constraint, which is inherent in lower pairs, does not allow for the take up of increased clearance which may arise
as a consequence of reversible effects such as thermal deformations, or irreversible effects such as wear. The use
of pre-loaded pairs may, once again, allow going around the problem, but, as said, the approach is not exempt
from drawbacks. Still referring to the bilaterality of the geometrical constraints, lower pairs do not allow the
connected links to compensate for misalignments which may occur during mounting and in operating conditions.
As a result, excessive stresses, wear and even jamming may take place, especially if pre-loaded pairs are used.

To date, the use of 1-dof lower pairs dominates even when the links to be connected require more degrees of
mobility. In such cases, suitable serial combinations of lower pairs, e.g. two revolute pairs with intersecting axes
for the realization of a 2-dof spherical joint, are preferred to the use of monolithic higher-pairs. This results in
bulky and heavy connections which feature all the drawbacks related to elements connected in series. Note that
the choice of serially combining 1-dof pairs to devise multi-dof joints is partly a consequence of the
technological limitations in sensor and actuator technologies. Indeed, even the 3-dof spherical pair, which exists
as monolithic, is often replaced by three revolute pairs with co-intersecting axes because of problems related to

the integration of sensors and actuators in the joint.

1.3.2 New Joint Technology: Requirements and Biomimetic Approach

As described in Section 1.3.1, it is clear that the joint technology needs to advance further. Of course, aspects
such as long durability, inexpensiveness, lightness, compactness should be improved. But more than that, it
comes up that one of the main drawbacks of the traditional joints technology is the lack of adaptability to varying
operating conditions. Traditional joints cannot accommodate optimally for concurrent effects such as clearance,
wear, stresses and other environment dependent phenomena. In practice, some sort of multi-functionality and
“smart” behaviour for adapting to environment changes should be sought for a next generation of connecting

elements.
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With these objectives, many approaches may be undertaken. However, since the sought features can be found
in biological joints and since these latter demonstrate to perform very well, the option of biologically inspired
(biomimetic) approaches is very attractive. Indeed, live beings come as a result of a long natural selection in
which deficiencies should be nullified while advantages should be maximized. Biologic creatures are the
benchmark for environment-interaction tasks and thus it can be conjectured that their joints have been optimized
by using as criterion the long lasting ability in performing such tasks. As a matter of fact, the design of joints
across species has been quite consistent for about 300 millions of years [15]. Moreover, despite the huge
differences between species, their joints are very similar and have the same morphological components [15].

However, by making this choice, one should be far from just copying nature’s designs. In fact, while, from one
side, biology may be inspiring and assisting, on the other side, artificial technologies and materials are very
different from nature’s technologies and materials. Indeed, the phenomenology of natural and artificial materials
is rather different. In addition, the operational environments, the applications and the success criteria or the cost
functions may be diverse. In particular, to date, artificial materials do not have to comply with metabolic needs.
Furthermore, concerning the design, it is worth recalling that, although excellent, nature is not perfect since
living creatures are the result of a selection among already built and very similar beings. Conversely, our systems
may come from the comparison of unlimited potentially optimal designs which may be conceived by using a
huge amount of tools and realized through an unrestricted number of materials. Thus, the correct use of
biological inspired approaches for the design of new types of mechanical joints should respect the following
steps: 1) start from the analysis and comprehension of the structure and the functionalities of biological joints;
2) identify the features which may be transferred to artificial types of joints; 3) taking into account the available
materials and technologies, devise the most favourable articulation concept which may pursue the identified
features; and 4) use the devised articulation concept and the available materials and technologies to design

mechanisms which are optimized for the application at hand.
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Chapter 2

Analysis of Biological Joints

2.1 Analysis of Biological Joints as Simple Passive Mechanisms

With respect to traditional mechanical joints, the situation in biology is much more intricate.

Based on their anatomic structure and movement potentials, biological joints are classified in three groups:
synarthroses (fibrous), amphiarthroses (cartilaginous) and diarthroses (synovial). In synarthroses, bones are
connected by connective fibrous tissue. Synarthroses are designed for joint stability; they bind bones together
and transmit forces from one bone to the next with minimal joint motion. Such joints allow forces to be dispersed
across a relatively large area of contact, thereby reducing the possibility of injury. In amphiarthroses, bones are
connected by ligaments and elastic cartilages such as fibrocartilage and hyaline cartilage. Amphiarthroses allow
relatively restrained movements and are relatively stiff; they are mainly designated to provide stability and to
absorb and disperse forces between adjacent bones. Note that, in order to facilitate a large range of motion,
amphiarthroses are used in serial combination (e.g. connection of spinal vertebrae). In diarthroses, bones are in
contact and connected by fibrous structures and cartilage, and are able to move with respect to each other. Within
a defined and quite wide range of motion, diarthroses allow for rather free movements. They offer little friction
and are designed to facilitate large motions and are able to transmit forces also.

Since artificial counterparts of synarthroses and amphiarthroses exist, in practice, in the mechanical world
(e.g. link bonding, i.e. soldering or gluing, may be understood as the artificial counterpart of synarthroses;
flexible joints, i.e. notch and leaf-spring joints, may be understood as the artificial counterparts of
amphiarthroses), and since diarthroses are the only connections specialized for large movements, thus being
crucial to the mechanics of motion (diarthroses are present in major number in both upper and lower extremities
of biological bodies), we concentrate our attention on synovial joints.

From a mechanical point of view, diarthroses are multifunctional. Primarily, they allow motion, shock

absorption, conservation of energy and transmission of forces.
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Despite the differences among biological species and the functions they are suited for, from a movement
functionality perspective, all diarthroses are made up of bone’s conjugate surfaces, articular cartilage, articular
capsule, ligaments and tendons muscles, and are filled with synovial fluid. Considering the knee as example, a
picture of the elements which make a diarthrosis is given in Fig. 2.1 (picture from www.ski-injury.com).

Most joint surfaces are curved, with one surface being relatively convex and the other relatively concave.
Contact surfaces are usually incongruent [16, 17] and the contact is mediated by the articular cartilage.

Cartilage provides a means of lubrication in order to distribute the contact forces over a wider contact surface
as well as reducing friction during motion. Despite the various range of loading condition it is subjected to,
cartilage surfaces sustain very little wear. The minimal wear is associated with a very complex lubrication
system, i.e. a lubricating fluid-film forming between the articular cartilage surfaces and an adsorbed boundary
lubricant on each surface during motion and loadings [18].

In highly stressed articulations, further fibrocartilage elements are present between the cartilage surfaces, e.g.
the menisci in the knee joint. Such elements work as major force-bearers by making the contact surfaces of the
joint far more congruent. Other than that, the functions of fibrocartilage elements include shock absorption, joint
stabilization during motion, improved lubrication of the articular contact, additional friction reduction, and
auxiliary guidance of the joint arthrokinematics. As said, referring to the knee joint, examples of fibrocartilage
elements are the menisci [19]. They transform nearly flat articular surfaces of the tibia into shallow seats for the
femoral condyles so as to increase the extension of the contact surfaces. Note that the menisci carry the entire
force at lower loads; indeed, it takes about half a body weight to make the femoral cartilage actually contact the
tibial cartilage [20]. Further, due to their disc-like crescent shape, when compressed, the menisci deform
peripherally [19]. This mechanism allows part of the compression force at the knee to be absorbed as a
circumferential tension throughout each meniscus. This confers very good shock absorption properties while
walking, running and jumping. Note that, in such activities, compressive forces range from nearly 3 times the
body weight, under normal conditions, to 9 times the body weight, under extreme conditions. In practice, menisci
are able to nearly tripling the area of joint contact between femur and tibia [21]. Their effectiveness is proven by
considering that a complete lateral meniscectomy increases the peak contact pressure by 230% [22], which likely
increases the risk of developing stress related arthritis, i.e. contact surface wear.

Tendons, ligaments and joint capsules are the three principal structures that closely surround, connect, and
stabilize diarthroses [23]. Even when considered as passive mechanical elements (the active properties are dealt
in Section 2.2), these structures play a very essential role. Ligaments and joint capsules connect a bone to another
and, acting as static restraints, augment the mechanical stability of the joints, contribute to guide joint motion and
prevent excessive joint motion. Conversely, tendons attach muscles to bones and transmit tensile loads between
them, thereby producing joint motion or maintaining joint posture. Tendons and muscles form the tendon-muscle
units which act as active restraint. The tendon also allows the muscle belly to be at an optimal distance from the
joint on which it acts without requiring the muscle itself to be extended between origin and insertion. Tendons
and ligaments are viscoelastic structures with unique mechanical properties. Tendons are strong enough to
sustain the high tensile forces that result from muscle contraction during joint motion, yet are sufficiently flexible
to angulate around bone surfaces and to deflect beneath retinacula to change the final direction of the muscle

pull. Tendon attachments on the bones are properly shaped so as to create a good level mechanism for the
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efficient transmission of the muscle force between bones throughout the full range of motion of the joint. The
ligaments are pliant and flexible so as to allow the natural movements of the bones they are attached to, but also
strong and inextensible so as to drive the joint arthrokinematics accurately and to offer appropriate resistance to
forces applied to the joint.

From a mobility perspective, a biological joint features multiple degrees of freedom in one compact and
lightweight single system. As for their architecture, conversely to multi-dof traditional joints which are, usually,
serial compositions of lower pairs, biological joints are, essentially, closed kinematic chains which make use of
rigid (bones) as well as flexible (ligaments, cartilages, fibrocartilage) members. The constraint between rigid
members is unilateral and the coupling surfaces are not congruent. The contact between these surfaces is
mediated by some compliant means (cartilage and fibrocartilage) and, usually, is further lubricated by the
synovial fluid. Separation of the contact surfaces is prevented by flexible and quite stiff elements, such as the
ligaments. They act both as effective constraints which directly limit the joint arthrokinematics (ligaments
reduce, by themselves, the degrees of freedom of the joint) and as preloading elements which force the contact
between adjacent rigid members so as to indirectly limit the joint arthrokinematics (ligaments preload the
unilateral coupling between adjacent bones so as to make this constraint effective). Note that due to their
flexibility, the ligaments are allowed to bend and to twist around their axis during the joint motion.

From the kinematic point of view, the use of higher pairs, where the adjacent members can contemporarily
roll, slide and spin, makes biological joints much more compact and lighter than if serial combinations of
revolute, sliding or helical pairs were used.

Moreover, the association between the unilaterally-constrained architecture of the coupling between rigid
members (bones) and the slight compliance of the flexible (ligaments and tendons) and the intervening (cartilage
and fibrocartilage) elements allows for 6-dof compliance of the joint. This is fundamental for increasing the
functionality of biological joints. Indeed, passive compliance allows the axis of relative motion of two adjacent
bones to fluctuate within a small region so as to guarantee certain compulsory motions even in externally
overconstrained situations. As an example, note that, when a knee is embedded in a brace, the leg can somehow
flex and extend even if the brace is not placed properly across the joint. Indeed, due to the 6-dof compliance, the
axis of flexion-extension of the knee shifts in order to match the axis of rotation of the brace.

Joint compliance is also a means to simply compensate for the poor control of the relative motion between the
connected members, and allows the joint to adapt to events which may change, reversibly or permanently, the
shape of the contacting surfaces. In this way, both backlash and the effects of wear may be nullified. Finally,
compliance allows for shock and vibration reduction, limits the potential damages of uncontrolled movements
and filters out noisy and impulsive forces which may be generated either by the muscles or by external
disturbances coming from the environment. Thus, it simplifies the control of certain tasks and auto-protects the
system itself.

The cam-shaped surfaces of the contacting members give the possibility of decreasing or increasing bone-surface
congruence in certain positions of the joint motion. In this way, the joint could be made gain or lose some degree
of freedom while moving. This feature is exploited by the knee joint which behaves as a 1-dof mechanism near
full extension, i.e. the internal-external rotation is dependent on the flexion-extension movement, and behaves as

a 2-dof joint when flexed, i.e. the internal-external rotation is fairly independent on the flexion-extension
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movement [62, 63]. Note that this phenomenon depends mainly on the cam-shaped surface of the contacting
members but also on the compliance of the elements which make the knee. Indeed, the gained degree of freedom
is, more precisely, an “envelope” of motion because it is consistent only if the tibia is subjected to some torque
(from the muscles or from the outside), while it is not consistent if the knee is in a completely unloaded state
[62]. However, since in flexed configurations the compliance towards internal-external rotations of the tibia is
much smaller than the compliance in the other directions (the knee is indeed much stiffer towards varus-valgus
rotations and towards all the translations), i.e. internal-external rotations are much bigger than the motions in the
other directions, and since the independent internal-external rotation of the tibia is fundamental for activities of
daily living [63], then this “envelope” of motion must be considered as a practical degree of freedom. In this
regard, note that the amount of torque required for the internal-external rotation of the tibia is about 3 Nm which
is far lower than the 40 Nm an healthy knee joint can sustain [64]. In this context, while the passive (unloaded)
motion of the knee is 1-dof, throughout this research work, the practical (or prevalent) motion of the knee is
considered with 2-dof.

In cases where a single 1-dof motion in a plane is needed, the use of cam-shaped surfaces, which generate
coupled motions outside that plane, may be a means for providing the joint with more stability than achieved
through the use of a simple traditional planar pair. The passive motion of the knee joint works as example. In
fact, the tibio-femoral joint is a special 1-dof mechanism which, in the ultimate degrees of extension, besides the
rotation in the plane defined by the axes of the tibia and femur, provides also a coupled rotation of the tibia
around its axis. This mechanism is known as the "screw home™ mechanism. It is considered to be the key
element of knee stability for standing upright and for performing activities which involve vigorous cuts (90 deg
change in direction), jumps and rapid decelerations. Essentially, the slight twist of the tibia during extension
allows the femoral condyles and the tibial plateau to share the maximal possible flat surface so as to distribute
the contacting force over a greater area as well as to allow the knee to be held in full extension without undue
fatigue of the surrounding musculature [24]. A similar phenomenon happens at the hip-joint and it is usually
referred to as “true native bony” stability.

Usually, due to the eccentric nature of the conjugate surfaces, the rotation axes of links do not remain steady
with respect to the links. This help adapting, probably optimizing, the internal moment arm of the extensor and
flexor muscles during motion. This allows a more effective utilization and a more compact placement of the
actuators (muscles).

During motion, the conjugate surfaces of the connected members always roll and slide. These offsetting
arthrokinematics seem to help limiting the magnitude of relative translation of the limbs (with respect to a

simpler rolling motion), thus allowing for a more compact joint architecture.

2.2 Analysis of Biological Joints as Real Organs: Active Mechanisms

In Section 2.1, biological joints have been considered as simple passive mechanisms. However, conversely to
traditional joints, they are organs and, in order to comprehend their full advantage, they have to be considered as
active systems. In this framework, the role of components such as ligaments, tendons, cartilage and capsules is

augmented and each element gains a new level of importance.
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The idea of joints as organs goes a step further from emphasizing the immediate mechanical relationships
between the components, i.e. how the presence or the absence of one element affects the mechanics of the entire
joint. Indeed, from a biologically perspective, a joint has the ability to adapt when boundary conditions change
and even when one of its components fails. It is indeed observed that a disturbance in the joint mechanics causes
adaptive responses of all the joint components which act in order to restore the loss of functional ability [25].

Organs operating inside the body can only function within narrow ranges of environmental conditions. An
organism continuously receives perturbations from external forces and thus, in order not to be damaged, organs
work actively so as to control and preserve their internal state. In physiology, this active process is often referred
to as homeostasis. It is clear that preserving homeostasis becomes the major driving force underlying many, if
not all, physiological functions of the body [25]. In a healthy individual, internal stability is maintained by the
control systems that stimulate corrective responses after a homeostatic disruption has been detected. In the case
of biological joints, homeostasis consists in joint stability. Inherently, joint stability is a complicated
physiological process which goes beyond the purely mechanical aspects described in Section 2.1. The fact that
many individuals, after a joint injury which impairs the joint mechanical stability, return to pre-injury levels
through a proper neuromuscular training [26-28] suggests that some active compensatory mechanism must be
developed in order to provide the joint with the supplemental stability shown.

In this context, the process of maintaining joint stability has to be understood as a complementary action
between a passive and an active component. Thus, when talking about biological joints, two different definitions
arise: passive stability, also called “clinical stability” and which may be not representative of the ability of the
joint to perform a given task, and active stability, also called “functional stability”, which is instead fully
representative of the ability to perform a given task.

Passive stability comes from the passive mechanical properties of ligaments, joint capsules, cartilage and
bone’s conjugate surfaces [31]. This has been described in Section 2.1.

Functional stability comes from the mutual contribution between passive stability and neuromuscular control.
That is, the reflexive response of the muscles, which cross the joint, is the active mechanism the body uses to
preserve or restore joint homeostasis. Functional joint stability is provided by a complex system which is called
sensorymotor system [29]. The sensorymotor system is a subcomponent of the motor control system of the body.
Its role is to encompass all the sensory, central integration and processing activities involved in maintaining joint
homeostasis while the body is moving (i.e. functional joint stability). In practice, the sensorymotor system
operates through neuromuscular control. Neuromuscular control determines the muscle activation and, from a
joint stability perspective, it governs the unconscious placement of the active restraints which are needed in
preparation for and in response to joint constrained motion and loading in order to maintain and restore
homeostasis of the overall system [30]. The active restrains are elicited in form of muscle reflexes. For example,
when throwing a ball with the hand, a particular muscle activation sequence occurs in the rotator cuff muscles in
order to ensure that the optimal gleno-humeral alignment and compression required for joint stability are
provided. These muscle activations take place unconsciously and simultaneously with the voluntary muscle
activation which, conversely, is only associated with a particular task (i.e. aiming, speed, distance).

For neuromuscular control to be effective, it is essential to have information concerning the status of the joint

and its associated structures. Such information is referred to as proprioceptive. Proprioception correctly describes
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all the afferent information that arise from internal peripheral areas (proprioceptors) of the body and that
contribute to unconscious sensations (which are related to postural control and joint stability) as well as to
several conscious sensations. Conscious sensations are also referred to as “muscle sense” [32] and comprise the
sense of movement (kinesthesia), the sense of joint position, the sense of force and the sense of timing of
muscular contraction [33]. In practice, these sensations arise from the integration, at different levels of the
nervous control system, of the afferent proprioceptive information that arises from the discharge of the
mechanoreceptors which are located in various areas of the body [34, 35].

Mechanoreceptors responsible for these proprioceptive information are primarily found in muscles, tendons,
ligaments and capsules [30, 34, 36, 37, 38], with the mechanoreceptors located in deep skin and fascial layers
being theorized as supplementary sources. The mechanoreceptors located in deep skin and fascial layers are
indeed traditionally associated with tactile sensations [34, 37].

In addition to the essential role in maintaining functional joint stability, proprioception is also critical in
executing conscious activities. Indeed, critical to effective motor control is the accurate sensory information
which concerns both the external and internal conditions of the body [30, 39]. During goal directed tasks, such as
picking up a box while walking, provisions must be made to adapt the motor program for walking changes which
may occur in the external environment (e.g. an uneven ground) and in the internal environment (e.g. a change in
the center of mass). In live beings, these provisions are stimulated by several sensory triggers. Although some of
the afferent information may be redundant across all the sensory sources (propioceptive, visual and vestibular),
specific unique roles are associated with each source that may not be entirely compensated for by the other
Sensory sources.

The role of proprioceptive information in motor control can be separated in two categories. The first one
involves the role of proprioception with respect to the external environment. Motor programs which govern the
execution of given activities often have to be adjusted to accommodate for unexpected perturbations or changes
in the external environment. Although the source of this information is usually associated with a visual input,
there are many circumstances in which the proprioceptive input is the quickest or the most accurate or both [30].
In this context, proprioception has been described as essential during the execution of movements to update the
primary commands which derive from the visual image [40, 41]. The second category of roles proprioceptive
information plays in motor control is related to the complex mechanical interactions which exist between the
components of the musculoskeletal system. Here, proprioception best provides the motor control system with the

needed segmental force, movement and position information.

2.3 Analysis of Biological Joints: Ligaments as Key Elements for Functional Stability
According to the literature [42], ligaments are the primary stabilizer of diarthroses. Ligaments connect
articulating bones across a joint, guide the relative movement between bones and maintain joint congruence.
Ligaments are made by collagen fibers and, usually, several structures (such as capsule, menisci and muscle
tendons) blend with and reinforce them.
Study of the mechanical behaviour of ligaments through the analysis of the load-elongation curve of their
fibers provides important information on how they work. The main tensile resisting substance in the ligament is

collagen. Collagen is a tough material which permits very little deformation when stressed. However, under low
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forces, collagen has a crimped shape. This provides the ligament fibers with some extensibility at the beginning
of their tensioning. As a result, the first region of the force-deformation curve of a fiber is concave-shaped (the
“toe zone”). As tension is added, the crimps gradually flatten out. Once no more crimps can be removed, an
even-increasing amount of force is required for further stretching the tensioned fiber. Then, with increasing
loads, more ligament fibers are recruited. When the recruitment of all the fibers is complete, the stiffness
behavior of the ligament becomes more linear (the “linear zone™) and it remains as such until some fibers fail

[45] (the “failure zone™). A typical displacement-force curve of a ligament is depicted in Fig. 2.2.
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Figure 2.2 Typical Force-Deformation Curve of Ligaments

The effective amount of strain and stress that develop in the ligaments varies depending on joint position and
joint stress. It is estimated that the strain in ligaments during normal activities such as walking or running ranges
from 2% to 5% [46]. However, when at the end-point of joint motion, ligaments become highly stretched.
Indeed, in the locked position of the kneeg, i.e. after the “screw home” motion has occurred, lateral ligaments are
stretched roughly 20% beyond their length at full extension.

Although from a kinematic point of view ligaments may be considered as isometric thin cables [16, 43, 44], in
reality, they have different and, eventually, quite complex shapes. They can be flat broad structures sub-divided
in multiple parts (like the medial collateral and the cruciate ligaments of the knee joint), or, more simply, round
shaped strong cords (like the lateral collateral ligament of the knee joint). As a matter of fact, the collagen fibers
of a ligament can twist upon one another thereby forming spiraling fascicles, or bundles. Bundles can slide one
with respect to the others. Ligaments have broad attachments on the connecting bones. As the joint undergoes
motion, the length and orientation of the bundles generally change. The broad attachments, combined with the
sliding of the fascicles, allow ligament bundles to be relatively taut or slack depending on the position of the
joint. Indeed, in a ligament there exist fascicles that remain of the same length and taut throughout the full range
of motion of the joint. Such fascicles are called “guiding bundles”, i.e. they guide the kinematics of the joint. The
rest of the fascicles are referred to as “safety bundles”. Their main role is to convey certain solidity to the joint in
addition to the permanent solidity which is granted by the guiding bundles. Further, if the movement which has
tensioned a bundle is associated to a constant increase in the length of its fibers, then the bundle stops the
movement and the joint is in an extreme position. Bundles of this type are referred to as “limiting bundles”.

The distinction in bundles holds for all ligament types. As first example, referring to Fig. 2.3, consider the
anterior cruciate ligament (ACL) of the human knee joint. The ACL presents a cross-shaped architecture and
comprises several fascicles which are taut or slack depending on the position of the joint. The anterior bundle of

the ACL is a driving bundle which remains taut throughout the full motion of the knee. The rest of the fascicles
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are safety bundles. In particular, the posterior bundle of the ACL acts also as limiting bundle. Indeed, the
posterior bundle is rather relaxed in flexion and becomes tauter as the knee is extended. It blocks the motion as

the knee reaches the fully extended position (0 deg. of flexion).

Fibre bundels of the ACL
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bundle
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Figure 2.3 Knee Joint: Fiber Bundles of the Anterior Cruciate Ligament (ACL)

As second example, referring to Fig. 2.4, consider the medial collateral ligament (MCL) of the human knee joint.
During extension, all the bundles of the MCL are in tension while, during flexion, the posterior bundle (safety

bundle) relaxes and the anterior bundle (guiding bundle) retains its length.

Fiber bundels of the MCL

collateral
ligament
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Figure 2.4 Knee Joint: Fiber Bundles of the Medial Collateral Ligament (MCL)

Summarizing, the bundles of the ligaments limit the available range of motion of the joint by gradually
increasing the resistance to movement. This realizes a “soft stop” action, but also allows different portions of
ligaments to take up stress at different angles of force so as to increase the force workspace that can be surely
resisted by the joint in different configurations. Indeed, note that uniform stress is seldom achieved in a ligament.

To this point, we have focused only on the passive properties of ligaments. However, another fundamental role
of ligaments is played in the context of proprioception and functional stability. In order to put this in evidence an
example is provided. Consider the knee and let us focus on the ACL. The major mechanical (passive) function of
the ACL is to prevent excessive anterior tibial translation. Indeed, according to [47], in certain degrees of flexion
the ACL provides up to 85% of the restraining force to anterior tibial displacement. The complete failure of the
human ACL occurs at stress levels of about 1725 N, while bone avulsions and ligament micro-failures occur at
lower stress levels [48]. However, it has been demonstrated in vitro that during strenuous activities such as
downhill skiing, the load on the knee joint and its ligaments may substantially exceed the aforementioned

potential injury levels [49]. Thus, it is evident that the knee joint must rely on some mechanism other than the
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passive mechanical resistance properties of its ligaments. Such mechanism is the active motroneuron control.
Motorneuron control heavily relies on the ability of the mechanoreceptors inside and/or surrounding the joint to
sense destabilizing effects. It is as far back as 1944 that researchers conjectured that ligaments supply
fundamental input information that makes neuromuscular control of the knee joint possible [50]. As a matter of
fact, it has been histologically demonstrated that ligaments contain mechanoreceptors that can detect changes in
tension, speed, acceleration, direction of movement and position of the joint [51-53]. Moreover, with respect to
injuries, it is observed that functional instability is often a consequence of torn ligaments. Of course this is
associated to the diminished mechanical stability (one or more kinematic constraints are relaxed), but evidence
shows that it is also related to the altered neuromuscular functions which follow from the reduced proprioceptive
information [54, 55]. Other proofs of the importance of ligament mechanoreceptors on joint stability can be
found in [38, 54, 55]. These papers show how, despite unaltered mechanical stability, functional stability can be
impaired, in the early times, after ligament reconstruction by artificial means and after ligament anesthetization.
Additionally, as for the knee, there is also the evidence [56] that the strain in the ACL is related not only to
position but also to quadriceps muscle contraction. Less strain occurs with co-contractions of both the quadriceps
and the hamstring muscle groups. This indicates that muscles contractions and co-contraction contribute to the
stability of the knee joint by increasing the stiffness of the joint.

It is worth mentioning that due to the high redundancy of the mechanoreceptors which are spread around the
joint, it is also shown that after ligament impairness, the overall propioceptive information can be restored and
the sensorymotor system can adapt so as the joint regains functional stability in later times [57-59].

Beside functional stability, altered “muscle sense” (in particular the inability to reproduce passive positioning

and to detect passive motion) is another effect that has been observed after ligament injuries [60-61].
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Chapter 3

Novel Types of Biologically Inspired Mechanisms

3.1 Introduction

Chapter 1 presented the state of the art and the limits of the traditional joint technology referring, in particular,
to the field of environment interaction robotics. Chapter 2 analyzed the main features and functionalities
biological joints have which render them perfectly suited to environment interaction and other tasks. In practice,
biological joints offer a wealth of interesting design and control solutions environment interaction and traditional
robotics may take cue from.

Among the properties biological joints feature, in this research work, we are mainly interested in the high
strength-to-weight and strength-to-encumbrance ratios, in the selective and controllable compliance, in the high
dynamic capabilities, in the inherent multifunctionality (i.e. the ability of the joint structural elements not only to
constrain joint kinematics but also to sense joint homeostasis) and in the inherent adaptability (i.e. the ability of
the joint structural elements to react against disturbances so as to preserve joint homeostasis).

In this chapter, we first define a novel feasible biologically inspired (BI) articulation concept which features
the aforementioned selected properties. Then, we investigate the availability of and devise mathematical tools for
the synthesis of new mechanisms based on this articulation concept. Finally, we show how these tools can be
used in order to synthesize a novel two-dof spherical mechanism which wants to replicate the practical (or
prevalent) motion allowed by the knee joint (for controversies which may arise due to the number of degrees of
freedom we attribute to the knee joint, the reader is demanded to Section 2.1). The novel mechanism is called
“ATWOKI”, where the name stands for “Almost TWO degrees of freedom Knee-Inspired”. The word “Almost”
is used for emphasizing the stiffness advantages related to the novel articulation concept. In practice, it means
that despite the compliance of the elements which makes the mechanism, it only has two practical (or prevalent)
degrees of freedom. Such degrees of freedoms are the ones the mechanism would retain if considered as

perfectly rigid.

3.2 Diarthroses Inspired Articulation Concepts

3.2.1 Basic Idea
Two main types of mechanisms exist: serial mechanisms and parallel mechanisms. The serial mechanism is an

open-ended structure consisting of several links connected in series; the end links are called base and platform,
respectively. The parallel mechanism is a closed-loop kinematic chain made up of two bodies, i.e. the base and
the platform, connected by at least two independent kinematic chains (usually called legs). Examples of serial
and parallel mechanisms are depicted in Fig. 3.1 and Fig. 3.2, respectively.

In this perspective, diarthroses can be considered as parallel mechanisms. In particular, the joined bones are
assumed as the mechanism base and the platform, while bone-to-bone couplings and ligament bundles (driving
bundles, safety bundles and limiting bundles) are deemed as the mechanism legs. The parallel architecture of
diarthroses can be understood by comparing Fig. 3.3, which depicts the anatomic structure of the human knee
mechanism, and Fig. 3.1. (Fig. 3.3 is a courtesy from www.skisocal.org).
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Figure 3.1 Parallel Mechanism Figure 3.2 Serial Mechanism Figure 3.3 Human Knee Mechanism

Due to the large number of legs, i.e. bone-to-bone couplings and ligament bundles, diarthroses are extremely
redundant mechanisms. The legs have different compliance which is tailored to the role they play in the joint.
The stiffer legs constrain the diarthrosis arthrokinematics and bear the major quote of the forces which are
produced by the joint motion and which are exerted from the outside of the joint. Conversely, the softer legs help
stabilizing the joint, protect the joint from dangers and bear a minor quote of the aforementioned forces. Stiffer
legs comprise ligament driving bundles and bone-to-bone couplings.

Driving bundles are flexible but almost inextensible. They can be thought as wireropes which are relatively-stiff
under traction and fold under compression. A ligament bundle connects two articulating bones (one articulating
bone per bundle end). As a matter of fact, a driving bundle provides a unilateral constraint which limits the
motion of the bundle-to-bone attachment point of one articulating bone to stay within a sphere, which is centered
at the bundle-to-bone attachment point of the other articulating bone and whose radius coincides with the length
of the bundle.

Bone-to-bone couplings are high order pairs. They are unilaterally constrained pairs made of rigid conjugate
surfaces whose contact is mediated by some relatively-stiff and low-friction means such as articular cartilage and
fibrocartilage (e.g. menisci). Despite the variety and the complexity of the conjugate surfaces which can be
found in nature, biomechanical studies show that the gross behavior of the contact between the bones of a given
diarthrosis can be deemed equivalent to one or more sphere-to-sphere (SS) pairs. That is, from a motion

perspective, diarthroses can be thought as parallel mechanisms made of SS pairs and wireropes.

Tibia/Fibula Segment
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Figure 3.4 “SM” Model of the Knee Mechanism Figure 3.5 “KM2” Model of the Ankle Mechanism
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Examples of mechanisms used for the practical modeling of biological joints are given in Fig. 3.4 and Fig. 3.5.
The figures depict, respectively, the “SM” model (mechanism) of the knee joint and the “KM2” model
(mechanism) of the ankle joint which have been proposed in [44, 65] for the study of the passive motion of the
respective biological joints.

The effectiveness of these mechanisms to adequately model the biolological joint counterparts is demonstrated

by the plots reported in Figs. 3.6-3.8.
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Figures 3.6 Knee Joint Passive Motion: Experimental Data (Wilson et al.) vs. Simulated Data (“SM” and “KM” models)

Figures 3.6 show the ability of the “SM” model to mimic the passive motion of the knee joint as measured
through in-vitro experiments by Wilson et al. (1998). Figures 3.6 also show the simulation data obtained with the
“KM” mechanism which, conversely to the “SM” mechanism, models the contact between femour and tibia by
means of two sphere-to-ellipsoid pairs instead of two sphere-to-sphere pairs. A picture of the “KM” mechanism

is given in Fig. 3.9.
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Figures 3.7 Knee Joint Passive Motion: “SM” model simulated data vs. “KM” model simulated data

From figures 3.6 and 3.7 it can be seen that, despite the use of more complex shapes of the bone’s conjugate
surfaces, the ability of the “KM” to model (Fig. 3.9) the passive behavior of the knee joint (Fig. 3.3) is rather
similar to that of the simpler “SM” mechanism (Fig. 3.4).

Figures 3.8 confirm the ability of the “KM2” model to mimic the passive motion of the ankle joint given
according to measured data obtained from an in-vitro experiment. The left plot shows the results obtained by the
“KM2” mechanism (Fig. 3.5), while the right plot shows the ability of the “KIM1” mechanism which, conversely
to the “KM2” mechanism, models the contact between the tibia/fibula and talus/calcaneus segments by means of
three plane-to-sphere pairs instead of one spherical pair (a particular type of SS pair). A picture of the “KM1”

mechanism is given in Fig. 3.10.
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Figures 3.8 Ankle Joint Passive Motion: Experimental Data vs. Simulated Data (“KM1” and “KM2” models)
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Figure 3.9 “KM” Model of the Knee Mechanism Figure 3.10 “KM1” Model of the Ankle Mechanism

3.2.2 Practical Articulation Concept

In the previous subsection, we have shown that diarthroses can be viewed as parallel mechanisms made of SS
pairs and wireropes. As a consequence, the design of a novel BI joint can be reduced to the synthesis of a parallel
mechanism which has base and platform connected by means of unilaterally constrained connections, i.e. SS
pairs and wireropes. However, by means of biological and mechanistic considerations, a simpler and more
practical design principle can be devised.

In a healthy diarthrosis, due to the inherent compliance of the elements it is featured by, a certain degree of
preloading exists such that, during normal operating conditions, the ligament driving bundles always act under
traction and the bone’s conjugate surfaces do not detach. This causes both the ligament driving bundles and the
bone-to-bone connections to behave, in practice, as bilateral constraints. Thus, from the kinematic point of view,
ligament driving bundles can be considered as stiff rods. In particular, due to the inherent flexibility of the
ligament bundles, that is the inability to withstand torques in any direction, these stiff rods can be thought as
being connected to the bones, i.e. to the base and to the platform, by means of a spherical S joint at one end and
by means of a universal U joint at the other. Besides, also the SS pairs can be substituted by stiff rods connected
to the base and to the platform by means of a spherical S joint at one end and by means of a universal U joint at
the other. Indeed, a bilaterally constrained SS pair is equivalent to a connection which is made by a rod that has a
spherical S joint placed at the center of one of the spheres of the SS pair and a universal U joint placed at the

center of the other sphere of the SS pair.
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Figure 3.11 Practical Knee Inspired Articulation Concept

An example of practical mechanism inspired by the biomechanical analysis of the knee joint and obtained,
through the aforementioned considerations, from the “SM” mechanism depicted in Fig. 3.4 is shown in Fig. 3.11.
Blue lines represent the stiff rods which replace the ligament driving bundles. Besides, red lines represent the
stiff rods which replace the SS pairs. The dot at the end of each rod indicates the spherical S joint which
connects the rod to either the base or the platform. Conversely, the crossed lines at the end of each rod indicate
the universal U joint which connects the rod to either the platform or the base. Note that, providing the leg with a
U joint at one side and a S joint at the other, it is not important whether a joint type is attached either to the base
or to the platform.

As a result, the design of a Bl joint can be reduced to the synthesis of a parallel mechanism which has the base
and the platform connected by means of a certain number of rods through spherical S joints at one end and by

means of universal U joints at the other. Hereafter, the rods will be called structural legs also.

3.3 Idea and Tools for the Rational Synthesis of Biologically Inspired Joints

In Section 3.2 we showed a biologically inspired (BI) articulation concept, hereafter called US parallel
mechanism (US_PM). It is a parallel mechanism made by two bodies, i.e. the base and the platform, which are
connected by means of a certain number of legs of fixed length through spherical S joints at one body and
through universal U joints at the other body. A schematic of the US_PM is depicted in Fig. 3.12.

Platform

Figure 3.12 Biologically Inspired (BI) Articulation Concept: the US Parallel Mechanism (US_PM)
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The synthesis of a Bl mechanism consists in finding the locations in the base and in the platform of the U
joints and of the S joints so that the assembly of the rods fits within the desired relative motion of the base and
the platform. In the context of kinematics this problem can be recasted into the synthesis of architecturally

singular UPS parallel manipulators (UPS_PMs) which have to satisfy desired self-motions.

3.3.1 Fully Parallel Manipulators: Architecture, Singularities and Self-Motions

A UPS_PM is depicted in Fig. 3.13. In particular, the figure shows a 6-UPS_PM. As a matter of facts, it is a
fully parallel manipulator with 6 legs of UPS type. Fully parallel manipulator means a device made of a base and
a platform which are connected by means of n equal kinematic chains (in figure n=6). Here, the kinematic
chains consist in UPS-legs which are made of two links coupled together by a prismatic P joint and which are
connected to the base and to the platform by means a spherical S joint at one end and by means of a universal U
joint at the other. Note that in Fig. 3.13 the P joints are depicted as telescopic legs, the S joints as dots and the U

joints as crossed lines.

Base

Figure 3.13 6-UPS Parallel Manipulator

The 6-UPS_PM has 6 degree-of-freedom (dof) if all the P, U and S joints are unlocked, while it has, in
general, none dof if all the P joints are locked. Indeed, if special configurations do not occur, from the Grubler’s

formula the mobility m of the n-UPS_PM with all the P joints locked follows as
m=(6-n). (3.1

If m> 0, the manipulator is movable with degree of mobility equals to m. Conversely, if m<0, the manipulator
becomes a structure and m stands for the degree of static indeterminacy. In particular, m=0 holds for an
isostatic structure, while m <0 holds for a hyperstatic structure.

A singularity is a special configuration of the mechanism where Eq. (3.1) does not hold. In particular, despite

all the P joints are locked, the manipulator has a mobility m such that
{[m>(6-n)]a[m>0]} . 32

That is, a singularity is a configuration in which the manipulator gains some degree of mobility. In particular, if
n>6, a singularity is a configuration in which the structure corresponding to the n-UPS_PM with all the P

joints locked is shaky or movable. Usually, singularities occur in few configurations of the manipulator. That is,
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the singularity loci are surfaces within the manipulator workspace. However, if the attachment points of the UPS
legs are located according to certain geometries over the base and over the platform, respectively, singular
configurations can span over the whole workspace or a significant part thereof. Manipulators of this type are
called architecturally singular UPS_PMs [66].

An architecturally singular UPS_PM is a manipulator with a continuous realm of singularity positions,
therefore being shaky in every configuration it can reach. However, a manipulator which is architecturally shaky
for arbitrary six dimensional relative displacements between base and platform means more than mere shakiness.
It means that, despite all the actuators are locked, the manipulator is already finitely mobile within its
prospective workspace [67]. As a consequence, architecturally singular UPS_PMs are also called architecturally
mobile UPS_PMs. The motions performed by such manipulators are usually referred to as self-motions and can
be understood as any continuous motion of the UPS_PM with all the leg lengths remaining constant [68], i.e.
with all the P joints locked. In practice, such movements are possible because, due to the particular locations of
the U joints and S joints on the base and on the platform, all the legs fulfill an assembly condition which fits into
a motion such that every leg takes part in the motion prescribed by the others.

Architecturally singular UPS_PMs and self-motions are not new paradigms. In particular, the latter have a
precise historical dimension in which they are known as Borel-Bricard motions. Indeed, self-motions are related
to the spherical motion problem, i.e. a class of continuous motions where some points on a rigid body are
constrained to remain on the surface of as many given fixed spheres. As a matter of facts, such motions were
addressed, in part, by Borel and Bricard [69, 70] in a mathematical competition (Le Prix Vaillant) organized by
the French academy of Science in 1904.

In the robotics literature, self-motions of UPS_PMs were not treated before Husty and Zsombor-Murray [71].
Systematic investigations of architecture singularity and self-motions started with Karger and Husty [72]. To
date, the study on architecturally singular USP_PMs and self motions has been carried on extensively. The tools

for addressing such problems together with the most important architectures are summarized in [68, 73-75].

3.3.2 Self-Movable UPS Parallel Manipulators and Biologically Inspired UP Parallel Mechanisms

Despite the very successful results of the aforementioned studies, the potentials of architecturally singular
manipulators and self-motions have not been fully exploited yet. Indeed, to date, the tools for their synthesis
have been applied only to the construction of traditional UPS_PMs in order to avoid architecturally singular
configurations beforehand in the design process. Instead, the concept of self-movable parallel manipulators has
not been employed, at least consciously or explicitly, in order to build innovative robotic devices. This is so
because, within the context of traditional robotics, architecturally singular UPS_PMs are considered the worst
devices and are deemed useless since they cannot be controlled directly. In fact, because of their geometry, such
manipulators fail to transfer a full wrench from the actuated P joints of the UPS-legs to the base and to the
platform, therefore being unable to completely balance external and inertial loads which act on them.

Conversely, on the light of the articulation concept inspired by the biomechanical analysis of diarthroses, the
theoretical conjectures regarding architecturally singular manipulators and self-motions can be used for the
rational development of novel mechanisms. Indeed, as we mentioned, architecturally singular UPS_PMs are

movable for almost every fixed length of the UPS-legs they are built by. Besides, for a given set of fixed leg
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lengths, a UPS_PM corresponds to a US_PM (compare Fig. 3.12 and Fig. 3.13). Therefore, by merging together
the theoretical conjectures regarding self-movable UPS_PMs and the conceptual idea of biologically inspired
US_PMs, self-movable US_PMs can be conceived to be used as unconventional joints for innovative robotic
devices.

The parallel and eventually redundant architecture of these mechanisms should allow the realization of very
compact multi-dof joints characterized by: 1) high strength-to-weight and strength-to-encumbrance ratios; 2)
selective and controllable compliance; 3) high dynamic capabilities; 3) inherent multifunctionality, i.e. the ability
of the joint not only to guide the motion but also to sense motion parameters, solicitations and disturbances; 4)
inherent adaptability, i.e. the ability to react to solicitation and disturbances; 5) easy deployability. Note that the
features (3-5) can be rather easily implemented if multifunctional elements (e.g. rods and wires made by
piezoelectric ceramics, magnetostrictive and superelastic/shape-memory alloys, and electroactive polymers) are
used as structural components.

Observe that, different than UPS parallel manipulator, the self-movable US_PM is a mechanism which does
not comprise actuators. Of course, in order for the joint degrees of freedom to be controlled, say m the number of
dof, m actuators in parallel to the n US legs of the US_PM must be placed between the mechanism base and the
platform. For instance, this can be done by using m UPS-legs (the P joint being actuated) which are placed so

that each one of them does not fit into the motion prescribed by the other (m+n-1) legs once all the actuated P

joints are locked.

In order to point up the idea and to ease the understanding, in the following we provide with an example which
shows how self-movable US_PMs can be used to devise simple but useful unconventional mechanisms.
Consider the “Wren’s Platform” depicted in Fig. 3.14.

Platform

A

Figure 3.14 The “Wren’s Platform” and the corresponding 1-dof Self-Motion

The mechanism consists of a base and a platform connected by equal US-legs (figure depicts only 6 of these
legs) whose universal and spherical joint centers are located on equal circles over the base and over the platform,
respectively. Independently on the number of legs, for all the configurations in which the legs are not parallel to
each other, the “Wren’s Platform” is a self-movable US_PM with finite mobility m =1. Indeed, according to the
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speculations by Sir Christopher Wren (which used the homonymous mechanism to show that the one-sheeted
hyperboloid of revolution contains straight lines), the axes of the US-legs lie on a linear line complex for any
relative displacement of the platform with respect to the base. That is, the “Wren’s Platform” has 1-dof self-
motion which consists in a screw motion about a fixed axis which coincides with the central axis of the linear
line complex. As for the possible applications, due to the allowed screw motion, the “Wren’s Platform” can be
used as a transmission from linear motion to rotary motion and vice-versa, thus offering an alternative to the
more traditional gears or ball screws systems. Control of the motion of the system can be accomplished by the
addition of a UPS-leg (the P joint being actuated) which is placed so that its axis does not belong to the linear
line complex defined by the other US-legs. As shown in Fig. 3.15, a possibility consists in placing the actuated
UPS-leg along the central axis of the linear line complex (In figure, the actuated UPS leg is depicted in blue).

/
\

Platform

[

Figure 3.15 Actuated “Wren’s Platform” mechanism

Though derived through far less general speculations than Bl self-movable US_PMs, a practical and
successful application of this transmission principle can be found in the Jacobsen’s “Linear to Angular
Displacement Device” (LADD) and “Concentric LADD” (CLADD) [76]. The LADD and CLADD
transmissions are depicted in Fig. 3.16 (figure from [77]). They are transmission for converting rotational to
translational motion.

[ager LADD

Figure 3.16 LADD and CLADD transmissions Figure 3.17 LADD cell element
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The basic element of LADD and CLADD is the single cell depicted in Fig. 3.17 (figure from [77]) which
consists of two rings joined by high strength fibers. The behavior of this single cell describes the LADD’s basic
operating characteristics. As the cell is twisted, the distance between the rings decreases, thus rotary motion is
translated to linear motion. Conversely, if a twisted cell is subjected to a linear displacement it will unwind,
producing rotation. Concentric LADD (CLADD) transmissions are composed of two sizes of multi-stage
LADDs placed coaxially inside one another as shown in Fig. 3.16. In a CLADD actuator system, a stationary
motor rotates one end of the inner LADD. The remaining end of the inner LADD is rigidly connected to one end
of the outer LADD. At this connection point the inner and outer LADDs rotate and translate together; this
connection is also where the external load is applied. The remaining end of the outer LADD is fixed (no rotation
or translation) at a position close to the motor. The major advantage of a CLADD over the single LADD chain is
the elimination of the linear slider mechanism at the load end which is necessary to maintain the torque
differential across the cells. Instead, the reaction torque of the CLADD cells occurs near the motor where the
torque was initially generated. Now the load end of the CLADD must be permitted to rotate freely. The key
advantages of LADDs and CLADDs compared to more traditional transmissions, like gears or ball screws, are
their high strength, low weight, high efficiency, absence of lubricants and low cost. Indeed, LADDs and
CLADDs could be manufactured quite inexpensively. Furthermore LADD and CLADD based systems integrate
very well and thus result in tight packaging. These properties make LADD and CLADD systems highly

attractive in both robotics and prosthetic applications [77].

3.3.3 Tools for the Synthesis of Biologically Inspired Self-Movable US Parallel Mechanisms

As described in the previous subsection and as exemplified in Fig. 3.15, self-movable US_PMs can be used
conveniently as mechanical transmissions for converting the linear motions of actuated UPS legs (the P joint is
actuated) into complex relative motions of the US_PM base and platform. Note that the actuated UPS legs are
placed in parallel to the structural (rods of fixed length) US-legs of the US_PM. In this context, the key-point
consists in synthesizing self-movable US_PMs which allow for desired motions of the platform with respect to
the base. This subsection is aimed at devising the tools for the rational synthesis of self-movable US_PMs.

As said, the study of architecturally singular and self-movable UPS_PMs is a very well addressed topic in the
literature. As for the design issues, the following approaches exist for the generation of architecturally singular
UPS_PMs:

a) The first is the method based on the determinant of the Jacobian matrix [78]. A self-movable UPS_PM is
obtained when the parameters, which describe the locations of the U joints and of the S joints on the base
and on the platform, make the determinant of the Jacobian matrix vanish independently on the relative

location of the base and of the platform.

b) The second is the method based on linear manifolds of correlations and on quadratic transformations [73].
A self-movable UPS_PM is obtained when the centers of their U joints and the S joints are conjugate

points with respect to three-dimensional linear manifolds of correlations.

c) The third is the method based on the forward displacement analysis [79]. A self-movable UPS_PM is
obtained when the parameters, which describe the locations of the U joints and of the S joints on the base
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and on the platform, and which describe the length of the legs, provide the mechanism with continuous

solutions of the forward displacement problem.

d) The fourth is the component approach [74]. The generation of self-movable UPS_PMs is reduced to the
generation of over-constrained components or architecturally singular components.

As a matter of fact, all these approaches only allow finding the conditions that the coordinates of the US-legs
attachment points over the base and over the platform must satisfy for a UPS_PM to be architecturally singular.
Instead, these approaches do not allow synthesizing architecturally singular US_PMs which have to perform
desired/prescribed self-motions. This is a rather different problem which has been only partially addressed in the
literature.

The problem of designing a mechanism that must perform a prescribed motion (the so called “body-guidance”
problem) is indeed very difficult, particularly when special mechanisms, which have higher mobility than
predicted by the Grubler’s formula, are concerned. The only existing results concern the problem of finding the
values of the geometrical parameters of a mechanism which make it pass through a few prescribed precision
points.

If the problem is planar, one has the classical Burmester problem: given five placement of a moving body in the
plane, find the points of the moving body that lie on a common circle fixed in the plane. These points are called
“circlepoints”, and the centers of the fixed circles are called “centerpoints”. The solution states that there are, in
general, six centerpoint/circlepoints pairs. If only four placements are specified instead of five, one can get a
centerpoint curve and a circlepoint curve, each of which are cubic [80].

If the problem is spatial, one has the Shonflies problem (a spatial generalization of the planar Burmester
problem) which asks for the points of the body that lie on a common fixed sphere for several given placements
of the body in space. The solution states that seven general positions determine twenty centerpoints/spherepoints
pairs [81-83].

That is, to our knowledge, results concerning the issue of designing a self-movable US_PM to follow a
continuous trajectory rather than to pass through a few points only are not available. In the following, we suggest

two methods that may be used to address the problem.

e Method 1 (adaptation of the procedure by Karger and Husty, 1998): It is based on the closure equations of
the mechanism. Upon expression of the closure equations as a function of the parameters used to describe
the desired motion, the synthesis problem amounts to finding the locations of the U and S joint centers, on
the base and on the platform, of a set of US-legs, with unknown and constant lengths, whose axes (defined
by the centers of the U and S joints) belong to a n-system of lines and which satisfy the closure equations

for every set of given values of the motion parameters.

e Method 2 (adaptation of the procedure by Wohlhart, 2003): It is based on the virtual work principle. By
considering the expressions of the velocity vectors of the attachment points of the US-legs on the moving
platform as functions of the motion parameters and their first time derivatives, the synthesis problem
amounts to finding the locations of the U and S joint centers, on the base and on the platform, of a set of

US-legs, with unknown and constant lengths, whose axes belong to a n-system of lines which are
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orthogonal to the aforementioned velocity vectors for every set of given values of the motion parameters
and their derivatives.
The effectiveness of these methods is shown in the following subsection where they are applied in order to

devise the 2-dof BI mechanism which is the main objective of this research work.

3.4 Synthesis of Practical 2-dof Spherical US_PMs

The major aim of this research work is to conceive a novel spherical 2-dof US_PM, hereafter called also
ATWOKI (Almost Two degrees of freedom Knee Inspired) joint, which allows for two independent rotations,
the first about an axis fixed to the base and the second about an axis fixed to the platform of the US_PM. As
said, such a motion resembles the prevalent motion performed by the biological knee joint.

In the frame of the work done by Jacobsen, ATWOKI might be thought as the first 2-dof linear-to-spherical
mechanical transmission based on architecturally singular US_PM. This is, indeed, what the biological knee
does. It converts the linear motion of the muscles into a prevalent 2-dof spherical motion of the tibia with respect
to the femour.

Like the human knee joint, the parallel architecture provides ATWOKI joint with selective compliances in
directions other than the ones granted by the 2-dof, so that the mechanism may gain further (usually
infinitesimal) degrees of freedom when forces or torques are applied. For this reason we say that the mechanism
is an “almost two degrees of freedom” device.

In addition, because of the parallel architecture, building the mechanism with multifunctional structural
elements allows the ATWOKI joint to be provided with the abilities to sense and to adapt so as to resemble its
biological counterpart not only in the structure, but also in the functionality.

As for the potential applications, the novel mechanism may be optimized to be used in several different

devices spanning from environment-interacting robots to pointing systems.

3.4.1 Definition and Parameterization of the Desired Motion of the Mechanism

Consider the fixed and moving bodies depicted in Fig. 3.18 and attach the reference coordinate systems

Sy ={0,ig,Jo.K,} and S, ={C,i,,j,,k,} to the fixed and moving body, respectively.

Figure 3.18 Bodies and Axes of Rotation
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Consider the motion which is obtained by rotating the moving body about the fixed axis along the unit vector

k, of the reference system S, and about the moving axis along the unit vector i, of the reference system S,,
and which maintains the centers O of S; and C of S, coincident. This motion is defined as “spherical” with

two degrees of freedom.

Such a motion can be parameterized by means of two rotations, the first by 9 about the vector k, and the

second by £ about the vector i, . Indeed, upon the introduction of the rotation matrices R, and R, i.e.

c, -s, O 1 0 O
R,=[s, ¢4 v R,=|0 ¢, -s, (3.3)
0 O 0 s, ¢

where ¢, =cos$, s, =sing, ¢, =cos S and s, =sin S, the relative pose of the platform with respect to the

base is completely described by the relationship
X =Rx, (3.4)

being R the rotational matrix

Cy —S4C, 8,8,
R=R,R,=|s, c,C; —Cy4S, (35)

0 S C

s B

which, for any point of the platform, maps the vector x = [x y z]T of point coordinates in S, into the vector
X= [X Y Z]T of point coordinates in S,’, which is a fixed reference frame parallel to S, but centered in C.

3.4.2 Generation of Self-Movable 2-dof Spherical US_PMs

In Section 3.3.3 the general conditions for the generation of self-movable US_PMs have been presented. Here
those concepts are applied to the synthesis of two-dof self-movable spherical US_PMs. As said, US_PMs
comprise a fixed body, called base, a moving body, called platform, and a certain number (say n) of rods, called
legs, which are connected by means of a spherical S joint to the base and by means of a universal U joints to the
platform, or vice versa.

The synthesis of a US_PM consists in finding the location of the joints on the base and on the platform,

respectively, and the lengths of the connecting legs. That is, if for each leg h, one introduces the coordinate
vector p, :[ph g, ]T with respect to S, of the point P, which is the center of either the U joint or the S
joint on the platform, the coordinate vector B, =[A, B, C, ]T with respect to S, of the point B, which is the
center of either the S joint or the U joint on the base, and the length 1, = |Ph - Bh| of the connecting leg between

P, and B,, we have to search for n unknown vectors of geometric parameters, i.e.

o=[A B, C, p g r ] forh=1..n.
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Method 1
Assuming the description and the parameterization of the orientation introduced in Section 3.4.1, the inverse

kinematics analysis of a US_PM states that the length of the h-th US-leg is given by
L, =[l,|=|P, —By|=|Rp, — By, (3.6)

which is function, in general, of the motion parameters & and £ . Indeed, R depends on these angles.

However, for the h-th US-leg to comply within the desired 2-dof spherical self-motion of the mechanism, the

length I, must not depend on ¢ and . This means that if one considers the expression

2
Py Cy— 0y Sy Cp +rhsgs/,—A11

Ih:\/E: PhSs+0,CaCp— 1 CeS,— B, | =42F(45), (3.7.a)

0y Ss+1,Cph -C,

where

(3.7.b)

f (‘9 ﬂ) _ _A‘n PnCot A‘nqh Sy Cﬂ - Ahrh Sg Sp_ Bh PnSy— thh Cy C/z + Bhrh Cy 5/3"'}

2 2 2 2 2 2
-C,q, sﬂ—Chrhcﬁ +p,+q,+1 +A +B; +C;

all the coefficients in c,, s,, ¢, and s, of the polynomial f(S,/;’) must vanish, and the length of the h-th leg

must become

Ih:\/ph2+q§+rh2+Af+Blf+C§. (3.8)

That is, the equations

AP, =0, (3.9.2)
A, =0, (3.9.b)
Ar =0, (3.9.0)
B.p, =0, (3.9.d)
B.g, =0, (3.9.)
B,r, =0, (3.9.9)
C.a,=0, (3.9.9)
C,, =0, 3.9.h)

must be satisfied simultaneously.

It turns out that the only non trivial solutions, i.e. I, =0, are obtained for the following two sets of leg

geometric parameters
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1gi=[A=v B =V C=V p=0 g=0 r=0 Ii:«/A,2+Bf+Ci2] (3.10.2)

2gjz[Ajzo B,=0 C,=V p,=V q,=0 r,=0 I = p?+C.2] (3.10.b)

]

Method 2

Since for a general motion of the US_PM the parameters 4 and g are function of time, based on the time
derivative of the equation
P, Cy—0, Sy Cp +1, S, S/}_ A‘n
lL=Rp,—-B, = PhSgt0yCyCp— 1, CyS,—By |, (3.11)

0, Ss+1,Ch -C,

for the relative velocity vector v, , of point P, with respect to point B, , one obtains

—PpSg —UnCsCy +,Cy Sy 0y SyS,+ 1S, Cy
Vi =| PpCy—0ySsCp +1,SsS, |8+|—0,CyS,—1,CoCpy |5, (3.12)
0 Oy Cp— 1Sy

where 9 and B are the first time derivatives of the motion parameters ¢ and $, respectively.
Since legs with constant length |, are inserted between points P, and B, , it must hold that, during the

allowed motion, the components of the velocity v, in the direction of the leg axis must be zero, i.e.

Vo l,=9(9,8)9+h(48)4=0, (3.13)
where

9(%8) = PyASs + U ACC, —1AC,S,— PyBCy +0,B.S,C, —1ByS,S, (3.14.9)
h(%8)==0,A555,— A S;C,+0B, CyS,+ 1B ¢y —q,Crc+1,Cs, (3.14.b)

Since this condition must hold for every location and motion of the manipulator (that is it should not depend on
9, B, 9 and B), all the coefficients in Cs. Sy, Cy and s, of the two polynomials g(9,4) and h(4,5)

must vanish. That is, the equations

Ap,=0, (3.15.3)
A, =0, (3.15.b)
Ar =0, (3.15.c)
B,p, =0, (3.15.d)
B.g, =0, (3.15.¢)
B,f, =0, (3.15.f)
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C,a, =0, (3.15.9)
C,r,=0 (3.15.h)
must be satisfied simultaneously.

It turns out that the only non trivial solutions, i.e. |, #0, are obtained for the following two sets of leg

geometric parameters

lgi:|:A1:v Bi:v Ci:v pi:0 qi:o ri:0 Ii:VA12+Bi2+Ci2:|’ (3.16.9)

"g,=[ A =0 B;=0 C,;=V p,=¥ q,=0 =0 I, =[pf+C}], (3.16.0)

which, as they should be, coincide exactly to the vectors obtained previously through method (1).

As a matter of fact, legs characterized by the set of parameters g, and Zgj are the only ones which comply
within the desired 2-dof spherical motion.

The choice of the number | of the legs of type 1 and of the number (J =n- I) of the legs of type 2, and the
definition of the geometric parameter vectors 'g;, for i=1,..,1, and °g;, for j=(1+1),...n, closes the

synthesis of the US_PM to be designed. The choice of the numbers | and J clearly affects the mechanism

feasibility and architecture. In particular, certain conditions on I and J must be satisfied.

First, in order for the mechanism to have 2-dof, the axes of the legs in the set {1gl ' %0, Zgn}

must belong to a linear variety of lines of dimension 4, usually referred to as linear line congruence. Therefore,

at least four legs with linear independent axes are needed, i.e. n>4.

Second, since the legs (of type 1) in the set {lgl 1g,} pass through the common point C, i.e. the center of

the reference frame S;, while the legs (of type 2) in the set {ng 2gn} lie in the plane defined by the

vectors k, and i, , the axis lines of the legs within each type form, at most, a linear variety of lines of dimension

3. Indeed, the axes of the legs within the family of type (1) generate at most a bundle of lines, while the axes of
the legs within the family of type (2) generate at most a plane of lines. For convenience, a bundle of lines is

depicted in Fig. 3.19, while a plane of line is depicted in Fig. 3.20. Therefore, in order for the set of geometric

1

parameters {1gl 9 0., - 2gn} to define a linear variety of dimension 4, at least one leg for each

type is needed, i.e. (1 21)A(J>1).

Figure 3.19 Bundle of Lines (all lines through a point) Figure 3.20 Plane of Lines (all lines in a plane)
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As for the mechanism architecture, we said that all the axes of the legs 'g,, i=1..,1, and 2gj,

j= (I +1),...,n , must belong to a linear line congruence. More precisely the congruence should be degenerate,

i.e. the variety of lines which lie in the plane defined by the vectors k, and i, or which pass through the point

C of that plane. For convenience, a degenerate congruence of lines is depicted in Fig. 3.21.

\| /
Y

Figure 3.21 Degenerate Line Congruence (all lines in a plane or passing through one point of that plane)

In practice, depending on the varieties of lines spanned by the axes of the legs within a type, three families of

mechanism architectures can be identified:

1)

2)

3)

The axes of the legs in the set {1gl 1g,} define a linear variety of dimension 1, i.e. a single line
passing through C but with direction different than k,, and the axes of the legs in the set
{ZgH1 2gn} define a linear variety of lines of dimension 3, i.e. a plane of lines defined by the

vectors k, and i, .

The axes of the legs in the set {1g1 . g } define a linear variety of dimension 2, i.e. a planar pencil of
lines with center in C but which does not contain the line through K, , and the axes of the legs in the set
«{Zg,+1 2gn} define a linear variety of lines of dimension 2, i.e. a planar pencil of lines in the plane

defined by k, and i, . For convenience, a planar pencil of lines is depicted in Fig. 3.22.

The axes of the legs in the set {1g1 . g, } defines a linear variety of dimension 3, i.e. a bundle of lines

centered in C, and the axes of the legs in the set {Zg,+1 2gn} define a linear variety of lines of

dimension 1, i.e. a single line in the plane defined by the vectors k, and i, but which does not pass

through C.

~ L~
AN

Figure 3.22 Planar Pencil of Lines (all lines in a plane and passing through one point in that plane)
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Figure 3.25 Family 3 Two-dof Spherical US_PM
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For the three families of US_PM architectures, the basic mechanisms which contain only the four US-legs,
whose axis lines are the generators of the linear line degenerate congruence, are depicted in Fig. 3.23, Fig. 3.24
and Fig. 3.25, respectively. For convenience, in the figures, both U joints and S joints are represented by circles.

Such mechanisms are not redundant, i.e. one can always statically determine the reaction forces exerted by the
legs in order to react against the workless forces and moments the mechanism is subjected to during its motion.

Addition of type (1) and/or type (2) legs to the basic US_PMs depicted in figures 3.23-3.25 does not alter the
mechanism kinematics but renders the systems redundant and self-movable. That is, the aforementioned reaction
forces cannot be statically determined anymore. An Example of redundant self-movable US_PM with six US-
legs is shown in Fig. 3.26. The mechanism is obtained from the system depicted in Fig. 3.25 by the addition of

the redundant legs P,B; and PB, (in figure, the redundant legs are depicted in magenta).

Figure 3.26 Two-dof Spherical Self-Movable US_PM

Redundant architectures have several advantages with respect to the basic US_PM configurations. Indeed, the
former allow augmenting the mechanism stiffness-to-weight or to-encumbrance ratios, the mechanism
strength-to-weight or to-encumbrance ratios, the mechanism resilience and reliability, allow the mechanism to be
preloaded, and allow diminishing the mechanism sensitivity to disturbances and the mechanism backlash (in this
way the mechanism can be built using rougher manufacturing tolerances). Besides, redundant architectures
impose more strict limits in the range of motion of the mechanism and render more complex the mechanism
analysis, synthesis, design and assembly.

3.5 Comparison between Biologically Inspired US_PMs and Traditional Mechanisms
The parallel mechanisms presented in Section 3.4 are very interesting. Indeed, though they look quite
complicate with respect to traditional systems, they can offer unparalleled advantages in many robotic
applications. In order to understand such advantages, this section compares the features and the performances of
biologically inspired (BI) mechanisms to those of more traditional systems.
A traditional (T) mechanism which can be used for realizing the desired 2-dof spherical motion is depicted in
Fig. 3.27.
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Figure 3.27 Traditional (T) 2-dof Spherical Mechanism

The mechanism is very simple and features a single RR-leg which connects the base and the platform by means

of two traditional rotary pairs R, and R, . The pair R, is fixed to the base and lies on the axis k,, while the
pair R, is fixed to the platform and lies on the axis i, .

From the kinematic perspective, the Bl mechanisms and the T mechanism perform the same 2-dof spherical
motion. The major difference consists in the range of movement. Indeed, while the T mechanism allows for

almost unlimited turns about the k, and i, axes, the Bl mechanisms limit the stroke to less than a turn.

However, in the context of this research work, the limited range of motion is not crucial since it is an intrinsic
characteristic of the animal joints we want to mimic. Moreover, many important applications exist which only
require rotations by few degrees about given axes. In these cases, use of traditional rotary pairs with unlimited
motion would be way too excessive and unneeded. As examples, devices which only require limited ranges of
motion are pointing systems such as mirrors and antennas, steering systems of vehicles and limbs of biomimetic
robots.

As for the strength, the parallel architecture of the BI mechanisms is more suited than the serial architecture of
the T mechanism for realizing systems with high strength-to-weight and strength-to-encumbrance ratios.
First, the US-legs of the BI mechanisms only act in tension and compression. Thus, the resistance of the material
which makes the legs is exploited uniformly both along the leg length and across the leg section. Conversely, in
addition to tensile and compressive stresses, the RR-leg of the T mechanism must bear shear, flexional and
torsional loads also. This does not allow to fully exploit the resistance of the material neither along the leg length
nor across the leg section. That is, in order to withstand the same forces, the leg of the T mechanism needs more
material than the amount required by all the legs of the BI counterpart. This makes the T mechanism result
bulkier and heavier than the Bl mechanisms.
Second, the R joints of the T mechanism are solicited by more complex states of loading and, in particular, must
bear higher flexional loads which, in line with resistance criteria, oblige to overdimension such pairs with respect
to the ones of BI mechanisms. This leads the joints of the traditional mechanism to be way too bulky and heavy
so as to reduce the advantage of using just two R joints instead of the four S joints and the four U joints which

the Bl mechanisms need (compare Figs. 3.23-3.25 with Fig. 3.27). In fact, every R joint of the traditional
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mechanism must stand, at the same time, both radial and axial loads, and consistent flexional loads. Note that
these flectional loads correspond to the moments, with respect to the midpoints of the R joint, which act on the

platform or on the base, and which are directed along the vector j. (which is normal to k, and i, ). Conversely,

the revolute pairs which make the universal U joints and, eventually, the spherical S joints bear either axial or
radial loads only and, perhaps, very little flexional loads. Indeed, thanks to the system architecture, the force
resultant, which acts on a U (or a S) joints of the Bl mechanisms, passes through the U (or the S) joint center.
Thus, flexional loads may arise for construction issues only when the midpoint of the revolute pairs which make
the U or the S joint needs to be placed slightly offset with respect to the center of the U or of the S joint. In
addition, because of the parallel architecture of the biologically inspired US_PMs, the total torque and force that
act on the base and on the platform of the Bl mechanisms are resisted cooperatively by the US-legs, i.e. the total
torque and force are never resisted by a single US-leg, thus allowing the U joints and the S joints to be
dimensioned to withstand loads of smaller magnitude than the ones that act on the R joints of the T mechanism.
Therefore, in analogy to the partitioning concept exploited in many bearing system such as bushings and ball
bearings, this makes it possible to reduce the strength-to-weight and strength-to-encumbrance ratios of the
overall mechanism in spite of the increased system complexity. Besides, it has to be realized that many of the
joints of the BI mechanisms do not move, in practice, if not for compensating the small deflections which may
be caused by the loads due to the inherent compliance of the mechanism. Of course, the narrow motion required
by these pairs could allow the designer to devise alternative/simpler solutions (e.g. compliant joints) which may
limit the system complexity and reduce backlash or friction.
Third, other than yielding a mechanism with higher stiffness-to-weight and stiffness-to-encumbrance ratios, the
parallel architecture of the Bl mechanisms eases the design of systems with desired spatial compliance. In
particular, the addition of many US-legs with a given stiffness and whose axes belong to the linear line
congruence defined by the axes of the other legs (e.g. the self-movable US_PM depicted if Fig. 3.26) is an easy
means for synthesizing the desired stiffness while containing the mass and the encumbrance of the mechanisms
themselves. This may be very important especially if the system to be designed must be very accurate, adaptable,
tolerant to shocks and insensitive to disturbances.

The use of redundant US-legs could also be adopted in order to pretension the mechanism. System
pretensioning may reduce system backlash, failures or damages caused by shocks and vibrations.
As an example, like depicted in Fig. 3.28, the use of only five US-legs of proper length would allow the design
of a system whose elements only act either in tension such as wireropes (legs depicted in green) or in
compression such as compression-rods (legs depicted in magenta). This may allow the realization of lighter and
foldable mechanisms, and may ease the manufacturing process (with the use of wireropes the realization of the U
and S joints may be easier).

Thus, as compared with the T mechanism, for the same payload, the biologically inspired US_PMs should
result in lighter, stiffer, more accurate and more robust systems. Their slenderness should allow, in general, for

faster movements and better dynamic performances.
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Figure 3.28 Two-dof Self-Movable US_PM made by one Compression-rod (magenta line) and four Wireropes (blue lines)

Note that all the aforementioned properties are based simply on the passive behavior of the US-legs. In
addition, if the US-legs are instrumented in order to acquire propioceptive information (like the animal
ligaments) and/or are actuated in order to modify the system homeostasis (as done in animals by the
tendon-muscle units), then other advantages can be gained.

As an example, force sensor may be added to the US-legs in order to measure the forces which act on the base
and on the platform plates.

Figure 3.29 Two-dof Spherical US_PM with Active (Sensorized) Structural US-Legs

In particular, with reference to Fig. 3.29 which depicts a US_PM with four force sensors (represented as yellow

boxes), the four sensors on the legs P,B,, P,B,, P,B, and P,B, allow measuring the resultant force which acts
on the center C, while only the sensor on P,B, allows measuring the moment which acts about the axis lying
along the vector j., i.e. the axis which is normal to k, and i, .

Moreover, displacement sensors can also be added in order to determine the effective posture of the US_PM

which may be altered as a consequence of the deflections the mechanism may undergo, under thermal and/or
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mechanical loads, because of the inherent compliance of the system. In particular, with reference to Fig. 3.29
which depicts a US_PM with four displacement sensors (represented as yellow boxes), the three sensors on the
legs P,B,, P,B,, P,B, allow measuring the displacement undergone by the center C because of the deflections
of the legs PB,, P,B,, P,B,, while the four sensors on the legs P,B,, P,B,, P,B, and P,B, allow measuring
the relative rotation (with respect to k,) undergone by the axis i, because of the deflections of the legs P,B,,
P,B,, P,B, and P,B,.

Note that if the US_PM is made by more than the four US-legs depicted in Fig. 3.29, instrumentation of all the
US-legs would provide with a redundant measurement system which could be more robust to failures and less
sensitive to measurement errors. Indeed, least square approaches may be used for obtaining very accurate and
robust estimates of the forces and torques which act on the system, or very accurate and robust estimates of the
relative displacements and rotations undergone by the mechanism.

Details on the implementation of in-parallel force-torque and translation-rotation sensors based on US_PMs can
be found in [84-89].

In addition, if actuators are provided in combination with the sensors, proper control of the active structural
US-legs may allow the system to “smartly” adapt and compensate against disturbances such as thermal or
mechanical loads, and to absorb and damp vibrations or shocks. A possible architecture of a US_PM with
sensorized and actuated structural US-legs is depicted in Fig. 3.30. The yellow boxes represent the sensors, while
the green boxes represent the actuators. This US_PM is called “smart” (or intelligent) since the mechanism is
able to sense and to adapt to the environmental conditions.

Details on methods and strategies, which may be used to control the smart US_PM such that it can satisfy given

application requirements, can be found in [90, 91].

Figure 3.30 Two-dof Spherical “Smart” US_PM with Multiactive (Sensorized and Actuated) Structural US-Legs

As for the actuator types, if the purpose of the active US-legs is only to preserve the system homeostasis, then
high-bandwidth limited-stroke (with respect to the leg lengths) motors such as piezoelectric, magnetostrictive

and voice-coils actuators are necessary and sufficient. Conversely, limited-bandwidth large-stroke actuators such
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as electromagnetic, hydraulic, pneumatic motors and electro/magneto-sensitive elastomer based actuators should
be used if reconfigurable and self-deployable mechanisms are desired.

As an example, a binarily actuated self-deployable mechanism is shown in Fig. 3.31.

Configuration 1111 Configuration 0000

Figure 3.31 Binarily Activated US_PM

The mechanism comprises four US-legs, each one of them being made by a bi-stable telescopic actuator, i.e. an
actuator that can be either fully extended (state 1) or fully contracted (state 0). Among all the possible 2*
configurations the binarily activated mechanism can attain, the left figure corresponds to the configuration

(1111) where all the US-legs are fully extended, while the right figure corresponds to the configuration (OOOO)

where all the US-legs are fully contracted. Note that by properly locating the U joints and S joints on the base
and on the platform, it may be possible to make self-deployable mechanisms which use only one binarily
activated telescopic US-leg and three US-legs of constant length.

Details on the analysis and on the implementation of binary reconfigurable robotic systems can be found in
[92, 93].

Figure 3.32 Two-dof Self-Movable “Smart” US_PM
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Moreover, if a structurally redundant architecture is employed, actuation of some of the US-legs may be a
means for controlling the state of tension of all the US-legs. This may be important for preventing the stresses in
the legs to exceed the resistance limits which would damage the mechanism, for controlling the system stiffness,
for controlling the system backlash, and for diminishing the sensitivity to shocks. As an example, Fig. 3.32
depicts a “smart” version of the mechanism we presented in Fig. 3.28. The “smart” system comprises one
actuated and sensorized strut, depicted in cyan, and four sensorized wireropes, depicted in green. The five
sensors are load cells and are represented as yellow boxes. The actuator is force-controlled and is represented by
the telescopic leg depicted in cyan. As for the control law, the information acquired by the sensors is used to
drive the actuator in order to prevent the stresses in the wireropes to reverse direction and to exceed the limiting
values of the resistance of the materials which make the compression-rods and the wireropes. These events are
indeed deleterious to the system survivability since they may cause the mechanism to become loose, to collapse,
and even to break.

In practice, the design and the control of the smart system depicted in Fig. 3.32 can be accomplished according
to the theoretical developments and to the formulas which will be provided in Chapter 5 of this research work.

3.6 Biologically Inspired US_PMs: Actuation and Control

When evaluating the feasibility and the convenience of mechanism architectures, it is fundamental to assess
their aptitude for being controlled. In particular, besides satisfying velocity and force requirements, the actuation
system should be very efficient and effective.

Due to their architecture, the Bl mechanisms we presented in Section 3.4 are inherently suited to be actuated
in-parallel by direct-drive motors with linear motion. In particular, if the mechanism must perform
(low-bandwidth) macro movements, pneumatic or hydraulic actuators, brushless linear motors and
electro/magneto-sensitive elastomer based actuators can be used. Besides, if the mechanism must perform
(high-bandwidth) micro-movements, piezoelectric, magnetostrictive and voice-coil motors can be used.

Figure 3.33 Actuated 2-dof US_PM
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In practice, the addition of two UPS-legs (P stands for actuated prismatic P joint), each attached to the base
and to the platform by means of a U and a S joint, provides a very simple means to fully control the mechanism
throughout the desired range of motion. Note that, for the actuators to work properly, the system of lines which
comprises the axes of the structural US-legs and those of the two actuated UPS-legs must define a linear variety
of dimension 6. That is, the axes of the actuated UPS-legs must not belong to the linear line congruence
generated by the axes of the structural US-legs. An example of manipulator which can be obtained starting from
a US_PM similar to the one we showed in Fig. 3.25 is depicted in the Fig. 3.33. The manipulator is indeed
obtained by adding two actuated UPS legs, i.e. P,B; and P,B,, to a US_PM of type (3). For ease of

understanding, in the figure, the actuated UPS-legs have been depicted as telescopic legs and are colored in
magenta, while the structural US-legs have been shaded in grey.

As a matter of fact, the addition of two UPS legs to the 2-dof biologically inspired US_PM we devised in
Section 3.4 leads to a system which is equivalent to a fully parallel manipulator of Gough-Stewart type
(throughout this work also called 6-UPS_PM and depicted in Fig. 3.13) [94] with four P joints locked. In
particular, starting from the biologically inspired US_PM of type (3), the resulting manipulator coincides with
the General Fully Parallel Spherical Wrist (GFPSW) [95] with one P joint locked. For convenience, the
corresponding GFPSW is represented in Fig. 3.34. In the picture, the locked P joint is depicted in green.

Figure 3.34 General Fully Parallel Spherical Wrist

A very important feature of the biologically inspired US_PMs presented in this research work is the possibility

to decouple the motion about the two axes k, and i,. That is, by properly placing the U- and S joints of the

actuated UPS-legs over the base and over platform, each axis of motion can be controlled independently by a
single prismatic actuator. Indeed, since a force is not able to generate moments about the lines it crosses, it is

clear that every UPS leg whose connecting joint on the base is centered in a point B, , which lies on Kk, allows
to control rotations about i, only, while every UPS leg whose connecting joint on the platform is centered in a

point P, , which lies on i, , allows to control rotations about k, only.
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Figure 3.35 Decoupled Actuated 2-dof US_PM

A decoupled actuated manipulator obtained from a US_PM of type (3) is represented in Fig. 3.35. The actuated
UPS-leg P,B, (depicted in blue) controls the rotation about axis k, only, while the actuated UPS-leg P;By

(depicted in red) controls the rotation about axis i, only.

As for the optimal placement of the actuators, the location of the pair of points {Ps,Bs} should be chosen in
order maximize the ratio between the available moment about k, and the actuator force applied along P,B,,
while the location of the pair of points {P;,B;} should be chosen in order maximize the ratio between the
available moment about i, and the actuator force applied along P;B, . Moreover, the pairs of points {PS,B5} and
{PG,BG} should be chosen such that the manipulator does not show singular configurations within its workspace.

With reference to the actuator placed on the leg P,B,, the moment m®® the actuator exerts to the platform is

given by

(Ps_Bs)

m® = f. (P, -C)x ,
(RO, Ta,]

(3.17)

where f; is the force generated by the actuator along the leg P,B; . Little manipulation of Eq. (3.17) yields

msz%(Ps—C)x(C—Bs), (3.18)

which, since the center C has the coordinates [0 0 h]T with respect to S,, the point B, has the coordinates

[A, B, C,]' with respectto S, and the point P, has the coordinate vector [p, 0 0] with respectto S,,

can be rewritten as

f . - -
ms:—|—5ps[(h—Cs)koxll—A\sloxll—stoxll]. (3.19)
5
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By considering the relations

jo = Ky xiy, (3.20.a)
Ky Sy =ip X1, (3.20.b)
KyCy = —jo Xy » (3.20.¢)

where ¢, and s, are as defined in Section 3.4.1, the moment m® expressed by Eq. (3.19) can be decomposed

in the component m,((? about k, and in the component m}f’) about j., i.e.

fs Ps [BSC9 - Asss]

m® = _
\/(h_cs)z +A52 +552 + p52 —2p5(A5C3+B559)

Ko

: (3.21)

md =~ b (h-G,) 322

J(=C.) + A2 +BZ + p2 —2p, (Ac, +Bs,)

Optimization of the placement of the actuator P,B, can be carried on considering equations (3.21) and (3.22). In
particular, Eq. (3.21) shows that, for the absolute value of the ratio mffo) / f; to be maximized for every location
4, the value of h must be as close as possible to the value of C,. This also minimizes the absolute value of the

disturbing moment mf) which only solicits the structure of the manipulator without producing any useful effect.

Moreover, Eq. (3.21) shows that, despite the force f, is different than zero, the moment m,(fo) vanishes for

1 BS

9 =arctan| — |, (3.23.38)
A

29 =19 +1. (3.23.b)

These correspond to the singular configurations of the actuated leg P,B,. Since in such configurations the
manipulator becomes incontrollable, they must be excluded from the manipulator usable workspace. Therefore,

the manipulator should be made work either within the range 196:|1195,1195+7Z'|: or within the range
ge ]9 -7'9] .
With reference to the actuator placed on the leg P;B,, the moment m® the actuator exerts to the platform is

given by

(Pe_Be)

) 3.24
P.—B,| (3524

m® = f (P, -C)x

where f; is the force generated by the actuator along the leg P,B; . Little manipulation of Eq. (3.24) yields
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f

m® =5(R~C)x(C-By), (3.25)

which, since the center C has the coordinates [0 0 h]T with respect to S, the point B, has the coordinates
[0 0 Cﬁ]T with respect to S; and the point P; has the coordinate vector [p; g 0]T with respect to S,
can be rewritten as

m® = —%[ Ps (h—=Cg ) Ko iy + g (N=Cy ) Ky x| (3.26)
6

By considering the relations
Je=kg xiy, (3.27.a)

i,Cy =Ky %]y, (3.27.b)
where ¢, is as defined in Section 3.4.1, the moment m® expressed by Eqg. (3.26) can be decomposed in the
components m® about i, and in the components m® about j. , i.e.

© fds (N—Cs)c,y

o - : , (3.28)
JP2 4+ +(h—C,) +24,(h-C,)s,

_ fsps (h—Cs) '
\/pg+q§+(h—C6)2+2q6(h—C6)sﬂ

m'® (3.29)

Optimization of the placement of the actuator P;B; can be carried on considering equations (3.28) and (3.29). In
particular, Eq. (3.28) shows that for the absolute value of the ratio mi(f) / f, to be maximized for every location
f . the value of p, must be as close as possible to zero. This also minimizes the absolute value of the disturbing

moment mf) which only solicits the structure of the manipulator without producing any useful effect. Moreover,
Eq. (3.28) shows that, despite the force f, is different than zero, the moment mi(f) vanishes for

B=n/2, (3.30.2)
‘B =—1x/2. (3.30.b)

These correspond to the singular configurations of the actuated leg P,B,. Since in such configurations the
manipulator becomes incontrollable, they must be excluded from the manipulator usable workspace. Therefore,

the manipulator should be made work either within the range ﬂe]—;z/Z,;z/Z[ or within the range

Belr/2,37/2[.
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In order to fully understand the advantages and in order to identify the applications the decoupled actuated
US_PMs may be suited for, in the following we compare their potential performances to those of a traditional
spherical manipulator. With reference to the traditional mechanism we depicted in Fig. 3.27, a controllable
traditional 2-dof spherical manipulator can be conceived by the placement of a rotary actuator on each of the R

joints. Such a system is represented in Fig. 3.36, where the rotary motors R; and R, are depicted in red.

Figure 3.36 Traditional 2-dof Spherical Manipulator

The manipulator is of serial type. The direct placement of two rotary motors on the R joints allows the control of

the motion to be decoupled about the axes k, and i, . Though the solution seems rather simple, when compared

to the parallel architecture of the actuated US_PMs, it shows several disadvantages.

First, when the traditional mechanism is actuated, the middle link, i.e. the RR-leg, and the R joints have to
withstand the torques exerted by the motors also. Such torques generate additional flexional/torsional moments
and sum up to the loads we mentioned in Section 3.5. This complicates further the state of solicitation of the RR-
leg and of the R joints. As a result, the middle link, the R joints and the motors become heavier and bulkier. This
makes the traditional manipulator have lower payload-to-weight, lower payload-to-encumbrance ratios and
lower dynamic performances than the actuated US_PMs.

Second, due to the serial architecture, the guaranteed accuracy of the traditional serial manipulator is lower
than that of the actuated US_PMs. Indeed, the open chain architecture does not allow measuring by the internal
sensor the mechanism passive compliance (i.e. link deflections and backlash in the drives) and, therefore, forbids
the accurate control of the manipulator motion.

Third, as depicted in Fig. 3.36, the actuator R; is the only one placed over the base and has to carry and move
the whole manipulator (which comprises the links and the other actuator). Besides, the actuator R, is placed far
from the base of the manipulator and is required to carry and move only a small part thereof. Hence, the actuator
R; needs to be overdimensioned and requires some sort of reduction stage, which is deleterious for the overall
system performance. Conversely, in the actuated US_PMs, all the actuators can be placed collectively near the

base. This allows achieving a very light motion mechanism and adopting high power direct drive motors.
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Summarizing, the novel Bl manipulators based on biologically inspired US_PM mechanisms enjoy the
advantages of high speed, high accuracy, high loading capacity, high stiffness and high strength over the
traditional systems. They however suffer from the limited amplitude of motions.
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Chapter 4

Kinematic Analysis

4.1 Introduction

Chapter 3 presented three novel families of 2-dof biologically inspired (BI) parallel mechanisms and discussed
the features and the advantages they offer with respect to traditional (T) serial mechanisms. In addition, actuation
issues were addressed which showed that the motion of the BI mechanisms can be decoupled about two axes
which are fixed, respectively, one to the mechanism base and the other to the mechanism platform.

In the following chapters the analysis of a Bl mechanism of type (2) is addressed. Hereafter, such mechanism
will be called “ATWOKI” joint, where the name “ATWOKI” stands for “Almost TWO-dof Knee-Inspired”.
Note that the word “Almost” is used for emphasizing the stiffness advantages which are related to the novel
articulation concept. Indeed, despite the compliance of the elements which makes the mechanism, ATWOKI
only has two practical (or prevalent) degrees of freedom (i.e. the degrees of freedom which would be retained by
the mechanism if its members were considered perfectly rigid).

This chapter concerns the kinematic analysis of ATWOKI.

4.2 ATWOKI: System Description

Among the manipulators which may be conceived starting from the novel mechanisms devised in Chapter 3,

the system chosen for the following analyses has the architecture depicted in Fig. 4.1.

Figure 4.1 ATWOKI (Almost TWO-dof Knee Inspired) Joint

The manipulator has two degrees of freedom which are controlled by the telescopic actuators (legs of variable
length) depicted in magenta and in blue respectively. Legs depicted in cyan are structural (legs of fixed length)

and are placed so as to maintain fixed, during the manipulator motion, the location of point C with respect to the

base and the reciprocal position of the axes i, and kK, .
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In particular, the center C lies on the axis K, and the axis i, is orthogonal to K,, i.e. i,-k,=0. Thus, the

motion is spherical with center C and can be understood as made of two sequential rotations, the first about the

vector K, and the second about the vector i, .
Because of the special arrangement of the actuators, i.e. point B, of the actuator P;B, lies on k, and point P,
of the actuator P;B; lies on i,, the aforementioned rotations are controlled by the actuators independently. That

is, the motion of the manipulator is fully decoupled.

4.3 ATWOKI: Direct Position Analysis (DPA)
By definition, the Direct Position Analysis (DPA) consists in the problem of finding the location of the

platform with respect to the base once the geometrical parameters of the manipulator and the lengths of the
actuated legs are known. For a given manipulator, the geometrical parameters are fixed and specified at the

outset. They consist in the locations (the coordinates) of points B, , for i =1,...,6 , on the base, in the location of
points P, for i=1,...,6, on the platform and the lengths I;, j=1,...,4, of the structural legs B;P;. Conversely,

the lengths I, and |, of the actuated legs vary with the manipulator motion and are measured in real-time by

sensors which are placed on the actuated legs.

Recall that the DPA is fundamental for control purposes since it is the cheapest and most practical way to
determine the pose of the manipulator.

Here, because of the decoupled motion, the solution of the DPA is very simple and fast. In practice, the DPA

reduces to solve for the angle 3 of rotation of the vector i, about the axis Kk, and to solve for the angle of
rotation S of the vector K, about the axis i, , once the lengths |5 and I, are known .

Beginning with equation
(P;—B;)=(P,—C)+(C-0)+(0-B,), (4.1)
rewrite it as
(PS—BS)z psi, + hk, — Ai, - Bsj, —C.k, , (4.2)
where, according to the definitions introduced in previous sections, p is the norm of the vector P,C, h is the

norm of the vector CO, and A, B, and C, are the coordinates of point B, with respect to S,. Moreover, since

the following scalar products hold

i,-i,=cosd, (4.3.2)
i,-J,=sind, (43.b)
modify Eq. (4.2) as

(P, —B;)=(pscos9—A)i, +(pssing—By)j, +(h—Cs)k,. (4.4)

Then, by squaring Eq. (4.4), obtain
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2
IézE—(AS cos 3+ B, sinS), (4.5.2)

where
D=2p,, (4.5.b)
24+ A2 +B2+(h-C,)
g PtA B H(N-C) (4.5.0)
D
Moreover, resorting to the well-known relationships
1-t
cosd=——+, 4.6.a
1+t (4.62)
2t
sind=——, 4.6.b
1+t (4-6)
rewrite Eqgs. (4.5) as
2 _ 2 _
LL—E-t2+2BJ+ i =G =0, (4.7.2)
D D
where
F=p§+A§+B§+(h—C5)2+2p5A5, (4.7.)
G=p:+A +B+(h-C;)’ -2p,A . (4.7.0)

Then, the angle 9 can be found by means of the relation

2 2
9=2arctan| — ZH + 2H - ISZ_G , (4.8.2)
IZ-F IZ-F IZ-F

where

H =B,D=2B,p,. (4.8.b)
That is, the solution is not unique. However, by means of the following consideration, one of the solutions can be
disregarded in a straightforward manner. In facts, the solutions '¢ and *$ correspond to two different assembly
modes of the manipulator. Such assemblies are separated by the singular configurations characterized by

9 =2 arctan[ (4.9.2)

BS
A5+\/A§+B:]'

28 =2 arctan( (4.9.b)

BS
As—\/A§+B§J'
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which happen when the length |5 of the leg B,P, coincides with one of the following values

I, =[P+ A 4B +(h-C,) ~2p, A +B? 4.9.0)

2|5:\/p;+A52+B§+(h—CS)2+2p5JAj+BS2 , (4.9.d)

Since, for matters of controllability, the manipulator must be designed in order to have a singularity-free
workspace, then, for every location the manipulator is allowed to reach, the angle of rotation ¢ must always

satisfy either the condition

ge |min('4,%9), max('9,%3 ), (4.9.¢)
or the condition

ge |max('9,°9),min('9,°4 ) 4.9.9)

Therefore, if the manipulator is configured such that its workspace is characterized by Eq. (4.9.¢), then, due to

the monotonicity of the arctan(-) function, the solution 4 is found as

2 2
9 =2arctan| — ZH + 2H - I52—G , (4.10.a)
II-F E-F) |\II-F

if

2 2
t<- ZH + ZH - ';_G <t!, (4.10.b)
I2-F I2-F I2-F

or

2 2
9=2arctan| — 2H - ZH - |52—G , (4.10.c)
II-F II-F Ii-F

if

2 2
t<— ZH - ZH - ';_G <t!, (4.10.d)
I2-F I2-F I2-F

where

B B
! =mi 3 S 3 R 4.10.
: mm[As—JA:w; A5+JA:+83] @10
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ts”:ma){ B; , B, ] (4.10.9)
A—A +BZ+A A+ A +B

Conversely, if the manipulator is configured such that its workspace is characterized by Eq. (4.9.f), then, due to

the monotony of the arctan(-) function, the solution 4 is found as

2 2
9=2arctan| — ZH + ZH - ';_G : (4.11.a)
12-F 12-F 12-F

if
H H Y (12-G H H Y (12-G
-5 +.l = -3 >t v -] 5 +. 5 -3 <t ], (4.11.b)
I2-F E-F) |\IP-F I2-F I-F) |\IP-F
or
H H Y (12-G
§=2arctan| —| — -l = -3 , (4.11.0)
I2-F 2-F) |\I2-F
if

_[ H ]-J[ H J _[Isz—G}t: y _[ A j_\/( A ] -('i‘qu; . @.11.d)
-F ) \\r-F) (i-F e-F ) \r-F) l-F

The determination of the angle S is simpler than that of 9. Recalling that the angle £ is the angle of rotation

of the axis K, about the axis i,, use of trigonometry yields

sin(ﬂ):(lg;l} (4.12.2)

L
where

I=(h-C,) +a2, (4.12.b)
L=2q,(h-C,). (4.12.0)

Note that, according to the definitions introduced in previous sections, ¢, is the norm of the vector P,.C and C,
is the non-zero coordinate of point B, with respect to S,. Equations (4.12) allow for two solutions, i.e. ' # and
’B . However, as for the unknown angle 9, one of the two solutions can be disregarded a priori. Indeed, the
solutions ' # and ’f correspond to different manipulator assemblies which are separated by the singularities at

'B,=r/2 and ’B, =—x/2. Then, for controllability issues, the manipulator must be configured such that its
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workspace is defined by either fe|-7/2,7/2[ or fe|r/2,—x/2[. Therefore, by taking into account the

useful manipulator workspace one obtains the single solution
(2=
f = arcsin ’T s (4.13)

where the arcsin(') function must be evaluated in the first-fourth quadrant if the manipulator workspace is
defined for S e ]—ﬂ'/ 2,7/ 2[ , or must be evaluated in the second-third quadrant if the manipulator workspace is

defined for S € |7/2,-7/2| .

Implementation of the DPA Algorithm

As for the implementation standpoint, the DPA algorithm comprises two parts, namely, the initialization and
the main parts. The initialization has to be performed off-line one time for each manipulator, while the main part
is the on-line procedure which leads to the solution of the DPA as soon as sensor data are acquired. The

pseudocode for the implementation is:

0. INITIALIZATION (off-line calculations):
i. Given the manipulator base and platform, with reference to Fig. (4.1), define the two frames S, (i.e. O, i,
Jo and K,)and S, (i.e. C, i, J, and K, );
ii. Given the manipulator geometry and the definitions in (0.i.), evaluate A, B,, C,, p;,C,, ¢, and h;
iii. Given the definitions (0.ii), according to Eq. (4.7.b), Eq. (4.7.c), Eq. (4.8.b), Eq. (4.12.b), Eq. (4.12.¢), Eq.
(4.10.e) and Eq. (4.10.f), evaluate F, G, H, I, L, t, and t..

1. MAIN (on-line calculations):

i. Acquire sensor data, i.e. I and I ;

ii. Find 4 and £ by means of Egs. (4.10), Egs. (4.11) and Eq. (4.13), respectively.

Computational Cost of the DPA Algorithm

As for the computational cost, the algorithm is very fast. Since only the main calculations need to be
performed on line, the solution of the DPA requires 7 multiplications/divisions, 5 sums/subtractions and
2 trigonometric operations.

Moreover, note that Eqgs. (4.10), Egs. (4.11) and Eq. (4.13) involve independent calculations which can be
performed in parallel to further speed-up the solution of the DPA.

4.4 ATWOKI: Inverse Position Analysis (IPA)
By definition, the Inverse Position Analysis (IPA) consists in the problem of finding the lengths of the actuated

legs |5 and I, once the geometrical parameters of the manipulators and the reciprocal location between base and

platform are known. Since, for a given manipulator, the geometrical parameters are fixed and specified at the
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outset, in practice the IPA reduces to solving for |; and |, once the angle & of rotation of the vector i, about
the axis K, , and the angle of rotation £ of the vector j, about the axis i, are defined.

Recall that the IPA is fundamental for control purposes since it sets the reference lengths of the legs which
must be attained by the servo system in order to place the manipulator in the desired configuration.

Reviewing the procedure outlined for the DPA, the solution of the IPA is very straightforward. In fact, from
Eq. (4.5) one gets the relation

|5=\/M—Ncosl9—Osin19, (4.14.a)
where

N = DA, (4.14.b)
0 =DB,, (4.14.0)
M=p2+A2+B2+(h-C,). (4.14.d)

Moreover, from Eq. (4.12) one gets the relation

|6:1/Lsin(/)’)+l , (4.15.a)

where
I=(h-C,) +aZ, (4.15.b)
L=2q,(h-C,). (4.15.0)

Implementation of the IPA Algorithm

As for the implementation point of view, the IPA algorithm comprises two parts, namely, the initialization and
the main parts. The initialization has to be performed off-line one time for each manipulator, while the main part
is the on-line procedure which leads to the solution of the IPA as soon as the desired configuration of the

manipulator is defined. The pseudocode for the implementation is:
0. INITTALIZATION (off-line calculations):
i. Given the manipulator base and platform, with reference to Fig. (1) define the two frames S; (i.e. O, i,
jo and K,)and S, (i.e. C, i, j, and K,);
ii. Given the manipulator geometry and the definitions in (0.i.), evaluate A, B;, C,, p;,C,, 0, and h;
iii. Given the definitions (0.ii), according to Eq. (4.14.b), Eq. (4.14.c), Eq. (4.15.b) and Eq. (4.15.c), evaluate
D, M, I and L, respectively.
1. MAIN (on-line calculations):
i.  Define the desired configuration of the manipulator, i.e. define ¢ and £ ;

ii. Find I and I, by means of Eq. (4.14.a) and Eq. (4.15.a), respectively.
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Computational Cost of the IPA Algorithm

As for the computational cost, the algorithm is very fast. Since only the main calculations need to be
performed on line, the solution of the IPA requires 4 multiplications/divisions, 3 sums/subtractions, 3
trigonometric operations and 2 trascendental operations.

Moreover, note that Eq. (4.14.a) and Eq. (4.15.a) involve independent calculations which can be performed in

parallel to further speed-up the solution of the IPA.

4.5 ATWOKI: Direct Velocity Analysis (DVA)

By definition, the Direct Velocity Analysis (DVA) consists in the problem of finding the velocity of the
platform with respect to the base once the geometry and the location of the manipulator, and the velocities of the
actuated legs are given. Recall that the DVA is fundamental for control purposes since it is the cheapest and most
practical way to determine the manipulator velocity.

Since for a particular manipulator the geometrical parameters are fixed and known from the outset and the

manipulator location is known from the position analyses, in practice the DVA reduces to solving for the angular
velocity 9 (about the axis k) and the angular velocity /)’ (about the axis i, ) once the velocities I.5 and I.6 of

the actuated legs are given. Indeed, the manipulator velocity is
=9k, + fi,. (4.16)

Note that the lengths I, and |, and the velocities I, and |, are measured by sensors which are placed on the

legs of the manipulator.
Considering the procedure outlined for the DPA, the solution of the DVA is very straightforward. In fact, upon
time-differentiation of Eq. (4.5), one gets

9= (mj I, (4.17.2)
where

P=N/2, (4.17.b)
Q=0/2. (4.17.¢)

Moreover, upon time differentiation of Eq. (4.12), one gets

. l, .
B= [W]h , (4.18.2)

R=L/2. (4.18.b)

Implementation of the DVA Algorithm
As for the implementation point of view, the DVA algorithm comprises two parts, namely, the initialization

and the main parts. The initialization has to be performed off-line one time for each manipulator, while the main
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part is the on-line procedure which leads to the solution of the DVA, as sensor data are acquired. The

pseudocode for the implementation is:

0. INITIALIZATION (off-line calculations):
iv. Given the definitions introduced for the position analysis algorithms, according to Eq. (4.17.b),

Eq. (4.17.c) and Eq. (4.18.b), evaluate P, Q and R respectively.

1. MAIN (on-line calculations):

i. Consider the solution of the position analysis algorithms.

ii. Acquire sensor data, i.e. Iy and | ;

iii. Find 9 and ﬂ’ by means of Eq. (4.17.a) and Eq. (4.18.a), respectively.

Computational Cost of the DVA Algorithm
As for the computational cost, the algorithm is very fast. Since only the main calculations need to be
performed on line, the solution of the DVA requires 4 multiplications/divisions, 1 sums/subtractions and 3
trigonometric operations (in addition to the calculations required for the solution of the position analyses).
Moreover, note that Eq. (4.17.a) and Eq. (4.18.a) involve independent calculations which can be performed in

parallel to further speed-up the solution of the DVA.

4.6 ATWOKI: Inverse Velocity Analysis (IVA)

By definition, the Inverse Velocity Analysis (IVA) consists in the problem of finding the velocities I'5 and Ilb

of the actuated legs once the geometry and location of the manipulator, and the velocity of the platform with
respect to the base are given. Recall that the IVA is fundamental for control purposes since it sets the reference

velocity of the legs which must be attained by the servo system in order to move the manipulator with a certain
speed, i.e. with a certain angular velocity @ = gko + ,Bi] .
Since, for a particular manipulator, the geometrical parameters are fixed and known from the outset, while the

manipulator location is known from the position analyses, in practice, the IVA reduces to solve for the velocities
I'5 and I'(, of the actuated legs once the angular velocity 9 (about the axis Kk, ) and the angular velocity ﬁ (about
the axis i,) are defined.

Considering the procedure outlined for the DV A, the solution of the IVA is very straightforward. In fact, upon

inversion of Eq. (4.17.a), one gets

|'5=(P5in‘9_QCOS]9j9. (4.19)

IS

Moreover, upon inversion of Eq. (4.18.a), one gets

i = [M] 8. (4.20)

|6
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Implementation of the IVA Algorithm

As for the implementation point of view, the resulting algorithm comprises two parts, namely, the initialization
and the main parts. The initialization has to be performed off-line one time for each manipulator, while the main
part is the on-line procedure which leads to the solution of the IVA as soon as the desired velocity of the

manipulator is defined. The pseudocode for the implementation is:

0. INITTALIZATION (off-line calculations):
iv. Given the definitions introduced for the position analysis algorithms, according to Eq. (4.17.b),

Eq. (4.17.c) and Eq. (4.18.c), evaluate P, Q and R, respectively.

1. MAIN (on-line calculations):

iii. Consider the solution of the position analysis algorithms.

iv. Define the desired velocity of the manipulator, i.e. define 9 and ﬁ ;

v. Find I'5 and I'(, by means of Eq. (4.19) and Eq. (4.20), respectively.

Computational Cost of the IVA Algorithm
As for the computational cost, the algorithm is very fast. Since only the main calculations need to be
performed on line, the solution of the IVA requires 4 multiplications/divisions, 1 sums/subtractions and 3
trigonometric operations (in addition to the calculations required for the solution of the position analyses).
Moreover, note that Eq. (4.19) and Eq. (4.20) involve independent calculations which can be performed in

parallel to further speed-up the solution of the IVA.

4.7 ATWOKI: Direct Acceleration Analysis (DAA)

By definition, the Direct Acceleration Analysis (DAA) consists in the problem of finding the acceleration of
the platform with respect to the base once the geometry, the velocity and the location of the manipulator and the
accelerations of the actuated legs are given. Recall that the direct acceleration analysis is fundamental for control
purposes since it is the cheapest and most practical way to determine the manipulator acceleration.

Since, for a particular manipulator, the geometrical parameters are fixed and known from the outset, while the

manipulator velocity and location are known from the position and velocity analyses, in practice, the DAA

reduces to solving for the angular acceleration 9 (about the axis Kk, ) and the angular acceleration ,B (about the

axis i, ) once the accelerations |5 and |6 of the actuated legs are given. Indeed, the manipulator acceleration is
=9k, + fi, + 9Pk, xi, . (4.21)

Note that like the lengths I, and |, and the velocities |, and I, also the accelerations I and I, are measured
by sensors which are placed on the legs of the manipulator.
Considering the procedure outlined for the DVA, the solution of the DAA is very straightforward. In fact,

upon time-differentiation of Eq. (4.17.a), one gets
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. g . Pcos$ ing) .
jo| 9 _(Peosd+Qsind) o | 5y 4.22)
l; 7 (Psind-Qcos9) I

Moreover, upon time-differentiation of Eq. (4.18.a), one gets

- E _sin(ﬂ) s ﬁ
ﬂ_h i cos(ﬁ)ﬂ }& i (4.23)

Implementation of the DAA Algorithm

As for the implementation point of view, the DAA algorithm comprises two parts, namely, the initialization
and the main parts. The initialization has to be performed off-line one time for each manipulator, while the main
part is the on-line procedure which leads to the solution of the DAA as soon as sensor data are acquired. The

pseudocode for the implementation is:

0. INITIALIZATION (off-line calculations):

v. Consider the definitions introduced for the position and velocity analysis algorithms.

1. MAIN (on-line calculations):

vi. Consider the solution of the position and velocity analysis algorithms.

vii. Acquire sensor data, i.e. I and | ;

viii. Find 9 and /3 by means of Eq. (4.22) and Eq. (4.23), respectively.

Computational Cost of the DAA Algorithm

As for the computational cost, the algorithm is very fast. Since only the main calculations need to be
performed on line, the solution of the DAA requires 14 multiplications/divisions, 5 sums/subtractions and 2
trigonometric operations (in addition to the calculations required for the solution of the position and velocity
analyses).

Moreover, note that Eq. (4.22) and Eq. (4.23) involve independent calculations which can be performed in

parallel to further speed-up the solution of the DAA.

4.8 ATWOKI: Inverse Acceleration Analysis (IAA)

By definition, the Inverse Acceleration Analysis (IAA) consists in the problem of finding the accelerations |5

and i;, of the actuated legs once the geometry, the location and the velocity of the manipulator, and the
acceleration of the platform with respect to the base are given. Recall that the IAA is fundamental for control
purposes since it sets the reference acceleration of the legs which must be attained by the servo system in order to
move the manipulator with a certain acceleration, i.e. with a certain angular acceleration @ .

Since, for a particular manipulator, the geometrical parameters are fixed and known from the outset, while the

manipulator velocity and location are known from the velocity and position analyses, in practice the IAA reduces
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to solving for the accelerations |5 and |6 of the actuated legs once the angular acceleration 9 (about axis k)

and the angular acceleration ﬁ (about the axis i,) are defined.

Considering the procedure outlined for the IVA, the solution of the IAA is very straightforward. In fact, upon
time-differentiation of Eq. (4.19), one gets

|5 :%[(P0059+Qsin19)32 - |.52 +(Psin19—Qcos,9)1§]. (4.24)

5

Moreover, upon time-differentiation of Eq. (4.20), one gets

Iy =Il[—(Rsin(ﬁ))B2 ~i2 +(Reos(8)) 8. (4.25)

6

Implementation of the IAA Algorithm

As for the implementation point of view, the resulting algorithm comprises two parts, namely, the initialization
and the main parts. The initialization has to be performed off-line one time for each manipulator, while the main
part is the on-line procedure which leads to the solution of the IAA as soon as the desired acceleration of the

manipulator is defined. The pseudocode for the implementation is:

0. INITIALIZATION (off-line calculations):

vi. Consider the definitions introduced for the position and velocity analysis algorithms.

1. MAIN (on-line calculations):

vi. Consider the solution of the position and velocity analysis algorithms.

vii. Define the desired acceleration of the manipulator, i.e. define 9 and ﬂ ;

viii. Find I, and I, by means of Eq. (4.24) and Eq. (4.25), respectively.

Computational Cost of the IAA Algorithm

As for the computational cost, the algorithm is very fast. Since only the main calculations need to be
performed on line, the solution of the IAA requires 11 multiplications/divisions, 5 sums/subtractions and 2
trigonometric operations (in addition to the calculations required for the solution of the position and velocity
analyses).

Moreover, note that Eq. (4.24) and Eq. (4.25) involve independent calculations which can be performed in

parallel to further speed-up the solution of the IAA.

4.9 ATWOKI: Extended Direct Position Analysis (EDPA)

When accurate positioning is of concern, the direct position analysis presented in Section 4.3 may not be
sufficient for the correct estimation and control of the manipulator pose.

As an example, due to the inherent compliance of the legs, a load that acts on the manipulator platform could
induce deflections in the legs which may cause the manipulator to move away from its ideal location (i.e. the

location the manipulator would attain if the legs were infinitely rigid). Of course, the discrepancy between the
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ideal and the effective location of the manipulator depends on the magnitude of the force which acts on the
platform and on the compliance of the legs.

One of the major advantages BI mechanisms feature with respect to the serial T mechanisms, is that the
parallel architecture of the former allows for the easy estimation of the effective manipulator location through the
use of simple and highly integrated internal sensors which are placed in order to measure the leg deflections.
This feature is important since it may allow the control system of the BI manipulator to take actions in order to
compensate for the positioning errors. Conversely, in serial architectures, member deflections cannot be
measured so easily and this may yield the T mechanisms to be submitted to higher positioning errors than the BI
mechanisms.

A method for the estimation of the effective location of a BI manipulator of type (2), in which both structural
and actuated legs are considered of variable length, is presented in the sequel. Here, for manipulator location we
mean the position and orientation of the platform with respect to the base. That is, this analysis involves the
solution of a problem in six unknowns. Note that the DPA, which we discussed in Section 4.3, concerned only
the orientation of the platform with respect to the base and, in practice, it was a problem in two unknowns.

Hereafter, the problem in six unknowns will be called “Extended Direct Position Analysis” (EDPA).

Figure 4.2 Special Version of the ATWOKI Joint

Consider the manipulator depicted in Fig. 4.2, which has points B, and B, co-located and coincident with the
center O of the reference frame S,. All of the six legs B,P,, for i=1,...,6, are considered of variable length.
The structural legs B;P;, for j=1,...,4, are equipped with linear displacement sensors (e.g. strain-gages) which,

together with the sensors of the servos which are placed on the actuated legs, i.e. B,P, and B/P,, allow

measuring the six leg lengths |, = ||PI -B,|,fori=1..,6.

Upon identification of the location of the leg attachment points by means of the following sets of coordinates:

B =B,=[0 0 0], (4.26.2)
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B,=[A B, C]J,. (4.26.b)

B,=[A B, C.J. (4.26.0)
B,=[A B, C]J, (4.26.d)
B,=[0 0 C,J, (4.26.¢)

i.e. the coordinates of the position vectors (B; —O) with respect to S, and

P=[p 0 0], (4.27.2)
P,=[p, 0 0], (4.27.b)
P,=P,=[0 0 0], (4.27.0)
P,=[p; 0 0], (4.27.d)
P,=[0 g, 0], 4.27.¢)

i.e. the coordinates of the position vectors (Pi —C) with respect to S,, then the EDPA can be accomplished
according to the following steps.
Step 1: solve for the location of the center C, i.e. for the set of coordinates C= [X Y Z]T of the position

vector (C—0O) with respect to S, .

P1 CEP3E P4 Pz

OEBlfBz

Figure 4.3 Subsystem of ATWOKI: Triangle PI(SP2

Referring to the manipulator shown in Fig. 4.2, consider the triangle PI(SP2 which is depicted in Fig. 4.3. Given

the leg lengths |, and I, , the distance |, = ||C—O|| follows as

22— 2 2 2
|*2:|12+p12+ 2 1 (pl+p2) p1: Il p2+p1|2 p , (4283.)

(p,+p,) P

where
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P'=p,P;+ PP,

pﬂz P+ P,.

(4.28.b)

(4.28.0)

Then, consider the tetrahedron OB,B,C, which is depicted in Fig. 4.4. Given the edge lengths I,, I,,

b, = ||B3 || =,/A}+B; +C; and I., which are completely known from the manipulator geometry and from the

measurements, it is possible to solve for the location of the center C.

U=UxxU,

Figure 4.4 Subsystem of ATWOKI: Tetrahedron OB,B,C

Indeed, upon definition of the unit vectors
u, =(B,-0)/b;,

Uz=(B4_?1)_ulm ’

U, =U, xu,,
where

m=(B,-0)-u,,

n :||(B4 -0)-umf,

the location of the center C can be identified by the position vector (C - O)
(C-0)=uu, +vu, +wu,,
being

bl +17 -1}

3 * 3

u==—
3

>

(4.29.2)

(4.29.b)

(4.29.c)

(4.29.d)

(4.29.¢)

(4.30.a)

(4.30.b)
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v m'+17 —1; —m"u

, : (4.30.¢)
n

w=IF 07—V (4.30.d)
and
m=n’+m?, (4.30.e)
m"=2m, (4.30.)
n'=2n, (4.30.9)
by =b? (430.h)
by =2b, . (4.30.i)

Note that Eq. (4.30.d) gives two solutions for w, i.e. 'w=,/I>—u*-v* and *w=—/I7 —u*-v* . However, in

practical applications, only one solution is feasible and the other can be disregarded. Indeed, since the base (and

therefore the triangle B36B4 ) cannot be penetrated by the point C, the feasible solution is 'w (or *w) if, in the

initial configuration of the manipulator, the value of W is positive (or negative).

P, C=P;=P, P, Ps

0=B,=B;

Figure 4.5 Subsystem of ATWOKI: Triangle PZ(A)P5

Step 2: solve for the vector i,. Consider the triangle PZ(A)P5 , which is depicted in Fig. 4.5. The length

l, = || P, - O|| follows as

lo=1;+p", (4.31.2)
where
p"=—p;+p:. (4.31.b)

Then, refer to the tetrahedron OP,B,C, which is depicted in Fig. 4.6. Given the edges p,, I,, I, I. and

by =|Bs|=y/A’ +B; +C; , which are completely known from the manipulator geometry and from the

measurements, it is possible to solve for the location of point P;.
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B4

Figure 4.6 Subsystem of ATWOKI: Tetrahedron OP,B,C

Indeed, upon definition of the unit vectors
u; =(B;-0)/b;,

C-0)-u.g
u4:—( h) =,

U, =U, XUy,
where

g=(C-0)-u;,

B

h :||(C—O)—usg

(4.32.2)

(4.32.b)

(4.32.0)

(4.32.d)

(4.32.¢)

the location of point P, can be defined by the position vector (P5 - O)

(P;—0)=du, +eu, + fu,,
being

bl +12 12

3 0 5
e= b!
5

>

d:h2+g2+I§—pg—de
2h '

f=+l2-d>—¢,

and

I _Rh2
bS_ 5

(4.33.2)

(4.33.b)

(4.33.0)

(4.33.d)

(4.33.¢)
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b= b, (4.33.9)

pi=ps. (4.33.9)

Note that Eq. (4.33.d) gives two solutions for f ,ie. 'f=4/1’-d>—¢* and *f =—/I’ —d*-e” . However, in

practical applications, only one solution is feasible and the other can be disregarded. Indeed, the two solutions

are separated by a singular configuration which happens for f =0 . Since, for control issues, the manipulator is
not allowed to go across the singularity, the feasible solution is 'f (or >f ) if, in the initial configuration of the
manipulator, the value of f is positive (or negative).

As a consequence, the direction i, follows as

i =(C-P,)/p, (4.34)

Step 3: solve for the vector j,.
Refer to the tetrahedron P,CB,P,, which is depicted in Fig. 4.7. Given the edges g, , Ps, P, and I, which are

completely known from the manipulator geometry and from the measurements, it is possible to solve for the

location of Py .

g=ixlg
P
) l.l8
- ptps
Figure 4.7 Subsystem of ATWOKI: Tetrahedron P,CB,P,
Indeed, upon definition of the unit vectors
u, =i, (4.35.2)
B,-C)-u
g - (Be=C)=up (4.35.b)
q

Uy =U, XUy, (4.35.0)
where
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p=(B,-C)-u,, (4.35.d)
a=|(B,-C)-u,p], (4.35.¢)

the vector of (P, —C) can be found as

(P, —C)=ru, +su, +1tu,, (4.36.a)
being

2 2 2
r= Ps +ds — Pse , (4.36.b)

2p;

2 2 r_ 12 !

s O TP +G-h-rp (4.36.c)
2q

t=tvk—s, (4.36.¢)
and
%= q. 4369
r'=2r, (4.36.g)
k=g —r. (4.36.h)

Note that Eq. (4.36.¢) gives two solutions for t, i.e. 't=+vk—s* and *t=-+k—s’ . However, in practical

applications, only one solution is feasible and the other can be disregarded. Indeed, the two solutions are

separated by a singular configuration which happens for t=0. Since, for control issues, the manipulator is not
allowed to go across the singularity, the feasible solution is 't (or ’t) if, in the initial configuration of the
manipulator, the value of t is positive (or negative).

As a consequence, the direction j, follows as

§i=(P,-C)/q, . (4.37)
Step 4: the unit vector K, is calculated as

k, =i, x]j,. (4.38)

Note that the three tetrahedrons OB,B,C, OP,B,C and P,CB,P, have been solved by means of the procedure

described in [96]. Equivalently, the tetrahedrons can be solved by means of the procedure described in [97].

Implementation of the EDPA Algorithm
As for the implementation point of view, the EDPA algorithm comprises two parts, namely, the initialization

and the main parts. The initialization has to be performed off-line one time for each manipulator, while the main
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part is the on-line procedure which leads to the solution of the EDPA as soon as sensor data are acquired. The

pseudocode for the implementation is:
0. INITIALIZATION (off-line calculations):
i. Given the manipulator base and platform, with reference to Fig. (4.2), define the two frames S, (i.e. O,
i,, Jp and K,)and S, (i.e. C, i, j, and K,);
ii. Given the manipulator geometry and the definitions in (0.i.), evaluate the point coordinates A, B,, C,,
A,B,,C,, A,B,,C,,C,, p,, P,, Ps and q,, as defined by Egs. (4.26) and Eqs. (4.27);
iii. Given the definitions (0.ii), , according to equations (4.28)-(4.36), evaluate p', p”, b,, by, b/, u,, u,,

m

u;, m,n,m,m", n’, p”, b, by, b, pg,us, r, g and k.

1. MAIN (on-line calculations):
i. Acquire sensor data, ie. I, I,, I;, I,, |, and | ;
ii. Evaluate 17, according to Eq. (4.28), and then find the location of C according to Eq. (4.30);
iii. Evaluate I}, according to Eq. (4.31), and the vectors u, and U,, according to Eq. (4.32);
iv. Evaluate the location of P; according to (4.33);
v. Evaluate the vector i, according to Eq. (4.34).
vi. Evaluate the vectors U,, U, and U; according to Eq. (4.35);
vii. Evaluate the vector (P, — C) according to Eq. (4.36);
viii. Evaluate j, according to Eq. (4.37);

ix. Evaluate k, according to Eq. (4.38).

Computational Cost of the EDPA Algorithm
As for the computational cost, the algorithm is very fast. Since only the main calculations need to be
performed on line, the solution of the EDPA requires 81 multiplications/divisions, 64 sums/subtractions and 5
trascendental operations. Namely, the EDPA requires about 145 flops and, therefore, is very cheap as compared
to the direct position analysis of other fully parallel manipulators which have six degrees of freedom [98-101].
Note that the fast and unique solution is achieved without the addition of extra-sensors. These may be added
for speeding up further the computation of the extended DPA as well as decreasing the sensitivity of the pose

estimation to measurements errors.
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Chapter 5
Stiffness Analysis

5.1 Introduction
Section 4.1 and Section 4.2 presented the ATWOKI joint. For convenience, the system architecture is shown

again in Fig. 5.1.

Figure 5.1 ATWOKI Joint (figure 4.1 repeated)

Legs depicted in cyan are the structural rods (of fixed length) which constrain the manipulator to the desired
motion, i.e. a 2-dof spherical motion with center in C and independent axes of rotation i, and Kk, . Legs depicted
in magenta and blue represent the actuators (of controllable length).

The manipulator motion is decoupled. That is, each actuator controls the rotation about only one of the

independent axes. In particular, the actuator depicted in magenta controls the rotation about the axis i, only,

while the actuator depicted in blue controls the rotation about the axis k, only.
According to the classification we presented in Section 3.4, the ATWOKI joint belongs to the family of
US_PMs of type (2). In particular, it corresponds to the minimal architecture since it has the minimum number of

structural legs.
Structurally redundant architectures can be obtained by adding structural US-legs (rods of fixed length) of type

B;P; , where the center B; of the leg joint which belongs to the base lies along the vector Kk, while the center
P, of the leg joint which belongs to the platform lies along the vector i, and/or by adding structural legs of type
CB,, where the point C belongs to the movable platform (it is the center of the spherical motion of the
manipulator) and the point B; is located anywhere on the base. An example of redundant architecture is depicted

in Fig. 5.2. Recall that a structurally redundant architecture has the advantages of improving the mechanism

strength and stiffness and allows the mechanism to be pre-tensioned so as to reduce backlash and so on.
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Figure 5.2 Structurally Redundant ATWOKI Joint

While Chapter 4 concerned the kinematic analysis of ATWOKI, this chapter addresses the analysis of the
manipulator stiffness.

For convenience, the definition of manipulator stiffness is given in the following. Considering that, due to the
inherent elasticity of the elements which make the manipulator, a generalized displacement (translation and
rotation) of the platform with respect to the base leads to a generalized force (forces and moments) which acts
between base and platform, the stiffness of a manipulator is defined as the gradient of the generalized force with
respect to the generalized displacement. That is, the manipulator stiffness is described by a 6x6 matrix whose
entries depend on the reciprocal location of the platform with respect to the base.

In the following we determine the stiffness matrix of ATWOKI. Due to the slenderness of the legs with respect
to the base and the platform, only the legs are considered compliant (the compliance is in the leg axial direction)
while the base and platform are considered perfectly rigid.

The tools provided here for the study of the manipulator stiffness can be used also for the study of
architectures which are more complex than ATWOKI. In particular, the tools can be applied with almost any
modification to the design of structurally redundant architectures such as all the self-movable US_PMs of type
(1), type (2) and type (3) we presented in Chapter 3.

The theoretical background this chapter is based on can be found in [90, 102-105].

5.2 Premises: Parameterization of Manipulator Motion

Prior to begin with the stiffness analysis of the ATWOKI joint, it is necessary to introduce a description of the
manipulator motion. Note that since manipulator compliance is taken into account, here the motion of ATWOKI
is considered as a six degrees of freedom motion.

Description of manipulator motion can be accomplished according to Fig. 5.3 which depicts how to locate a
body (say the moving body) with respect to one another (say the fixed body) once the reference frames

S, ={C.i,.j;.k,} and S; ={0,iy,j,.K,} are attached to them, respectively.
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Figure 5.3 Relative Placement between two Bodies

As for the relative displacement of the bodies, considering the position vector (C— O) , which is depicted in cyan
in Fig. 5.3, the translation of the platform with respect to the base can be described by the array of components
[X Y Z]T of the position vector (C—0O) expressed in the frame of reference S;. Such array of components

is indicated, in the following, by

c=[x vy zJ. (5.1)

As for the relative orientation of the bodies, considering that the placement of the frame of reference S, with
respect to the frame of reference S, can be obtained through three sequential rotations about moving frames, the

orientation of the moving body with respect to the fixed body can be described by means of the rotation matrix
R

CsCy  SsCyS;—S,Cy  S;C4Cu +S,S,
R=R,R;R,=|CsS, 5,8,5,+C,C, 5 —CsSy | (5.2)
—S, CsSy CsCy

e

S,55,4C

where @ is the angle of rotation about the axis k, of the initial frame of reference S;, ¢ is the angle of rotation
about the axis j. of an intermediate frame of reference S. ={C,i*,j*,k0} which is obtained upon the first
rotation of the moving system by ¢ about k,, and £ is the angle of rotation about the axis i, of the final frame
of reference S,. Note that the rotation matrix R maps the coordinates of a vector between differently oriented
reference frames. As an example, if a vector is represented by the coordinate array v:[v1 v, va]T in the

frame of reference S, , then its coordinate array V =[V, V, V‘,,]T in the frame S, corresponds to
V =Rv. (5.3)

Summarizing, since the location of every point P of the moving body with respect to the fixed body can be
described by the relation

P=C+Rp, (5.4)
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where P is the array of coordinates of the position vector (P—O) with respect to S,, C is the array of
coordinates of the position vector (C—O) with respect to S; and p is the array of coordinates of the position
vector (P—C) with respect to S,, then the motion of the manipulator can be conveniently described by the

generalized coordinate vector X

X=[x Y z 9 s pJ. (5.5)

5.3 Premises: Elastic Forces and Moments Associated to Manipulator Deflections
Consider the structure made by the manipulators of Fig. 5.1 or Fig. 5.2 once the prismatic P actuators of the

UPS-legs are locked. Because of the compliance of the structural and of the actuated legs, a generalized

displacement X of the moving platform with respect to the fixed base causes the legs to elastically react so that

they produce forces and moments which act both on the platform and on the base.

Figure 5.4 Elastic Reaction due to the Compliance of a Single Leg

To evaluate the total solicitation caused by the elastic reactions of all the legs which make the manipulator,
first consider the force and the moment generated on the platform by a single leg. In particular, refer to Fig. 5.4

which depicts the h-th leg considered as a spring.

Upon definitions, for each leg h, of the leg length |, =R, —B, ||, of the leg (spring) stiffness k, and of the leg
0
I

(spring) death-length "I, , the elastic force £ which is exerted by the h-th leg on the platform, is given by

£k (1 JMH:M (1= /1) (R~ B), (56)

while the elastic moment m" (about the center C) which is exerted by the h-th leg on the platform, follows as

m" = K, (1— °|h/|h)(Ph —C)X(Ph - Bh): ki (1_ Olh/lh)(Ph _C)X(C_ Bh)' (5.7)

In the context of the 2-dof spherical US_PMs described in Chapter 3, Eq. (5.6) and Eq. (5.7) can be specialized
for the types of legs such manipulators are made by.
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In particular, considering the structural legs of type CB,, Eq. (5.6) and Eq. (5.7) specialize, respectively, as
U=k (1-°/1)(C-8y), (5.8)

m? =0. (5.9)

Moreover, considering the structural legs of type P,B;, Eq. (5.6) and Eq. (5.7) specialize, respectively, as
O =k (1=, /1) (P, - B)), (5.10)
m(j):kj(l—olj/lj)(Pj—C)x(C—Bj). (5.11)

As for the total contributions, given a manipulator with #1 CB; -legs, #J P,B; -legs and two actuators, P, B,

and P,B,, ,where L=1+J+1 and M =L+1, the total elastic force F exerted by the M legs on the platform

is given by
| . 1+J i

F=Y 043 0 g0 ¢ (5.12)
i=1 j=1+1

while the total elastic moment M (about the center C) exerted by the M legs on the platform follows as

I NS .
M=>m"+> mY+m®m™, (5.13)
=1

i j=1+1

With these definitions, it is convenient to define the generalized force vector J
5o " (5.14)
I= . .
M

5.4 Manipulator Stiffness: General Expressions

As defined in the introduction to this chapter, the manipulator stiffness can be defined by the gradient of the
generalized force vector .3 with respect to the generalized displacement X . That is, the manipulator stiffness is
given by the 6x6 matrix K such that

o3

K=V, 5=, 5.15
T oX (5.15)

Accordingly, the variation of the generalized force 63 =[03, 03, 03, 03, 03, 03, ]T caused by an

infinitesimal variation of the generalized displacement oX =[0X, oX, oX, X, oX 8X6]T follows as
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1
]
1
]

03, Ky Ko Ky Ky K Ky _axl_
037, Ku Kyp Ky Ky Ky Ky |l 0X,
03, _ K Ki Ky Ky Kg Ky ff 0Xg _ (5.16)
03, Ko Ko Ky Ky Ko Ky || 0X,
035 Ko Ko Ky Ko Kg Ky ff 0Xg
1035] [Ka Ke Kg Kego Kg K ][ 0Xg |

Heretofore, the entries K, of the stiffness matrix K will be called coefficient of influence.

The coefficients of influence depend, in general, on X . That is, the manipulator stiffness K is configuration

dependent. Moreover, note that, for a given manipulator, the expressions of the coefficients K, depend also on

how the components of the generalized force 5 and the components of the generalized displacement X are
chosen. As an example, by defining the components of X as given by Eq. (5.5), the expressions of the

coefficients K, are different if, referring to Eq. (5.14), one chooses the components of the vector 3 with
respect to the system S; or with respect to the system S,. In practice, the choice of the components J, for
g=1,...,6, is free and depends on the problem at hand. If needed, one may also consider choosing a mixed

expression which contains some of the components of F and M with respect to one frame of reference and

some of the components of F and M with respect to another frame of reference. In this latter case, however,

one should be aware that the quantity (312+322+332) may differ from (F-F), and that the quantity
(32 + 32 +37) may differ from (M-M).
As for the form of K, depending on the mutual relationship between the components of X and the 3, s, the

stiffness matrix can be symmetric or not. The conditions for K to be symmetric are: 1) the directions along
which the components of F are evaluated correspond to the directions along which the displacement of the
manipulator is assessed, 2) the axes about which the components of M are evaluated correspond to the axes

about which the rotation of the manipulator is assessed.
Thus, evaluation of the coefficients K, requires the expression of the force F (that is, of all the forces £0

£, £ and £™)) and of the moment M (that is, of all the moments m"”, m m®™ and m™) to be

written with respect to some frame of reference.

Referring to the frame S;, introducing the coordinate vectors B, =[A B, C, ]T, i=1..,1,of the points B,
of the CB; -legs, the components of £ and m" , for i=1,..., 1 , with respect S, can be written as
(i)
[ fio_ o [ XA
£ i 1= fj(()l) =k, [1_I_iJ Y-B |, (5.17)
Ko fk(i) i -G
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m)

i b 0

m"-| j, [=|m =] 0], (5.18)
k, mgo) 0

where the leg lengths |. are given by

I :\/A,2 +BI+CP+X?+Y2+Z7 -2(AX+BY +CZ). (5.19)

Introducing the coordinate vectors B, =[0 0 CJT of the points B; of the P,B; -legs (with respect to S)
and the coordinate vectors p; =[pj 0 OT of the points P, of the P,B;-legs (with respect to S,), the

components of ' and m", for j=(1+1),...,(I +J), with respect S, can be written as

. i iy 0. X +C5CyP;
fO- g |=| 10 :kj[l——’] Y +e,s,p, |, (5.20)
Ko | £ 1 1Z-Cj-s,p;
fi7 [ , (Z-Cj)e,s,+s,Y
m| j, [=| mlY _kjpj(l——_jj —s§X—(Z—Cj)c5cg , (5.21)
| Ko | mg) : CsCgY —C;S5X
where the leg lengths I, are given by
2
Ijz\/pf+x2+Y2+(Z—Cj) +2pj(c5ch +cdng—sg(Z—Cj)). (5.22)

Introducing the coordinate vector B, =[A B, CL]T of the point B, of the P, B, -leg (with respect to S;)
and the coordinate vector pLz[pL 0 0]T of the point P, of the P B, -leg (with respect to S,), the

components of ) and m™™ with respect S, follow as

_ L
i | o o X = A +C,C,p,
fO g, =] 1Y :kL(l—I—L] Y —B, +¢,5,p, |, (5.23)
Ko fk(L) ) Z-C —s;p,
a0 [®]
ip || ™M, o (Z-C.)c,s,+(Y =B)s,
m®-|j, |= mJgOL) :kLpL[l—I—LJ —(X=A)s,—(Z-C_)csc, |, (5.24)
Ko | m® (Y =BL)csc, — (X — AL )cs,
where the leg length | is given by
IL:\/prr(X—AL)2+(Y—BL)2+(Z—CL)2+2pL((X—AL)CJC9+(Y—BL)lesg—(Z—CL)sé). (5.25)
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Introducing the coordinate vector B, =[0 0 C, ]T of the point B,, of the P,,B,, -leg (with respectto S,)
and the coordinate vector p,, :[O Qu O]T of the point P,, of the P,B,, -leg (with respect to S,), the

components of £ and m™) with respect S, follow as

SEE R +(85C485 =S5C, ) Oy

f00 g, |=| £ :kM[ _II_MJ Y + (5,558, +CoC, ) | (5.26)
Ko | | ! Z-C,, +¢,5,0,,
i, m{™) (Z=Cy )(85548, +€sCy ) - Y5,

m™ | j, |=|mM™ | =kya, [1—II—M Xcy8, —(Z—Cu )(55C8, —54C,) |, (5.27)
Ke] [m{™ § Y (35658 —84C, ) — X (5,548, +C4Cp )

where the leg length |, is given by

1, = \/qf,l +X2+Y24(z-Cy,) +2q, (X (55C585 = 54C5 ) +Y (55558, +€4C, ) +(Z-Cy, )c(,sﬁ) . (5.28)
In addition, for convenience, introduce the moments about the axis j. = ":z‘) X!1" ,1.e.
o Xl
m'’=m".j. =0, (5.29)
_ . o
mJ(*J) =m.j, = k;p, (1—|—_’j(—sgch —555,Y —Cy (Z —Cj)) , (5.30)
]
. °
mY =m.j. =k p, (1—I—LJ(—(X —A)s;C,—(Y =B)s,8,—(Z—-C\)c, ), (5.31)
L
°
m™ = m™) . j. = kg (1—I_MJ(Xcdcgsﬂ +Y¢,8,8, —(Z=Cy )558, ) (5.32)
M
and the moments about i, , i.e.
ml(l') — m(i) i,=0, (5.33)
m =m".i, =0, (5.34)
m® =m® i, =0, (5.35)
0
m™ =m™.i, =k, aq, (1—:—MJ(X (5555 +5,C4C, ) +Y (—C,8,+8,5,¢, ) +(Z - C,, )cgcﬂ) :
M

Then, define the components 5, for g =1,...,6, of the generalized force vector 3 as in the following
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1 . J )
e A IR AL D AL AL AL (5.36.2)

i=1 i=l+1
| . J )
F,=1,=2 fj((]l) +2 fJEJ) + ijL) +fi£M)' (5.:36.0)
=) i=1+1
| ) J )
=B, =2 f0 4 Y (0 g g M) (5.36.C)
i=1 i=1+1
| ) J )
Fy=m =y m+ > m+ml m™, (5.36.d)
i=1 i=1+1
| . J .
Fy=m, = ;mgj) +»;lm}*‘) +mi m™), (5.36.€)
L J
Fo=m =>m"+> m+m® +m™. (5.36.f)
i=1 i=l+1

Note that in the choice of the components of the generalized force .3, the moments m; and m; have been
preferred to the moments m, and m, , respectively, because the former are physical quantities that are more

suitable and practical for understanding the effective solicitation that acts on the manipulator.

Besides, it has to be highlighted that, since the unit vectors k,, j. and i, are not, in general, mutually

orthogonal, the total moment M which acts on the platform may differ from the quantity m, k, +m; j. +m,i, .

It is now possible to determine the stiffness matrix K. Indeed, by considering the generalized coordinate
vector X we defined in Eq. (5.5), and the generalized force . we defined in Egs. (5.36), the coefficients of

influence K _, for r=1,...,6 and s=1,...,6, are obtained from

rs?

03,
K =—+. 5.37
= (537)

S

For convenience, for h=1,...,M , introduce the following positions

f)gh) - figh) =3, (5.38.3)
£ = fjgh) =3, (5.38.b)
£ = fk(:) =3, (5.38.¢)
m(sh) = ml((':) =3,, (5.38.d)
mgh) = m}*h) =3, (5.38.6)
m(gh) = mi(lh) = 36 . (5.38.f)

ESA interaction with academia on advanced research topics <University of Bologna> Page 74 of 100



Then, from Egs. (5.36)-(5.38), the coefficients K, can be evaluated by

Ko = 2K+ 37 KK,

|
i=1 i=1+1

where, for r,s=X,Y,Z,8,5,8 (i for r,s=1..6),the K!, K

KU =K§Q:k{oli(Y_B‘)(X_A‘)J,

3
Ii

(5.39)

K('—)

rs ! rs 1 rs

K™ are given below

(5.40.a)

(5.40.b)

(5.40.c)

(5.40.d)
(5.40.e)

(5.40.f)

(5.40.9)

(5.40.h)

(5.40.i)
(5.40.1)

(5.40.m)

(5.40.n)

(5.40.0)
(5.40.p)

(5.40.q)
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KU =0, (5.40.r)

KO =k =0, (5.40.5)
K =K} =0, (5.40.t)
KU =0, (5.40.u)
Ky =K =0, (5.40.v)
K\ =0, (5.40.2)

where the leg lengths I, for i=1,...,1 , depend on X and are defined in Eq. (5.19);

2
. o ol (X +c,C,p,
KU~k [1_I_JJ+ (X reep) || (5.41.2)

3
i Ii

K =K =k, Y+ pjc&s‘ig(x ) , (5.41.h)
KW =KW =k, ni(z-c)- pl"j:&)(x ) , (5.41.0)
K=K =k;p, _(1‘(:_:] (—Cs8,)+ BiEesX +C§T§Y)(X o) ’ (5.41.d)
K\ =K =k;p, _[1—%_1 (=5,¢,) + (-0, X 55 “’I&?(Z ~C,))(x +eic,p)) , (5.41.€)
K{) =K =0, (5.41.9)
ki =k, {1—%}'} Aureesop,) +E§S‘9p" Nl (5.41.9)
KUY =KW =k, (1 res)(2-Ci)-som) (5.41.h)

i 3 !
Ii

. . o ol (=c.s,X +c.c.Y )Y +cC.S,p.
K$2=K§¢>=kjij1——'J(c5cg)+{ | (essX +eie (Y +e, ‘gp‘)ﬂ, (5.41.i)

3
, I

J
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. . o (856X =5,8,Y —¢,(Z-C))(Y +c,5,p;)
Ki =K =k;p, (l—I—‘J(—Sasg% I — ) ‘ (5.41.1)
i i
Ky) =Ky =0, (5.41.m)
2
. o oL ((Z-C,)-s,p;
KY =k, (——’} !l '3) L), : (5.41.n)
l; I;
. %l (—Cy5,X +C,sC,Y) (Z—C.)—sgp.
K =K =k;p;| — 5 ((z-¢ ) : (5.41.0)
i
. . o o (=s,C,X —sﬁng—cé(Z—C.) (Z—C.)—sjp.
K =K =k;p, (1—|—’j(—c§)+ 1 . iz-¢ ) (5.41.p)
i i
KE) =K} =0, (5.41.q)
. o oFp. (~c.s,X +¢,c,Y)
Kéfg):kjp,{[l—l—'J(—cssgv—cach){ iPi 513 oY) , (5.41.r)
j i
, _ o % p.(-s,c,X —ss,Y —c,(Z-C.))(c,c,Y —c,5,X
K =K =k;p, {1—I—JJ(—s5cgv+sasgx)+ Py (5% =5, ‘;3( ’))( oCo¥ ~CoX) . (5.4Ls)
i i
Ky =K =0, (5.41.1)
2
. o 15 (856, X —8,8,Y —¢,(Z2-C))
KL =k;p, (1—,—‘J(—cach—c§s9Y+sa~(Z—Ci))+ o . ) (5.41.0)
j i
K§ =K} =0, (5.41.v)
KW=0, (5.41.2)
where the leg lengths I, , for j=(1+1),...,(1+J), depend on X and are defined in Eq. (5.22);
0 ol (X - c.c,)
K =k, || 1=~ |+ { ARG || (5.42.3)
IL IL
ol (Y =B, +p,CsS,)(X —A +c,C
K(xb)zKﬁi):kL{ (Y -Birpc, 73)( AtS gpL)J, (5.42.b)
L
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)(X _AL +C5cgp|_)
I’

% (Zz-C_—ps,
i - [ EE

|

OIL(_(X - AL)Ca‘Ss +(Y - BL)Ca‘Cs)(X _AL +CsCy pL)

(5.42.c)

K§<L‘9) = Kl(sa;) = kL P E
L

]

‘

_L_

% (X = A)s,Co+(Y =By )s,8,+(Z=C, )¢, )(A = X —c,¢,p, )

J] (5.42.d)

Kia =K =k.p,

(e

3
IL IL

] . (5.42.)

K{) =Ky =0, (5.42.6)
K =k, [(1—%}[ Y- BLI; PuCiSo) ]] , (5.42.9)
KO =K =k, [ 1(2-C- pLS"‘I)E(Y B+ S, pL)J , (5.42.h)
Ky =K = kLp{[ —lt](c‘,cg){ (XA Jos, +(¥ _IEBL)C‘SCQ)(Y B e, pL)]], (5.42.0)
K KO i . [(%_1J(SJSS)+{ 1 (X —A)s,c, +(Y - BL)SJSL:;(Z —C)c,) (B -Y —c,5, pL)], 520
K{) =K} =0, (5.42.m)
KY =k, Kl—?—t}r( (2 _C|E ~ps,) H (5.42.n)
K =K =k p, { (X Ao, +(Y ;BL)C&CS)(Z ~G S pL)], (5.42.0)
:
<K :kLp{[%_l}d +[ U (X = A)s,Co+(Y - BL)s(;?j +(z-C)c,)(C, -2 +SﬁpL)J]’ 542
] :
K{) =K =0, (5.42.q)
0 °lp (—(X = A )e,s, +(Y —BL)c,C,)

L

Kg;) =k p, |:[1%J((Y - BL)CJSL‘7 _(X - AL)C&CS)JF{

3
I

ﬂ (5.42.1)
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( _%j(—(\( —BL)8,Cy+(X — A )38, ) +

L

K('—) _ K("—) =k 5.42.
5 = o =R %P (X = A )s,C+(Y —B)s,8,+(Z=Cl)es )((X = A )s, — (Y —BL)c, ), (5.42:)
+ &
L
Kl =K =0, (5.42.1)
oy i}
( —I—LJ(—(X —A)csc,— (Y —By)css, +(Z-C,)s, )+
L
KL =k p , (5.42.U)
o T N 0ILpL(—(X—AL)s(;cg—(Y—BL)s(;sé,—(Z—CL)cé)2
17
Ky =K =0, (5.42.v)
K =0, (5.42.2)
where the leg length 1, depends on X and is defined in Eq. (5.25);
2
0 o, (X +(s,c,s, —5,C,)q
) [ptgnnd
M M
o, (X +(s,c,5, —5s,C Y +(s,s,5, +C,C
K K M( (55585 =Sy p)o:h;)( (8588, + ¢ ﬂ)qm)} (5.431)
M
I Z-C, +0,C,S, ) X +(s,c,s,—5s,¢,)q
KM =K =k, [ (2= Cu +a ”)I(g (6165 =5%) M)H (5.43.0)
M
1y ;
- (55545, —CCy ) +
M
KYS =Ko =Kyt | (o , (5.43.d)
I, (X(—sgsgsﬁ—cgcﬁ)+Y(s§cgsﬂ—sgcﬂ)>(X +(s§cgsﬁ—sgcﬂ)qM>
+ |3
M
_ o, _
l—l— (c5cgsﬂ)+
M
(M) _ (M) _
Kxs = Kox’ =Kuly {0|M (Xcyeys, +Ye 8,8, —(Z-C, )s(gsﬂ)(x +(sﬁcgsﬁ—sgcﬁ)qM)] ! (5.43.¢)
+
I
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(1—?—“”}(550905 +38, )+

M

(M) _ (M) _
Koip =K' =kt °IM(X(sscgcﬂ+sgsp)+Y(Sgsgcﬂ—Cgsﬁ)+(Z—CM)C§Cﬂ)(X +(S§Cgsﬂ—sgcﬂ)qM) - (543D
I
2
KW =Ky [1 LY J+ o (Y 4 (SI‘;SSS” o) (5.43.9)
M M
Q) [°IM (z —Cy +C,8,0, >|(3Y +(sgsgsﬁ +cgcﬁ)qM )] (5.43.)
M

i 0
[l—ll—'\"j(sgcgsﬂ —sgcp)+

M

3
Ly

J{ Iy (X (_Sdsssﬁ _Cscﬁ)+Y (S(;Cgsﬂ —Sgcﬁ))(Y +(s§sgsﬂ +cgcﬂ)qM )} ’ (5.43.0)

0
[l_IITMJ(C‘sSSSﬂ)+
(M) _ e (M) _
Kys! =Ky =kyy {%M(x(cdcssﬂ)w(cﬁsgsﬁ)—(Z—CM)sl,sﬁ)(Y + (558685 + €4, ) )
+
I

o
M
( —I—j(sﬁsgcﬂ—cgsﬂ)Jr

M

} , (5.43.1)

KM) _ kM) _ Ky, Gy

0 [X (€€, +5585 ) +Y (55556, —Cy8, ) +
Y B BY M

+(Z— CM )Cacﬁ ](Y . (S"‘S&S/)’ ! cscﬁ)qM ) ! (543m)

+

IM M

0 9 (z-C, +0q,c.s,)
K =ky {(1ﬂ J{ u “I”3 ) H (5.43.n)

KS =K =Ky (5.43.0)

3
Ly

[OlM (x (555055 —CoCy ) +Y (35C55, —sgcﬁ))(Z—CM +CyS Oy )J]

0 o (Xc.c.s, +Yc,s,s, —(Z-C,, )s,S, )(Z-C,, +C.S
PP (N BN LACE R S s o

|3
M M
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. }
=i
(M) _ (M) _
Ky’ =Koz’ =K ( (X(s ;CoCpy +5,8 )+Y(ss Cy— cgsﬁ)+(Z—CM)c5cﬁ)(Z—CM+c§sﬂqM) - 5439
|3
o ;
{1—I—J(Y(—s5sgsﬂ—cgcﬂ)—x(sacgsﬂ—sgcﬂ))+
M
M) _ g 5.43.
9" = K OIMqM(X(—sgsgsﬂ—CBCIB)JFY(SJ(:gsﬂ—sgcﬁ))2 (5.43.0)
|3
o B}
[PTJ(YC CySy Xcﬁsgsﬂ)+
XC3CyS,; +YC,sS,S, +
KM —k™ =k, q,| | Oael 277 (Y (€585 =555 ) — X (355,5, +cgcﬂ)) (5.43.5)
—(Z-Cy)ss8,
+ E
M
iy -
[1—|—](Y(sﬁcgcﬁ+sgsﬂ)—x(sgsgcﬂ—cgsﬂ))+
M
X (5,6,C, +545, )+
(M) _ (M) _ °.q Y (S,C,5, —S,C,)— X(S,S.5,+C,C
Ky =Kgs' =Kyly ) M M{+Y(Sgsgcﬂ—Cssﬂ)+(Z—CM)C§Cﬂ ( (5 Pp T 9 ﬂ) (5 g Tl ﬂ)) , (5.43.1)
|3
- B}
[1— IIM ](—Xsﬁcgs ~Ys,5,5, —(Z—Cyy )Cy8, ) +
M
KM =k 43.
K G +[°IMqM (Xesey8, +YC,8,5, —(Z-Cy )5, /,)ZJ (>.43.)
|3
. ;
(l—ll—j(Xc CsC, +YCyS,6, —(Z-C,, )s5cﬂ)+
M
o . X ($,C4C, +5,5,)+ XC5CyS 5 +YCyS,S, +
M M) _
Kap" = Ko™ = Kun G v Ly (5585C5 €43, )+(Z—Cy )cs6, \=(Z=Cui)s;3, (543v)

+

|3
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o -
( _IITMJ(X (S.gcﬂ _35C93ﬁ)+Y (_Cscﬁ _S5SSSﬁ)_ (Z B CM )C§Sﬁ>+

K(M) = quM

o (5.43.2)

1,0, (x (sgcgcﬂ +sgsﬂ)+Y (sésycﬁ —cgsﬂ)+(Z—CM )cécﬂ)2
15

+

where the leg length I, dependson X and is defined in Eq. (5.28).

Note that, due to the choice of the components of the generalized displacement X and of the components of

the generalized force J, the matrix K is symmetric, i.e. K, =K, .

5.5 Manipulator Stiffness: Practical Expressions

The expressions derived in Section 5.4 regard the general form of the stiffness matrix K and hold for every
configuration X away from the reference equilibrium position, i.e. the desired configuration of the manipulator.
In this reference configuration, note that the lengths of the legs I_h do not necessarily correspond to the death-

lengths °l, for h=1..M. This indeed happens when the mechanism is preloaded in the reference

configuration. Preloads can be provided either with an external force or with the use of structurally redundant

architectures, i.e. for (1+J)>4 (refer to Fig. 5.2).
Note that, since the legs L and M are actuated, the death-lengths °l, and °l,, are not fixed geometric constants

like the death-lengths °I,

and the OIj , but vary according to the motion undergone by the manipulator. As a

2

consequence, for every controlled value of °l, and °l,,, o reference configurations exist. Once the controller

has set the values of °l, and °l,, , only one reference configuration exists. This yields that, for every location X

of the platform, oo® stiffness matrices exist. Once the controller has set the values of °l, and °l,, , for every

location X of the platform, only one stiffness matrix K exists.
In practice, a manipulator should be built such that only small elastic deflections about the reference

configurations are undergone. Thus, the coefficients of influence K,, may only need to be evaluated with respect

to such configurations so as to simplify consistently their general expression.
With regards to the ATWOKI joint depicted either in Fig. 5.1 or in Fig. 5.2, the reference configurations are

the «® positions characterized by the generalized coordinate vector X =[0 0h g0 ﬂ_]T for every

angle 9 and B controlled by the actuated legs P.B, and P, B,, . As before mentioned, the lengths of the legs,
which correspond to the configurations X , are referred to as the reference lengths I_h ,for h=1,...,1,..,J,LiM .
Then, the practical expressions IZ,S of the coefficients expressed in Egs. (5.40)-(5.43), as evaluated in the

reference configurations X , are:

KE) =k {1___@ LA } , (5.44.2)
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(5.44.0)

(5.44.)

(5.44.d)

(5.44.¢)

(5.44.5)

(5.44.9)

(5.44.h)

(5.44.1)

(5.44.1)

(5.44.m)

(5.44.n)

(5.44.0)

(5.44.p)

(5.44.09)

(5.44.1)

(5.44.5)

(5.44.1)

(5.44.u)

(5.44.v)
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KW =0, (5.44.2)

— () A °Lp?,
K =k; 1—IT_J+ %3‘ ¢l (5.45.3)
] ]
<0 _ g0y [ NP5
KXIY = KY)]( = kj %31 C3S5 |, (5.45.b)
]
o %l p.(h-C,
KU =KD = K; %cg , (5.45.c)
j
o (o
KU =R -kn .—H ©45)
i i
o %l p.(h-C,
Kg(lg — Eii() — kj pj _#Cg , (5456)
i
KY) =K =0, (5.45.1)
o 4 OLp?
K =k, (l—%+%sz , (5.45.9)
] ]
o %l p.(h=C;)s.
R =KW =k, [% , (5.45.h)
j
o (o
R =K =k p, (1_%};9] (5.45.i)
| i
o oG p. (h-C
KU =KW =k, p, _%59], (5.45.1)
i
K =K =0, (5.45.m)
. o0 °(h-c,)
Kg) =k 1_ITJ+I_—3 , (5.45.n)
j j
KU Z KW o, (5.45.0)
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K =K!) =0,
]i =0,

2
i

(5.45.p)

(5.45.9)

(5.45.r)

(5.45.5)

(5.45.)

(5.45.u)

(5.45.v)

(5.45.2)

(5.46.a)

(5.46.b)

(5.46.c)

(5.46.d)

(5.46.¢)

(5.46.f)

(5.46.9)
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(5.46.h)

_ _ o As;-B.c; (h C)
Kg:g):Kéé)_kLpL L( : |_L39) - '
L
K o9 (h-C, )
Kg;):Kf(s;):kLpL ITL_ - L(l_s L) !
| L
R —RY o,

—~ ° o p (h-C )

Kg;) =k, p, Hl—ITLJ(ALCLﬁBLsg)JF%sL) ,
L

K\ =K =0,

KL —
Kgs =0,

where T, = [p? + A%+ B+ (h-C, ) ~2p, (Ac; +By5; )

L)J] , (5.46.i)

(5.46.1)

(5.46.m)

(5.46.n)

(5.46.0)

(5.46.p)

(5.46.q)

, (5.46.r)

(5.46.5)

(5.46.1)

(5.46.u)

(5.46.v)

(5.46.2)
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0
RO _ g, | 1wy M) | (5.47.2)

_ °,,0%5.C.C2
- R -, M ©475)
M
_ _ °,,9y (h—C,, +q,S])s.C-
KW = K4 =k, | -— ol Iﬂg 15 )55% , (5.47.0)
M
oo o,
K%) = Kéh;) =Ky Gy _(1_|—_MJC.90,H:| ' (5.47.d)
L M
<00 _ 00— o | (12
Ko = Kax’ =Ky 1_|—_ Cs5; | (5.47.e)
L M
_ _ (o Iy (h—=Cy )s,c%
Ry =KL =k, [ﬂ—]( e || (547
M M
_ o °l,ay(cscs
K =ky 1-|_'—M+—M MI_(S" 7 , (5.47.9)
M M
. Iy Ay (h—CM+qug)c§cE
Ky =Ky =k, . , (5.47.h)
ly
B 0
R KM _ kg, _( _I_'_M]sgcﬁ}, (5.47.i)
L M
B 0
KQ:I) :K(()y):kmqm [ _I_I_M]Sgsﬂ:|’ (5.47.)
L M
_ _ i 0 °lydy (h—Cy )c e
K3 = Ki) =k dy {LT_MJCS%{ | (5.47.m)
o (h—C +q sf)2
K =k, 1—|——M+ . I—M3 VA (5.47.n)
M M
K{y =K =0, (5.47.0)
KS =K =0, (5.47.p)
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K =Kg =0,

Kis'! =Ky {—[b%](h—chﬂ)sﬂ]

Ky =Ky =0,

K" =K G —[ —OI_'TMJ(h—CM)sﬁ{f"MqM (hI_éCM)ZCZJ |

where 1, :\/qf,, +(h-C,, ) +2q, (h—Cy)s; -

(5.47.9)

(5.47.r)

(5.47.5)

(5.47.1)

(5.47.)

(5.47.v)

(5.47.2)

For convenience, the contributions to the total elastic force and moment which act on the platform when it is

located in the reference configurations X are reported in the following

- i x o C;P;
. Jo |= fY(J) :kj[l_fjj SgP; |

(5.48)

(5.49)

(5.50.a)

(5.50.b)

(5.50.c)

(5.51)
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(5.52)

(5.53.a)

(5.53.b)

(5.53.c)

(5.54)

(5.55)

(5.56.a)

(5.56.0)

(5.56.c)

(5.57)

(5.58)

(5.59.a)

(5.59.b)
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_ (M) - %l
m = @) kg, [1—I_—MJ(h—CM Jo,. 5:590)
M

Note that, since in the reference configurations X the axes k,, j. and i, are mutually orthogonal, then the
total moment M equals mgk, +m,j. +m,i, . Moreover, the moment m, corresponds to the torque which acts
about the first axis of motion of the manipulator, i.e. k,, the moment m, corresponds to the torque which acts
about the second axis of motion of the manipulator, i.e. i,, and the moment m; corresponds to the torque which

acts on the plane defined by the vectors k, and i, that contains all the P;B; -legs.

5.6 Selective Compliance and Principles of Mechanism Design

As mentioned in Section 2.1, a very important advantage of biological joints stands in their selective
compliance. The system architecture of the biologically inspired US_PMs devised in Section 3.4 allows
conceiving selectively compliant mechanisms.

In practice, by designing the mechanism stiffness, it is possible to increase the functionality of the systems
they are inserted in. Indeed, apart from the possibility to control the system bandwidth and the associated
dynamic performances, passive compliance makes the system capable of reacting against overconstraints which
may be imposed by the surroundings.

In particular, selective compliance is a means to simply compensate for the poor control of the actuators of the
mechanism so as to increase its interaction capabilities, and allows the system to adapt itself to permanent or
reversible changes of the environment. As an example, designing a system with a proper compliance may allow
to nullify the effects of backlash and wear so as to improve the tribology of the mechanism.

Stiffness design may also allow a mechanical system to pursue other interesting features the ligaments bundles
provide diartheoses with.

The articulation concept devised in Section 3.2 is based on the functionality of the stiffer bundles of the
ligaments only, i.e. the driving bundles. Since the main concern of that chapter was to realize a mechanism with
a given motion, the feature provided by the more compliant (safety and limiting) bundles were not contemplated.

Instead, the role of these softer elements becomes very important when kinetostatics is concerned.

— Guiding Bundles (GB)
— Safety Bundles (SB)
— Limiting Bundles (LB)

Figure 5.5 Kinetostatic Model of the Knee Joint
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As a matter of fact, the safety bundles of the ligaments convey certain solidity to the biological joint in
addition to the permanent solidity which is granted by the guiding bundles, while the limiting bundles of the
ligaments limit the available range of movement of the biological joint by gradually increasing the resistance to
motion. A Kinetostatic model which may be used for the practical study of the behavior of a knee joint is
depicted in Fig. 5.5. Safety and limiting bundles are represented as springs and are depicted in red and blue ,
respectively.

Similar to the kinetostatic model shown in Fig. 5.5, a novel articulation concept may be devised in order to add

the aforementioned features to the mechanisms conceived in Section 3.4.

Figure 5.6 “Springy” US_PM

An example of this articulation concept is depicted in Fig. 5.6. It represents a springy 2-dof spherical

mechanism made by the addition of two springy legs, i.e. P,B; and P,B,, to the US_PM of type (2) presented in

Fig. 3.24. In practice, these legs provide the manipulator with elastic moments about the axes of motions. In

particular, the spring depicted in magenta (i.e. the springy leg P,B,) gives an elastic moment about the axis i,
and the spring depicted in blue (i.e. the springy leg P;B;) gives an elastic moment about the axis Kk, .

The addition of such springs may be useful in order to simplify the control of certain tasks and in order to
auto-protect the mechanism. Indeed, such springs provide the system with a “soft-stop” action which can limit
the potential damage of uncontrolled movements. Moreover, the springs allow for shock reduction, and filter out
noisy and impulsive forces which may be generated either by the actuators or by disturbances from the
environment.

In this context, the study of the space of compliant behavior of the mechanism can be carried on by means of
the equations presented in Section 5.4 and Section 5.5. Indeed, such equations are sufficient in order to design a
manipulator with a desired selective compliance. However, according to results found in the literature, the two
following rules need to be mentioned. First, a rank k stiffness matrix can always be synthesized by more than k
springy legs [104]. Second, the set of stiffness matrices that can be achieved with the parallel connection of
springy legs is restricted [105]. Indeed, since each springy leg can only provide a pure force to the platform, the

stiffness matrix must be restricted in form.
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Conclusions

Following the introductory overview on the state of the art and on the needs of mechanical systems, other than
the rather deep analysis of the main architectures and features of the joints biological creatures are made by, this
research work presents novel articulation concepts inspired by nature.

In particular, one of these articulation concepts is used to devise an original two degrees of freedom spherical
mechanism called ATWOKI. The name stands for “Almost TWO degrees of freedom Knee Inspired” and is
motivated since the mechanism resembles the structure and the practical motion of the knee joint of animals.

From a biological standpoint, the articulation concepts feature ligament like members which provide the
system with structural (passive) and proprioceptive (active) functionalities. Indeed, these elements work both as
passive elements to drive the system kinematics, to bear forces and to offer selective compliance, and as active
elements to monitor the forces and the motions the system is subjected to.

From a mechanical standpoint, the articulation concepts have parallel architectures and are based on the
motion capabilities of UPS-type architecturally singular fully parallel manipulators.

Actuation issues, kinematic analyses, stiffness study and other implementation topics are addressed.

As for the actuation, it is shown that the motors can be located so that the control of the manipulator motion can
be decoupled about two axes which are fixed, respectively, one with respect to the manipulator base and the
other with respect to the manipulator end-effector.

As for the kinematic analyses, algorithms for the direct and inverse position, velocity and acceleration analyses
are presented. Implementation guidelines and computational costs are shown which demonstrate how these
algorithms are very easy and fast.

As for the stiffness study, tools for the analysis and for the synthesis of mechanism stiffness are presented. In
particular, it is shown how the parallel architecture of the novel biologically inspired mechanisms can be used to
build selectively compliant systems which may adapt to and compensate for environmental disturbances.

Comparison with a traditional two degrees of freedom spherical joint with serial architecture is provided which
shows how the novel articulation concepts allow for the construction of stronger, stiffer, lighter, faster and more
accurate manipulators to be used in many different robotics applications, especially when the autonomous

systems must interact with the surrounding environment.
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