








with T}, = 2T + 275 the complete pulse duration,
1
Tp = Z(STlo — T50)

Hence, for S; = Ss, the term aé/Sf becomes,

o (Ti430 )\’ (5.17)
Sz \2Ty + 2Ty |

Finally, as L = T, B is the number of processed samples in an observation window 7, and bandwidth
B. The CRLB can be defined in terms of the per-sample CRLB, CRLB(7), as,

CRLB(r) = B CRLBs(7)

CRLB,(r) = % %)2 -TTefg—jZ (5.18)
and pulsars can be selected according to the quality factor Qs = {/CRLB; 1(T). For the parameters
provided in the pulsar data-base, we get,

log;,@ = :_r§z|dB : liO + %108;10 TLTef + log,, Sz—\g/ﬁ
e ) 519
3 = v o

or, in terms of the average pulsar power,

O';T 1 \/T/Tef Sl\/5 (5 21)

o2 dB'1_0+108§10 T, +log, o2

log,,@ =

It has been found more useful to refer the quality factor to the position error normalized to o, = 106
m. for L = 10° samples. Then,

o,V L

c

Q=0Q;

(5.22)
The resulting expression is that which appeared in the Pulsar Database chapter.

The definition of this quality factor is asymptotically valid for large values of L, when the CRLB
applies and the timing error is practically unbiased and Gaussian distributed. Hence, for any L or SN R,
position accuracy results obtained from () shall have to be checked for compliance with the threshold.
The procedure is examined later in the Performance Evaluation section.

5.1.4 Cyclic non-Gaussian case

In the non-Gaussian case, we will derive an estimator independent from the statistics of the pulsar signal.
It will be shown that at low SNR, results are equivalent to the assumption of Gaussian statistics for
the pulsar, requiring statistical moments only up to second order. The likelihood function of the data x
conditioned on the pulsar signal and the unknown phase can be expressed as,

1 —x-p)"R;'(x-p)

PXITP) = TR,
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In this application, the pulsar signal is unknown but not its statistics. Therefore, the likelihood function
is modified to,

—(x— HRp-1 X —
p(x|7) = Epp(x|7,p) = mgpe (x—p)"R(x—p)

in terms of Ey,, the expectation with respect to the pulsar signal. Now, the low-SNR assumption is applied
up to second order,

1

H H
p(x|t) ~ mEp (f(x) = Vxf(x) - p—P" Vi f(x) + " - Vi Vi f(x) - p)  (5.23)
fx) = e R
fo(x) — _e—xHR,le . XHR,,_LI
VanVif(x) = e Bix (R, 'xx'R;' - R;") (5.24)
Hence,

(xl1) = —m——e R M (x|r) ~ p(x|7)

pa(x|T ﬂLdetRne T) ~ p(x|T
M(x|r) = 1-tr(R;'Ry(7) +x"R,;'R,(1)R;'x (5.25)

as Epp = 0. If the other parameters are known, M (x|7) has to be maximized. Note that the term
tr (R;'R,(7)) does not depend on 7 for a cyclic model of R,(7) (assuming R, (7) diagonal and white
noise). To prove this, we consider L x L-matrices, with L = NpNj.

NT—l *
R,(r) = Y Ralkle”™~r"
k=0
NT—I . X
tr (Ry'Ry(r)) = ) tr (R '"Ralk]) e/”"n77
k=0

= Y S[ir (R, 'D*) > N7

R[k] = S[k|D* , [D]; = ¢ 977!
Nr—1
= S[k]tr (o, *DF) TN
k=0
= L-S[0]/o2 (5.26)
tr (D¥) = L-4[K] (5.27)

In the case of stationary noise, the term tr (R; 1Rp(7')) is asymptotically independent of 7 as R,;' is
asymptotically Toeplitz.

CRLB Evaluation

It is more suitable in this case to evaluate the low-SNR CRLB approximation in terms of the second
derivatives,

-1 -1
ExV2 Inpy(x|7s)  ExV2 In M (x|7s)
-1

" & (Rn Ry()R: V2R, (7)) (5.28)

CRLB(ry) ~
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Using here the Fourier model of the correlation matrix,

NT—I
Ry(r) = Y Ralke™ ¥
k=0
2 2k2 J2m = Te
VZR,(1) = > Rualk] i (5.29)
k T

as well as the white noise assumption R,, = 021, we obtain exactly the same result for the CRLB as was
derived before in the cyclic Gaussian case,

2 2
CRLB(7s) L (”n ) 2

" 4n2T,B \opr p

Both CRLB’s coincide (asymptotically for large L) even if the white noise assumption is not used. This
result is expected as the matrix used in the Gaussian metric can be aproximated in the low SNR region
as,

(R,+R,) "~R;'-R,'R,R,"

In the following, the metric for the non Gaussian case shall be used.

Discrimination of the pulsar from noise

Now we examine the mean and variance of the new metric Z(x|7) = xTA(7)x, with A = R;'R,(7)R;!.
This will help determine the necessary integration time where the pulsar signal starts to be distinguishable
from noise. As is also commented later in more detail, the distinguishability threshold approximately
determines the operating region where the previously derived CRLB is applicable. Note that for this
metric, knowledge of noise and signal power is not necessary but it will be for generating reliability
information. For this term, we have x = p + n, and,

Z(x|r) = x"A(r)x (5.30)
= p"A(r)p + n"A(r)n + 2Re (p"A(7)n) (5.31)

We assume there is some synchronization error, so that the true delay is 7. Therefore, as the noise and
pulsar signal are not correlated, the expectation of Z(x|7) is,

Z(r,7") = ExZ(x|r)
= tr (R,'R,(7)R;'R, (7)) +tr (R,;'Ry(7)) (5.32)
Zp(r,7') = tr (R;'R,y(1)R;'Ry(7)) (5.33)

As we have shown before, the second term in (5.32) is independent of 7. Hence, only the first term,
Zp(7,7") can provide timing discrimination. Further, when |7 — 7'| > T}, with T, the duration of the
pulse, we have Z,(7,7") ~ 0. To evaluate the quality of the metric, this discrimination has to be compared
with the level of equivalent metric noise. The equivalent noise covariance is evaluated as,

Ry(r,7") = Ex|Z(x|r) = Z(r,7)
= Ex|ZxIn) - 1Z(r, 7)) (5.34)
where,
Ex|Z(x|7)” = Extr’ (R;'Ry(7)R;; ' xx")

Extr (R, 'R, (1R, 'xx") ® (R, 'R, (7)R; "xx"))
= tr ((R;'R,y(1R,;,' @ R,,'R,(1)R;; ") Ex (xx" @ xx"))
= tr (R Ry(1R;' @ Ry 'Ry (1)RY) Rayp(7)) (5.35)

with Ry ,, containing all fourth-order moments of the pulsar signal and ® denoting the Kronecker product.
As this expression is rather awkward, we have assumed Gaussian statistics for the pulsar signal to arrive

65



at a more informative expression. To evaluate Ey |Z(x|7)]* = Fx |XHA(T)X|2, we shall use the following
property: for a normally distributed random variable v and a positive definite matrix €, the following
equation is true,

EvIQv)? = tr’Q + (K — 1)trQ?

where K = 2,3 for complex or real data, respectively. Hence, setting x = Ré (t")v, we obtain,
B Z(x|7)” = 6% (A(T)R. (7)) + (K = Dtr ((A(DR.(7)°)

and,

h_ 1 P (ADR(T)
Ry(r,7) = .
AR tr ((A(r)R.(1))

which, expressing the traces in terms of the eigenvalues, it is easy to see that this ratio goes to infinity for
large L. The asymptotic trend is examined by way of an example.

Example: we consider the white noise case, R,, = 021, a diagonal R, and low SNR. We consider
that 7 = 7’ to evaluate the quality of the discrimination at the optimum time and therefore we drop the
dependence of matrices on time variables. Then,

tr (AR,)?) ~ tr((AR.)) =t ((R,'R,)°)
tr2 ((R;lRp)2)

Ry(r,7) = Kl_ltr((R,;lRp)Q) (5.36)

tr? (AR,)

Therefore, for the white noise case and making explicit the dependence on the integration length L, we
get,

', = Rz(r,7)

- T > oplk] (5.37)

with Ny = T,/T the number of pulsar integration periods, T, the observation time and T the pulsar
period. The number of samples per period, Ny, fulfils Ny = T'/Ts = T'B, with T, the sampling period
and B the corresponding bandwidth. The number of samples is L = NyNr = T,B. Hence,

1 1 et
I, = ————N/Np— ;
L & -1z TN, ]; op[k]
2 Np—1
1 U2T 1 T (74[k]
= — 2L — L (5.38)
(K -1) ("% ) Nt kz:(:) Oy

Hence, the pulsar will be distinguishable when I';, exceeds a given threshold, 'y, (Other type of criteria
may be established in terms of hypotheses testing theory). Then, the final equation is expressed in terms
of the number of integration samples and the average SNR as,

o2 5 ?
L. (p—> > (K -1Twép

2
On

4
Ip,T

& = — (5.39)
~ Sy oilk]

and &, a factor depending on the pulse shape. A more detailed analysis shows that this factor is propor-
tional to the duty cycle of the pulsar.
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5.1.5 Performance Evaluation: Regions of Operation

We consider the timing error behaviour of the ML algorithm with respect to the predicted CRLB. Several
regions can be distinguished in the corresponding timing error plots (see figures (5.2) and (5.3)):

e saturation region: the probability density function of the timing error is practically uniform over
1

the pulsar period and equal to its apriori value o, = ET.
e sub-threshold region: the variance estimation error departs substantially from the CRLB at SNR
below the threshold. The threshold decreases with longer integration times.

o CRLB region: the CRLB is a tight lower bound to the performance of the ML estimator, improving
at larger SNR’s. Within this region we can distinguish two sub-regions:

1. the low-SNR region where the previously derived CRLB applies.

2. the high-SNR region where the signal of interest is more powerful than noise. Here a lower
saturation is observed due to pulsar self-noise (random individual pulses). The timing error in
this region decreases for longer integration times.

The CRLB and the Threshold Effect

The CRLB is a valid, and tight, lower bound to the performance of the ML algorithm in the small error
region. When the ML function is maximized, equating its derivative to zero, it is assumed that noise
is located in the vicinity of the zero-crossing, where the derivative is approximately linear (small error
assumption). When noise is sufficiently high, or integration time is too low, noise causes the data to
enter the non-linear region of the ML derivative. Hence, we provide here an estimate of the threshold of
operation of the CRLB based on this assumption. It will be shown that the criterion is sensitive to the
pulse shape. In this context, we will use the S-curve defined as the derivative of the expected metric with
respect to the timing parameter 7. For a metric of the type Z(x|7) = x"A(7)x we get,

S(r) = ExV.:Z(x|r)
= tr(R,'R,(7)R,'V.R,(7)) (5.40)

Now, to evaluate the above expression at the zero crossing, we assume 7' = 0, without loss of generality.
Hence, its Taylor expansion yields,

S(r) = 87 + %5153%3 +o(7%)

we assume as value for the threshold, 7y, that point where the cubic term exceeds a given percentage of
the linear term. A more fundamental justification of this procedure is interpreting the threshold as that
point where the estimation error is no longer Gaussian, as the Gaussianity of the estimation error is a
fundamental property in the region of operation of the CRLB for a given integration time and SNR. In
comparing the variance of the estimation error with the S-curve, it seems reasonable to set as threshold
that point where the CRLB reaches a given value (which will depend on the S-curve and hence on the
pulse shape). This point may be calibrated for each pulse shape. Then, to determine the threshold of
the operation of the ML algorithm, we set 73, = CRLB(7). As an approximation, we establish an ad-hoc
percentage n such that,

1

S(gl)Tth + 55(53)713}1 = S(gl)(l — n)Tth

S(l)
= —677% (5.41)
So
Both derivatives may be calculated as,
Sy = (R, Ry (7R, VIR,(1))
SV = Ry R, (7 )R;VIR, (7)) (5.42)



In terms of the previously defined spectral coefficients S[k], we establish for the white noise case,

(1) _ L471'2 2,92
S0 = s LIS
k
L 167
S = N > IS[kIPE! (5.43)
n T k

where in these derivatives, time units have now been expressed in samples: 75. Hence, the threshold time
in samples, 7, ¢}, is expressed as,

G g ISP

= T = oo 5.44
T A g ISP o

Setting this value equal to the CRLB: Tf,th = CRLB(7;) yields the threshold condition for the integration
time and SNR,

2
1 2 1
CRLB(T,) = =7 (;”) SHP m
1) Tulg
(5.45)
and,
2\ 2 > ‘M 2K
(o k| S[0]| NZ
L - n > —— X 5.46
<U§7T> _(bp 6 ) ( )

which is a similar threshold as that derived for pulsar distinguishability from noise.

Comments: One consideration is important here. The above derivation has assumed derivability
of the S-curve, with continuity beyond the third derivative. The corresponding value for the threshold
is reasonable if higher order derivatives are not abnormally high. The double triangular profile used
in the derivation of the Quality factor does not fulfil this condition. Hence, in deriving an estimate of
the threshold, without resorting to calibration, we can either apply a smoothing function to the double
triangular pulse, preserving a similar shape as much as possible, or use the alternative equation based on
the minimum discrimination of the pulsar from noise, or the most conservative of both predictions. In
either case, both methods are ad-hoc. Nevertheless the threshold constant ¢, may be calibrated for any
pulse using a numerical simulation, and extrapolating the result to other values of L and SNR. Although
an approximated profile has been used in deriving results, the CRLB and its threshold are sensitive to the
true pulse shape and a more detailed analysis should use the true digitized pulsar profiles.

Gaussian Pulse: Evaluation of the timing error covariance is highly dependent on the pulsar profile.
For the sake of comparison with results obtained with the double triangular pulse, the CRLB and threshold
condition have also been evaluated for a Gaussian profile using the 50 % intensity duration Tso in the
pulsar tables. The CRLB is provided by the approximate expression,

2
1 O'2 2\/7_1' T50
CRLB(7) ~ n =72
=75 <037T> (2232 T

and the threshold condition has been calibrated to,

0.232
< - 2
CRLB(r) < 21112T50

which establishes the necessary lower bound on L - SNR?.
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TIMING ERROR vs. SNR for maximum search

10 T T T T T
. saturation: a priori error

10 'F =
& True ML error

1072k : ; 4
_; High SNR floor

10°k 19 1

107k Lower Thresh. " i

10°F 3
6 low-SNR CRLB

10 L L L L L L I L
-35 =30 -25 -20 -15 -10 -5 0 5 10

Figure 5.2: Depiction of the low-SNR, CRLB (low-SNR, approximation used in this study to the true CRLB)
versus the true performance of the ML algorithm for timing estimation, obtained for a rectangular pulse profile
at 25% duty cycle. The units of root mean square timing error correspond to the normalization with respect to
the pulsar period T, plotted versus the average pulsar SNR in dB. The saturation region to the a priori error
at 1/4/12 and the high SNR floor determine the operating range of the ML algorithm. At the lower threshold,
the true performance departs from the low-SNR CRLB, and rises to the saturation. In the sub-threshold region,
timing error is no longer Gaussian and unbiased. The operating region of the low-SNR CRLB is valid above the
threshold and before the floor effect starts to be important at high SNR. Taking into account the SNR’s listed in
the database for the effective antenna area A. = 10 square m., timing estimation algorithms will never operate in
the floor (high SNR) region.
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Figure 5.3: Depiction of timing error performance of the ML algorithm for a Gaussian power profile and several
integration lengths (different in factors of 100). The standard deviation of the timing error normalized to the
standard deviation of the Gaussian pulse is depicted versus the average SNR (dB) of the pulsar signal. The signal
statistics has been considered Gaussian. Several effects can be observed: (a) the threshold occurs at the same timing
error variance in all cases, which constitues an experimental verification of the theoretical threshold equations.
It can be observed how the timing error rises steeply below the threshold SNR. ; (b) above the threshold, the
true CRLB coincides with the performance of the ML timing estimation algorithm (for a low integration length);
(c) the true CRLB reaches a floor at high SNR for a finite integration length due to the intrinsic stochastic
nature of the signal; (d) only a finite grid of timing hypotheses is searched, so that a numerical floor occurs for
all sufficiently high integration lengths (this can be reduced or eliminated by refining the search algorithm using
gradient methods), where the numerical error is larger than the final noise-induced timing error; (e) the operation
region of the derived equations is contained between the high-SNR floor and the low-SNR threshold; (f) at very
low SNR, the timing error variance saturates to its a priori value. (g) note the influence of the 100 factors between
different integration lengths (number of processed samples): each time the integration length is increased by a
factor of 100, the corresponding timing error standard deviation decreases by a factor of 10.
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5.1.6 Square Timing Recovery

It has been shown previously that pulsar phase estimation can be carried out from maximization of metrics
of the type Z(x|7s) = x"A(75)x in the time domain, where the correlation matrix A(7g) incorporates
knowledge on the pulsar and noise signals, and 0 < 75 < N7 models an appropriate pulsar timing offset in
samples. Here, pulsar phase estimation 75/Np will be considered in the frequency domain to obtain sub-
sample resolution for the timing offset estimate. This will be precise if the pulsar profile is band-limited,
i.e. can be interpolated by a finite number of complex exponentials. If the pulsar pulse duration is small
w.r.t. T and the noise spectral density variations are not too large in the band under analysis, matrix
A (715) is reasonably approximated to a block-diagonal matrix of Ny x Ny blocks A,,(7s), with the discrete
time n evaluated at multiples of the pulsar period: n = nyNp. So that, in terms of the corresponding
subvectors x, of x, each containing a single pulsar period out of N periods, we have,

Nr—1
Z(x|1s) = XHA(TS)X = Z XIT—LIyNTAnl'NT (Ts)Xn, Ny

n1:0
Now, matrix A,,.n,(7s) admits a Fourier expansion as it stems from the correlation matrix of a cyclo-
stationary process,

Npr—1 ) N
Anl-NT(Ts) — Z RA[k]e]27rN—T(n1~NT—Ts)

k=0
Npr—1 ) N
> Ryfkle PTFr (5.47)
k=0

Therefore, substitution into the metric equation yields,

N[*l NTfl o X
Z(xlr) = > Xhng (Z Ru[kle™ “NNS) Xn, Ny
k=0

n1:0
Npr—1 Nr—1

= > e Nk  Ralk]xn, N,
k=0 ni1=0
Nr—1
< —jom k1,

= Z Y - € Nt (548)
k=0
Nr—1

ve = Y xb oy Ralkxn,.n, (5.49)

n1:0

with y;,0 < k < Ny —1 a compressed data sequence of N samples from the original L = Ny N samples,
which can be used in the previous equation to maximize Z(x|7s) in terms of 75. In the white noise case,
R 4[k] is found to be a diagonal matrix expressed as,

Ruk] = S[k]-D*
D], = e /2"¥:! (5.50)

So that the operation xI  Ra[k]x,, N, is in fact the S[k]-weighted DFT at the discrete normalized

7L1-NT
frequency k/N7p of the modulus squared components of each subvector x,,,.n,, and,

_ionrk
X, N RAK%n, Ny = S[H] Z |z(ny Np — i) e 7> Ve
=0

Nr—1 Nr—1 ) e
Yk S[K D (Z |z(n1 N7 —i)|2> e 2Tt (5.51)
i=0

ny =0

As an example, let matrix A(7s) be defined as A(7s) = R, 'R, (75)R,; !, and let the true correlation of

n
the pulsar signal be R, (), where we want to estimate 7] by varying 75 in the correlation model.
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Figure 5.4: Phase estimation based on square timing recovery. The scheme generates an average profile before
performing a single correlation with the pulsar profile template. Correlation has been performed in the frequency
domain for sub-sample resolution, although other correlation-interpolation approaches may be formulated in the
time domain.

Expectation of the metric

We will analyze an estimator 7; from the expression of Z(x|7s). We first evaluate the expectation, so that,

Nr—1 ) X
ExZ(xlr) = ) (Beyp)e 0
k=1
Exyr = tr(Ra[kl(Rp(7) + Ra)) (5.52)

But we note that for the white noise case where R,, = 021, we have that tr(R4[k]R.,) = S[k]o2tr(D*) = 0.
Hence, for k # 0,

Euy = S[k]tr(DkRp(Ts'))
NTfl i ! ,
= Sk Y tr (D*RA[K]) e 27V7 T
k'=0

= S[k]S[—K]e ™I N

= |S[K[Pe (5.53)
Clearly, Z is maximized for 7 = —7;, which corresponds to maximal ratio combining of the components
at multiples of the cycle frequency.
5.1.7 Multi-band Analysis and Interstellar Dispersion

In the previous sections, general equations have been derived assuming knowledge of the pulsar correlation
matrix R, (7). In some cases, particular expressions as CRLB’s are obtained assuming a diagonal structure
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for Ry(7). This is only valid when the reception bandwidth is sufficiently small. For larger bandwidths,
non-negligible components appear in the sub-diagonals of R, (7). Unfortunately, it has been shown that
experimental data does not provide sufficient information to derive the detailed structure of R,(7). As
larger B’s are considered, the dispersion of the interstellar medium starts to appear, spreading the duration
of the pulsar pulse (up to a limit, as the delay in inversely proportional to 1/f2). This would be irrelevant
for processing if R, (7) were known, as the shape of the broadened profile would be available. Nevertheless,
experimental data is limited to small B.

An alternative to use the derived framework is to consider that the data vector x contains data sub-
vectors corresponding to different narrow bands of the large band B, but sufficiently large to preserve
the pulse shape. Then, processing combines several bands, where for each i-th band, the sub-correlation
matrix Rg) (7) is known. The difference between consecutive Rg,i) (7)’s can be inferred from the dispersion
model of the interstellar medium and amounts to a frequency-dependent time delay and a scaling factor.
This time-delay is known from the dispersion coefficient of each pulsar and can be compensated over
all sub-bands (in fact, the dispersion measure is varying slowly and should be tracked). Nevertheless, it
should be taken into account that signals extracted from contiguous bands are correlated due to cyclo-
stationarity. The value of the cross-correlation of signals from differents sub-bands is not known. At least
it is reasonable to assume that for Ny sub-bands of bandwidth Bs = B/N; each, frequency components
more than 2B, apart can be already considered uncorrelated.

Assuming uncorrelated sub-bands, the global correlation matrix is block-diagonal with block-elements
corresponding to the (diagonal) correlation matrix over each sub-band. Then, an estimate of the timing
error, 62, can be obtained, which will not differ substantially from the true timing error in presence of the
sub-band cross-correlation induced by cyclo-stationarity (it is limited to basically the first sub-diagonal).
This small difference can be incorporated to a safety margin to guarantee fulfilment of specifications. We
have then that,

2 No—1 nr2rn\ F 2 No—1 a2\t
T 472T, B, pa NE(i) 472T,B \ N, pa NE(i) '
in terms of the pulsar and noise spectral power density ratios IV, and Ny at each sub-channel, which is
basically the same single-channel equation where the square SNR, average over all sub-bands is used. The
shape factor 712) of the pulsar pulse is considered uniform over the sub-bands (no shape distortion). In the

numerical evaluation of the position error we will simply take the SNR at 1 GHz as this average value,
assuming suitable lower and upper limits of the band B.

5.2 PATD Estimation

Spacecraft speed introduces a Doppler effect which changes the observed PRP. Period to period integration
will thus be affected by pulse arrival time drift (PATD) when the averaging period does not coincide with
the true period, and degradation will occur. Therefore, the pulsar PRP should be known to a high degree
of accuracy and PATD estimation should also be considered. By way of an example, let us consider that
the spacecraft is travelling at speed v, and let us compute the drift-time, normalized to the pulsar duration
at 10% peak intensity Tig, during an observation time Ty,

At vl T,
= - = 9.59
T10 cT T10 ( )

For the millisecond pulsar B1937+421, a speed of 50000 kmph. in the pulsar direction and one minute of
observation, we have a value of 13.95 T} time-units.

We formulate the ML algorithm by making the pulsar correlation model dependent on the PATD so
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Figure 5.5: Joint phase and PATD estimation based on square timing recovery. The FFT blocks in the polyphase
branches are not full, only the lower bins of the FFT are checked within the PATD range.

that R,(7,67’) is included in the metric. The model for A is expressed as,

Nr—1
Anl-NT—nldT(Ts) — Z RA[k]GJZﬂ'NLT(nl.NTfnléTfrs)
k=0
Nr—1 ) . o
= ) Ralkle PTFEA M e TN T (5.56)
k=0

with d7 a small value to account for the PATD. Then, substitution into the metric equation yields,

Nr—1 Nr—1 ) X . N
Z(X|Ts,(5T) = Z XEI'NT ( Z RA[k]e_ﬂﬂ—NT/STnle_ﬂﬂwﬁ) Xn,-Nt

n1=0 k=0
Npr—1 ) N Nr—1 ) N

= Y TN v Ralkly g e TN
k=0 n1=0
Npr—1 . N

= 3 plr) e T (5.57)
k=0
Nr—1 N

_ior—k
yk((ST) = Z (XErNTRA[k]anNT) ~e I N (558)

7L1:0

Then, several hypotheses of 7 need to be tracked: a two-dimensional search over (7s,d7) has to be
performed. In the white noise case, the expression for yi(d7) becomes,

Nr—1

_iom kg

XITJLIl'NTRA[k]anNT = S[k’] Z |x(n1NT_’L.)|26 J2 Nt
i=0

NT—l NI—l
uk(0r) = Sk Y (Z lw(mNT—m?e””—NT/JT“)eﬂ”N‘"‘T’ (5.59)

i=0 ni =0
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5.2.1 Joint pulsar phase and PATD bounds

We show that in the presence of PATD, the presented scheme generates a pulsar phase estimate uncorre-
lated with the PATD estimate. The phase estimate corresponds to the pulsar phase in the mid-point of
the observation window.

The components of the Fisher Information matrix and the corresponding joint CRLB for this problem
are given by,

Jrsrin = —tr (R,'Ry(7s,67)R,'VZ R, (15, 07)) (5.60)
Frosrlie = Trsrl2a = —tr (R, Ry(7s,07)R;, 'V, V. Ry (75, 67)) =0 (5.61)
Jroorlee = —tr (R,'Ry(7s,67)R, V3, Ry (1s,07)) (5.62)

and the corresponding CRLB is expressed as the inverse of the Fisher information matrix,

CRLB(rs,0r) = J_*' (5.63)

Ts,0T

where due to the diagonality of J,_ s5,., the phase and PATD estimates are not correlated, and asymptoti-
cally Gaussian.
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Chapter 6

Timing Estimation for X-Ray Pulsars

6.1 Timing Estimation for X-Ray Pulsars

This section analyzes synchronization algorithms and associated performance bounds for time-of-arrival
(TOA) estimation in the case of X-ray pulsars.

6.1.1 Signal Model

As introduced in Sec. 4.5, the X-ray pulsar density of arrival is cyclic in time and will be denoted hereafter
as
A) =X (@) + A = A+ T) (6.1)

where T is the pulsar PRP, \,(¢) its characteristic periodic signature in counts per second and A, the
density of arrival for the stationary background noise. The bandwidth of A,(t) is limited to 1/2T} with
Ty the detector temporal resolution (7, = 100us for the ROSAT detector). Hereafter A,(t) and A, are
assumed to be perfectly known.

The detector provides the indicator function I(n1,n2) that asserts whether an event has been detected
(I =1) or not (I =0) for the time-bin recorded at time

tnine =T +n2Ty = (mNy +n2) Ty (6.2)

with N, = T'/T}, the number of bins per period. For simplicity we will consider that N is an integer
number. Accordingly, I(n1,n2) is known to follow a Bernouilli distribution described by the following two
probabilities

Py(naTy) = Pr{I (ny,ny) =0} = e~ ToAn2Te) (6.3)
Py (nTy) =1 — Py(n2Tp) (6.4)
which were derived in Sec. 4.5 from the Poisson distribution.
The pulsar averaged density of arrival over the whole pulsar period T' (see Table 2.4) is computed as
1 [T 1 et
A= /0 M\p(t)dt = A > Ay (n2Tp) (6.5)

n2:0

and the signal-to-noise ratio (SNR) is defined in the following way for X-ray pulsars:

A
SNR =" (6.6)

The simplified pulsar profile introduced in section 5.1.3. (Fig. 5.1) will be adopted in the sequel when
evaluating A,(t). In that case the pulsar duration T}, and the maximum value of \,(t) are given by
5T10 — Tso

4

16),T

AI‘ﬂaX = -—r ., e )
TTio + 5759

T, = (6.7)

(6.8)
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respectively.

6.1.2 Maximum Likelihood TOA estimation

From the above signal model, the ML criterion consists in maximizing the log-likelihood function In f; (I;T)
with respect to the wanted TOA 7. After trivial manipulations, and assuming the temporal independence
of I(n1,ns), we have that

Nr—1Ny—1
Inpr(I/7) = Z Z (n1,n2) In Py (noTy — 7) + (1 — I(n1,n2)) In Py(noTy — 1) =

ny= =0 na= =0
Nb—l
:NI Z (Po(ng)lnPO(ngTb—T)+P1(n2)lnP1(n2Tb—T)) , (69)

n2:0

where Ny is the number of processed pulsar periods and,

R 1 Nr—1
Pi(n,y) = N > I(na,ny) (6.10)
Py(ns) = 1— Py(ny) (6.11)

are the ergodic estimates of Py (n.T, — 7) and Po(noTy — 7), respectively. Since I(nji,n») are indepen-
dent Bernouilli random variables, ﬁl (n9) is distributed following a binomial distribution of mean P; and
variance Py Py/Ny, respectively. The central limit theorem states that ﬁl (ng) would become Gaussian if
N;P; >> 1. Thus, a long sample is required to have Gaussian statistics in case of a low density of arrival
(TyA(t) << 1). Therefore, the Gaussian assumption is precluded in most situations and the true statistics
of Py (n2) must be dealt with. Elaborating further, we obtain that

Nbfl
Inpr (I/r) =Ny (—Po(n2)Tb)\(n2Tb — 1)+ Pi(ny)In (1 - e—TbMMTb—T))) -
n2:0
Nbfl
=N Y (—(1 — Pi(n2))TyA(noTy, — 7) + Pr(ns) In (1 - e—TbMMTb—T))) -
n2:0
Nbfl
=Ci+N; Y Pi(n2)P(noTy — 1) (6.12)
n2:0

where Cy = —NT} Zn _0 A(n2Tp — 7) is independent of 7 provided that the bandwidth of Ap(¢) is less
than 0.5/T}, and, P(t) is defined as

P(t) = TLA(t) + In (1 - e*TbW) =In (eT”’\(t) - 1) (6.13)

Low-SNR approximation

In this section the ML estimator derived previously is particularized for the studied low-SNR scenario in
which A, is usually several orders of magnitude greater than \,. Thus, we can expand P(t) into a Taylor
series at Ap(t)/A, = 0, obtaining that

Ty (1) (6.14)

PO = T Ty ™

with Cy = In (eTV‘" — 1) an irrelevant term. Plugging this approximation into Inpy (I/7), the ML esti-

mator is found to be the maximizer of

N T, fot

Inp; (I/T) :CS+1—exp—Tb)\ Z P1 TLQ TLQT{,—T) (615)
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that can be seen as the output of a filter matched to the pulsar density of arrival A\,(¢). Thus, the ML
estimator is the one maximizing the following cost function:

Np—1
A(r) =" Pi(na)Ap(n2Ty — 7) (6.16)

’I'LQ:O

Based on the sampling theorem, it is sufficient to compute N samples of A () and interpolate to
recover A (7). Simulations revealed that Ny = 8 samples per period are enough for the studied SNR range
whereas Ny < 8 yields yields some losses at high SNRs. The sampling cost function will be denoted A (n)
in the following.

Square Timing Estimation

Having in mind that A\, (%) is cyclic, we obtain that A (7) is also periodic and therefore it can be expanded
into a Fourier series

A(r) = k:io:oo Cl exp (j27r§r> (6.17)
with the k-th coefficient given by
T k g k
cp = /0 A (1) exp (—jQﬂ'TT> dr = ,;) A (n) exp <—j27rﬁsn> (6.18)

Following the same reasoning than in Sec. 5.1.6 for the radio pulsars, an approximated closed-form
ML estimator can be derived considering uniquely the first harmonic (k = 1) of the Fourier series:

A(7) ~co+2Re{crexp (j2n7/T)} (6.19)

In that case, the ML estimator is approximately given by

T T N,—1 n
T= g arg {1} = ~5r arg{ nz:;) A (n)exp <—]27TE> } (6.20)

6.1.3 Cramer-Rao Bound

The ML estimator will yield unbiased estimates if the maximum of Inpy (I/7) yields the true TOA on the
average, that is':

Np—1

d ~
E {EIHPI (I/T)} =—-N; nX::oE {Pl (n2)} P'(neTy —7) =

Nb—l Nb—l
=—N; > Pi(nT, —)P'(noTy —7) = =Ny > Xy(noTy—7) =0 (6.21)

’I'LQ:O n2:0

using that
d d Ty, (t)e™A®
] _ v _ v TpA(t) _ _ P _
P'(t) = 2:P(t) = S n (€70 - 1) = = —

_ @) TiA(Y)
B 1-— G_Tbx(t) B Pl(t)

(6.22)

Under the above regularity condition, the Cramer-Rao bound for the TOA estimation problem is given
by the inverse of

INotice that this condition is exactly the same that we imposed to consider that C'; was independent of 7.
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d 2 Np—1 R 2
CRB™(r)=E { <$ In pr (I/T)) } = N? Z E (Pl(nQ) — Py (nT), — 7')) P’ (noTy —7) =

’I'LQ:O

Nb—l
= NI Z PO(TLQT[, — T)P1 (TLQT{, — 7').PI2 (1’L2Tb — T) =

n2:0

Np—1 Np—1 I
Po(noTy — 1) 2 Ap (n2Th)

_ 2 o\"'2Lp l _
i n2z::0 Py (n2Ty — 1) % (nalh =) = NIy rmz:o Tb}‘(nQT”) -1 (6:23)

having in mind again that ﬁl (n9) follows a binomial distribution of variance Py P, /N;. Notice that in the
last equality we have taken into account that the result is independent of the actual value of 7 because
the function inside the summation is periodic. The CRB can be particularized to the studied low SNR
scenario obtaining that

N,T? et N, T
T oo — 1 Z >\ (naTy) ~ TToAe 1/ )\' t)dt < N\, / )\' (6.24)

n20

CRB;,} (1) =

where the last upper bound correspond to T, — 0 taking into account that z/(e® —1) is strictly decreasing
for z > 0. Therefore, the detector should guarantee that T, << A,! in order to provide optimal estimates
at low SNRs. Otherwise, the background noise saturates the detector output and the performance is
degraded dramatically. The above integral can be evaluated for the simplified pulsar profile considered
in Sec. 5.1.3 (Fig. 5.1) obtaining the following upper bound

¢
> —— .
CRByoy (1) > NISNR (6.25)
with
5T50(7T10 4+ 5T50)(Tho — Ts0)

&= 16Amax T (5T10 — T50)

(6.26)

the pulsar-dependent performance figure.
On the other hand, the CRB suffers a significant floor at high SNRs when T3\, << 1. Unfortunately,
this is the actual situation when we deal with X-Ray pulsars because \,T << 1 (see Tables 2.3-2.4. ). It

is for this reason that the sufficient statistic 131 (n1) remains noisy even when A, — 0 since
E2{ P} Jvar (131) = NPy /Py oc Ny (€% —1) << 1. (6.27)

and therefore the sample size N; must be increased to overcome this limitation.
The asymptotic CRB for high-SNRs has not been derived yet but the following approximate bound
predicts correctly the referred high-SNR floor and converges to CRBy,y, (7) at low SNRs:

—~— = ¢(1+SNR)

CRB (1) = ~ (6.28)

Finally, the quality factor for the X-ray pulsar (Sec. 2.2) can be computed using the following expres-
sion:

Ox
cvVCRB

with the CRB evaluated considering L = NyNp = 10° and o, = 10° the target standard deviation for the
positioning error.

Q= (6.29)
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6.1.4 Simulations

In this section some simulations are provided with the aim of assessing the feasibility of using X-ray pulsars
in spacecraft navigation applications. The figure of merit is the spatial standard deviation, i.e., o, =
cy/var {7}. X-Ray millisecond pulsars are considered with 7' =5 x 1072 and A, = 0.025 corresponding
to the J0437-47 pulsar (Table 2.4). The detector resolution is T, = 10~* and the field of view is set to 2
degrees from the ROSAT specifications. Regarding again the pulsars database in Table 2.4, the received
SNR = \,/\, varies from -40dB to -10dB. The observation time is set to Ny = 107, 2 x 107, or 108
periods yielding an observation time equal to Ty ~ 14, 28, or 140 hours, respectively. This observation
time is coherent with the one predicted in Sec. 2.5.3 by means of the formula Ty > 25/\n//\f).

Notice that long observation times are required to work above the SNR threshold for those SNRs of
interest (Fig. 6.1). Otherwise, the ML estimator variance departs from the CRB and, eventually, the
estimator performance collapses at low SNRs due to the periodicity of A, (¢). Taking into account that
E (T - 7')2 < T?/12, the estimator spatial accuracy is upper-bounded by o, < 4.33 x 10° meters in the
case of the studied millisecond pulsars (see Figs. 6.1 and 6.2). Finally, we observe in figure 6.1 that
the SNR threshold occurs approzimately at SNR=-20dB (N; = 10%) and SNR=-10dB (N; = 107). A
longer sample would be required to work below this point (-20dB). Indeed, the threshold is known to be
inversely proportional to the observation time and, thus, Ny ~ 10'° pulses should be averaged to yield
efficient TOA estimates for any SNR greater than -40dB. Anyway, it is worth noting that the position of
the studied X-ray pulsars (J0030, J2124, J0437) can be estimated without noticeable bias although the
SNR is slightly below the referred thresholds.

Regarding the performance of the proposed ML-based estimators, we observe in figure 6.1 that both
the optimal low-SNR ML estimator and its approximation (square timing) attain the CRB for moderate
SNRs whereas the low-SNR approximation yields minor losses at high SNRs. However, the square timing
is found to be slightly outperformed at high SNRs by the exact ML solution. On the other hand, the
approximated CRB deduced in equation (6.28), which is not plotted for the sake of clarity, is found to
predict the ML estimator performance for any SNR.

In figure 6.2 the performance of the triangular pulsar profile simulated in Fig. 6.1 is compared with
the one provided by a narrower pulsar profile. As it is shown in Fig. 6.2, the temporal resolution
is improved by increasing the signal bandwidth. Nonetheless, the detector finite resolution limits the
observed bandwidth to 1/7}. On the other hand, figure 6.2 shows that the square timing estimator is
degraded for the medium SNR range due to an insufficient oversampling (Ns; = 10) of the log-likelihood
function when the pulsar profile is narrower.
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Figure 6.1: Positioning error standard deviation for the studied X-ray pulsars. The integration time is set
to Ny = 107, 10® and the pulsar profile is triangular, i.e., Tso=2.5ms and T}o=4.5ms. Plots are obtained
running 1000 independent realizations. The actual SNR, for the X-ray pulsars listed in Table 2.4 as well as
the approximated low-SNR threshold are indicated in the figure assuming that the detector field of view is
equal to 2 degrees. The square timing estimates are computed from Ny = 10 samples of the log-likelihood
function.
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Figure 6.2: Positioning error standard deviation for the studied X-ray pulsars. The integration time is set
to Ny = 2 x 107 and two pulsars profiles are compared; the triangular pulsar profile in Fig. 6.1 (upper
curves) and a narrower pulsar profile with Ts5o=1ms and Tio=3ms (lower curves). Plots are obtained
running 500 independent realizations. The actual SNR for the X-ray pulsars listed in Table 2.4 as well as
the approximated low-SNR threshold are indicated in the figure assuming that the detector field of view is
equal to 2 degrees. The square timing estimates are computed from N; = 10 samples of the log-likelihood
function.
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Chapter 7

Feasibility Results

Results in the geometry chapter were provided in terms of pulsar combinations, assuming a Gaussian
profile for each pulsar. In this section we analyze the equivalent position accuracy provided by each
single pulsar, o, as 0, = co,, with ¢ the speed of light and o, the timing accuracy. Two models have
been proposed to model the pulsar profile from experimental data: the double triangular model and
the Gaussian model. Timing accuracy is closely dependent on the pulse shape. Hence, comparing the
predicted accuracy from these two models helps to show the sensitivity of timing accuracy on this feature.
The required position accuracy is 105 m. When translated to equivalent travel time, the required timing
accuracy becomes 10%/c = 3.33 ms. Except for millisecond pulsars, it is found that this value falls below
practically all pulse durations listed in the radio-pulsar database, and below all X-ray pulsars.

7.1 Quality factor analysis

Fast evaluation of feasibility for the wanted positioning accuracy can be obtained from the quality factor
plots, Q(f). Results provided for Q(f) in the pulsar database chapter correspond to the double triangular
model for the pulse shape. As we proceed to show, this model predicts better timing accuracies than
those obtained from the Gaussian pulse model. Thus, both models provide a rough estimate of the range
of values that may be expected due to different pulse shapes.

According to the definition of the Quality factor, Q(f)|dB > 0 dB guarantees (if in the operating
region of the CRLB) an equivalent timing error to comply with the positioning accuracy o, = 10® m. for
L = 10° samples, which for a bandwidth of 200 Mhz is equivalent to 5 seconds of integration time. If we
take the millisecond pulsar B1937+421, which has the highest quality factor at 1 GHz, the quality factor is
Q(1GHz) = 11.8 dB for an effective antenna area A, = 10m2. Hence, the equivalent positioning accuracy
is,

10° 6 —1.18
Op = 0 =10"-10 = 66069 m. (7.1)

We should check now that the integration time of 5 s. is above the threshold for the ML estimation
algorithm and that the CRLB applies. The threshold condition (for I'r, = 15 dB and K = 2 (complex
data) is,
1
e
SNRlGHZ

which yields a minimum L = 4.36 - 10! samples, clearly the threshold condition is not fulfiled for 10°
samples, although B1937+21 is asymptotically for large L the best pulsar. For 5 s. of integration, the
timing error predicted by the CRLB is still much larger than the pulse duration of B1937+21. The
determining factor for the threshold condition is SNR: table (7.1) depicts the minimum integration time
required for several pulsars and the equivalent positioning accuracy obtained from the extrapolation
equation (7.2). The positioning accuracy obtained from B1937+21 after sufficient integration to reach
the operating region of the CRLB is related to the very narrow pulse of this pulsar.

L (K - 1)Fthgzo
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Pulsar SNR (dB) @ (dB) T, (min.) o, (m.) T5o (ms.)

B1937+21 —55.6 11.8 36.36 3162 0.1
B0736—40 —50.2 —7.5 3.07 926467 29
B1451-68 —50.0 -3.8 234 452529 12.5
B0950+08 —48.9 -0.7 1.04 316174 9.5
B0329+54 —45.2 4.5 0.12 290556 6.6

Table 7.1: Minimum Integration times and the corresponding equivalent positioning accuracy for some of the best
SNR pulsars, considering the double triangular model for the pulsar profile. Results have been obtained using a
(conservative) value I'r = 15 dB and an effective antenna area A, = 10 square m. A more elaborate equation
for the threshold incorporating information on the pulse shape might reduce this value, obtained from simulations
using a rectangular profile. The accuracy at the threshold 7, is related to the effective duration of the pulse. The
last column lists T5o, the duration at 50% peak intensity, for comparison. Note that for the last pulsar a low
integration time below 100 pulsar periods is predicted: this is to be corrected as SNR conditions are too good
in this case for the low-SNR theory we have developed to apply. The necessary correction will be applied in the
following table, which assumes a Gaussian model for the average pulsar power profile.

Pulsar SNR (dB) @ (dB) T, (min.) o, (m.) Tjo (ms.)
B1937+421 —55.6 8.90 40.13 5860 0.1
B0736—40 -50.2 —10.72 4.02 1699492 29
B1451-68 -50.0 —5.80 225 732540 12.5
B0950+4-08 —489  —3.00 1.07 556730 9.5
B0329+54 —45.2 5.32 1.19 77681 6.6

Table 7.2: Minimum Integration times and the corresponding equivalent positioning accuracy for the same pulsars
as in table (7.1), under identical conditions but using the Gaussian pulse shape model. Note that worse results
are obtained for the position accuracy, as the double triangular model is optimistic. A minimum of 100 pulsar
periods has been considered now in all cases for the integration time. For pulsar B0329+54, the double triangular
shape predicts better behaviour (better asymptotic quality factor) than the Gaussian shape: this is due to the
much wider 10% to 50% peak intensity duration ratio Tho/T50 of this particular pulsar over other pulsars. The
quality factors listed in this figure have been evaluated for the same antenna area over all pulsars. Therefore, the
relationship between different quality factors is maintained for a different (smaller) antenna area.

Pulsar SNR (dB) @ (dB) T, (min.) o, (m.) T5o (ms.)
B1937+21 —60.6 8.90 401.30 5860 0.1
B0736—40 -55.2 —10.72 40.22 1699492 29
B1451-68 -55.0 —5.80 22,50 732540 12.5
B0950+-08 -53.9  —3.00 10.72 556730 9.5
B0329+54 —50.2 5.32 1.19 245651 6.6

Table 7.3: Minimum Integration times and the corresponding equivalent positioning accuracy for the same pulsars
as in table (7.2), using the Gaussian pulse shape model but with an antenna area of 5 square meters (3 dB loss in
SNR) plus an additional degradation loss of 2 dB (mis-pointing and other effects). Note that now the positioning
accuracies are the same as listed in table (7.2), but at the cost of a much longer integration time. For the last
pulsar the minimum observation time of 100 periods is still enforced. Now, over 6 hours of integration are required
to synchronize to the millisecond pulsar B1937+421.
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7.1.1 Extrapolation to other 7,B and A,

The equivalent positioning accuracy is derived from the equality,

2
Oy Oy g
Q = c oL = ?271'\/50_—5’)/1, (72)

Therefore, using different values for the effective area, integration times or bandwidth, we should have
(above the threshold) that,

10 [10° 10
02 (ToB, Ae) = o\TE A (7.3)

for A. in square meters. This will be valid when the ”above- threshold” condition is met,

012) T ’ 2 A 2
L (ﬁ) = SNRIGHZ . <1—0> . TOB Z (K - 1)Fth£p
in terms of the average SNR, UE—'ZT, and L = T,B with B = 200 MHz and T, the observation time. As
the SNR is evaluated for A, = 10 square m., extrapolation from the average SNR at 1 GHz, SNR;qu,
appearing in the corresponding pulsar tables and figures yields the previous equation, with K = 2 (complex
data) and T'y, = 15 dB (for the double triangular pulse). For the Gaussian pulse, the calibrated equation
(5.1.5) has been used to establish the threshold condition.

7.2 Long term stability

Millisecond pulsars are required due to their low timing noise to derive a stable timebase. Pulsars which
much higher periods should have their timing models corrected in the long run by millisecond pulsars, as
high order derivatives of the timing models are noisier than for millisecond pulsars. Continuous monitoring
is thus required, as well as extraction of a sufficiently high number of pulsars. Other millisecond pulsars
apart from B1937+21 should be recovered for greater long term stability of the time base. Unfortunately,
other millisecond pulsars have very low SNR and much longer integration times are required to beat
the threshold effect. It is expected that for longer integration times, the constant speed model we have
assumed does not suffice and higher derivatives of the position are required. As pulsars with longer periods
usually have better SNR, they can be used to estimate these position derivatives an aid in the extraction
of millisecond pulsars from the noise, although the SNR of the remaining millisecond pulsars appears to
be extremely low.
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Chapter 8

Technological Aspects

This chapter addresses the technological impact of the required navigation system on instrumentation. For
radio-pulsars, it has been determined that large antenna effective areas are necessary to avoid extremely
long integration. Nevertheless, a technological analysis is included in terms of a reference system.

8.1 Reflector Antennas

Geometrical Dilution of Precision (GDOP) requires that reference sources for positioning be widely dis-
tributed in arrival angles. Hence, the use of a single reflector antenna requires mechanical steering and
that only a single pulsar or cluster of closely-spaced pulsars can be processed within each observation win-
dow. Due to small angular differences within each pulsar cluster, the antenna can only focus on one single
pulsar, while others are recovered with some mis-pointing loss. A similar problem appears for the case of
electronically steerable micro-strip antennas and is discussed in more detail in the following section. The
advantage of reflector antennas over multibeam antenna arrays is found in the complexity of the reception
chain: only one is necessary. Nevertheless, spatial processing capabilities are more limited.

8.2 Electronically Steerable Micro-Strip Antennas

Array antennas are the most suitable architecture to provide multibeam capability and adaptive beam-
forming. The following three issues are considered, taking the MIRAS-SMOS mission of ESA as an
example :

e expected performance for the RF subsystems.
e potential technologies and geometries for the antenna system.

e technological implications of the antenna system.

8.2.1 A reference system, MIRAS-SMOS

The MIRAS-SMOS is a radiometer for earth observation operating at 1.4 GHz. The radiometer has 69
independent receivers in a Y shaped geometry, and by properly processing the signal received by each of
the 69 independent receivers a radiometric image of the observed scene can be produced.

The MIRAS-SMOS receivers have a noise temperature of the order of 230 K, but they are not cooled,
and their application requires the insertion of an isolator between the antenna and the receiver that in-
troduces additional losses. The proposed Spacecraft Navigation System probably would not require the
insertion of an isolator, and in the case that the receivers are cooled the assumption of noise temperature
of 30 K seems reasonable.

For the Spacecraft Navigation System it is necessary to synthesize beams pointing at different direc-
tions and to place nulls on the radiation pattern to cancel noise sources such as the sun. This requires
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Table 8.1: Cluster coordinates

Cluster Ecliptic latitude Ecliptic Longitude

1 15,45 300,240
2 ~30,0 270,240
3 —60,—30 240,180
4 —60,—30 180,150
5 ~15,15 180,120
6 30,60 90,60

Table 8.2: Pointing losses

Cluster Pointing lat. Pointing long. Lat. scan Long. scan Loss (dB)

1 30 270 +15 + 30 2
2 -15 255 +15 +15 0.5
3 -45 210 +15 + 30 2
4 -45 165 +15 + 15 0.5
5 0 150 +15 + 30 2
6 45 75 £ 15 +15 0.5

an antenna geometry based on single non-directive antennas, each one with its own receiver, and pattern
synthesis done by processing the received signal. Once again the MIRAS-SMOS antenna gives us some
real data on the performance of this type of antennas. The MIRAS-SMOS antennas are dual polarized,
circular microstrip patch antennas on a circular cavity. The radiation pattern can be approximated by
t(#) = cos® §, and the elements only radiate in one half-space. This is an important consideration, because
the proposed Spacecraft Navigation System requires the reception of signals coming, in principle, from any
direction. It must be stressed, that although beam synthesis can be performed by processing the received
signals, there is a loss due to the radiation pattern of the elements. If we consider the cos® # pattern, it
means that for a scan angle of 30 deg there is a loss of 1.9 dB and for a scan angle of 60 deg there is a loss
of 9 dB relative to the effective area defined for the broadside direction. Therefore having a single large
aperture with the requirement of very large scan angles is probably not the best choice. In fact, with a
single antenna it is impossible to steer the beam to all space directions. It must be remembered that the
radiation pattern of a single antenna element is never isotropic.

8.2.2 Structure of the antenna array

An observation of figure 4 shows that the 50 best pulsars are not uniformly distributed, but they are
clustered in certain directions (at least 6 clusters can be defined as appear in the tables). A possible
strategy would be to use as antenna system 5 different arrays, pointing at the center of each of the
clusters. Each array would have a limited beam shaping capability in order to scan its cluster and to
place nulls in the direction of noise sources. An array of 3 x 3 elements gives enough degrees of freedom
to achieve these goals. If we consider an array of 3 x 3 elements spaced 0.7\, this results at 1 GHz in an
effective area in the broadside direction of the order of 0.36m?.

Tables (8.1) and (8.2) summarize for each antenna the pointing direction, the required scan angle and
the losses due to the radiation pattern of the element due to beam scanning. It is observed that clusters
1 and 3 require larger angular scanning that results in larger losses. A potential option can be to split
each into two clusters. In this case there would be 7 different clusters, each of them having maximum
scan of the order of 15 deg. With 7 clusters and considering a 3 x 3 antenna, there would be a need
for 63 antenna elements and receivers. Considering that the MIRAS-SMOS has 69 elements, the payload
specification concerning of mass, and power consumption of this mission can be a good referent for the
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requirements of the proposed Spacecraft Navigation System.

For an antenna element, a relative bandwidth of the order of 20% is near the technological limit. In
this sense, considering a bandwidth of 200 MHz centered at 1 GHz is a reasonable figure that will be
difficult to exceed.

The component technology at the 1 GHz band is well established for space applications. transceiver
equipment for deep space probes such as Voyager have been operational in this band for over 30 years.
References
P.Silvestrin, M.Berger, Y.H.Kerr, J.Font, "ESA’s Second Earth Explorer Opportunity Mission: The Soil

Moisture and Ocean Salinity Mission - SMOS” , IEEE Geoscience and Remote Sensing Society Newsletter,
March 2001, pp. 11-14.

87



Chapter 9

Conclusions

As far as signal processing is concerned, the possibility of obtaining position accuracies below 10% meters
has been validated. The required geometrical framework and the associated position and timing estima-
tion algorithms have been presented in the previous chapters. The derived theoretical results apply in the
low-SNR (small antenna) regime, where additive Gaussian noise affecting pulsar reception is the dominant
degradation factor. This region of operation is understood as that requiring the integration of many pulse
periods before reliable timing estimates well below the pulse duration can be obtained.

Nevertheless, the true limitation of a pulsar-based location system has been found to be the required
instrumentation. Very few radio pulsars have a sufficiently high signal-to-noise ratio so that a small an-
tenna can provide reasonable integration times (few minutes) under the best possible conditions, although
they suffice to provide position estimates. Our results have been obtained for a 10 square meter antenna
(brief summary in tables (7.1) to (7.3), and more complete results in the Geometry chapter), assuming
perfect cancellation of radio-frequency noise from the Sun and/or nearby planets, a constant speed model
during the integration time, perfect antenna pointing (attitude control) and simultaneous observation of
the processed pulsars. The technological effort does not only apply to the antenna but also to the sig-
nal bandwidth. It has been shown that increasing the bandwidth of the receiver allows to obtain better
positioning accuracies. Hence, results have considered the optimistic technological limit of 200 MHz band-
width at a central frequency of 1 GHz. Thus, front-end digital signal processing is also performing at high
speed, with power consumption being also a critical factor.

A relaxation of the technological constraints considered in this study (smaller antennas, sequential
rather than simultaneous observation of different pulsars, smaller receiver bandwidths, consideration of
implementation loss and safety margins) is possible at the expense of much longer integration times, as
resulting from very faint pulsar signals. A reduction in the antenna area by a factor r must be com-
pensated for with an increase in the integration time-bandwidth product of 1/r2. It is believed that for
reduced-size antennas, the constant speed model may fail due to the necessity of estimating higher order
derivatives of position (as integration times are longer). In all likelihood, an integration time of many
hours would be required to extract the faintest millisecond pulsars from noise, maybe imposing limita-
tions on the smoothness of the trajectory (number of significative position derivatives). In particular, the
highest, technological impact is the issue between simultaneous or sequential observation of pulsars. The
former requires as many antennas as observed pulsars but provides the fastest evolution of positioning
accuracy versus time. The latter would further increase latency, the minimum time before a position
estimate is produced (probably by a factor equal to the minimum number of required pulsars), as well as
the ambiguity resolution algorithm. The smoothness of the spacecraft trajectory is believed to be more
critical in the case of sequential observation.

The study of X-ray pulsars predicts longer integration times as arrival rates in the order of only 90
photons per hour have been reported for the usable X-ray pulsars, thus yielding over one day of integration
(taking the ROSAT detector as a baseline). The number of available X-ray pulsars has been found to be
much lower than for radio pulsars.
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Summary: the authors of this study believe that the complexity involved for autonomous positioning
at the spacecraft is rather involved. Although pulsar positioning has been shown to be theoretically pos-
sible, issues of complexity and latency in obtaining position estimates cannot be met for small spacecraft
capable of fast autonomous positioning. Rather, such a positioning system appears more suitable for large
spacecraft or for hub stations providing telecommunication and location services to smaller spacecraft.

Some additional comments on pulsar-based positioning are provided:

e Hardware calibration is necessary, specially electronic delays of the receiver which contribute a bias to
the timing estimates. Note that the location algorithms we have devised operate on the assumption
of unbiased timing estimates.

e Kalman based approaches (optimum post-filtering schemes) can provided effective integration times
of many days to increase positioning accuracy.

e For long term stability, the recovery of millisecond pulsars is crutial due to their low level of timing
noise. Apart from B1937+421, millisecond pulsars have very low SNR and long integration times are
required to extract timing information. Theoretically, stronger pulsars could be used to estimate a
sufficient number of position derivatives to guarantee synchronous averaging of millisecond pulsars
over longer periods of time. Nevertheless, the involved SNR are so low that unforeseen irregularities
might hinder their reception.

e As concerns interference from SSO, navigation would be seriously hampered in the inner solar
system or in the vicinity of Jupiter. The impact of these interfering sources can be diminished at the
cost of increased system complexity (adaptive antenna arrays for interference cancellation). Such a
navigation system is intended for cold regions in space.

e the definition of a universal pulsar time standard seems unavoidable for deep space navigation over
long periods of time. This would also be advantageous for Earth-based systems requiring long term
stability.

e speed estimation does not require ambiguity resolution. Hence, as long as this assumption is ap-
proximately correct, the integration window for speed estimation can be much longer than for phase
estimation. Otherwise, speed CRLBs should also be checked to be above the corresponding estima-
tion threshold. The constant speed assumption fails in the vicinity of planets due to acceleration
and higher order derivatives.

e this study has considered that all pulsars are observed simultaneously. This allows for the computa-
tion of the best positioning accuracy per observation time, using any number of pulsars. If sequential
observation is performed instead, the complexity of instrumentation is greatly reduced at the cost
of slower evolution of the positioning accuracy. At the instrument level, this requires a mechanical
pointing system. At the geometric level, the associated signal processing should be revisited. It is
expected, though, that sequential observation may limit the maximum position derivatives of the
spacecraft that the algorithms can successfully deal with.

e results for X-ray pulsars are constrained to the found solitary rotation-powered pulsars listed in the
database. These are few and their reduced photon arrival rate leads to very long integration times
taking the ROSAT detector as the baseline. More reasonable integration times would require larger
detectors with better focusing capability.

Other aspects not considered in this study are:

e interstellar scintillation: pulsar signals are subject to slow frequency selective fading, which should be
monitored for the derivation of timing and position estimates. Some pulsars may go below a detection
threshold, becoming unavailable for positioning. This study has not considered SNR. estimation.
Statistics of interstellar scintillation could help establish probabilities of pulsar availability.
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e adaptive de-dispersion: the dispersion coefficient is also slowly changing in time. Adaptive correc-
tions could be used to refine de-dispersion.

e long-term corrections to the pulsar timing database: (a) procedures for compensating long-term
timing noise of second pulsars via the more stable millisecond pulsars. This would require the
definition of a universal pulsar time standard. (b) compilation of all physical effects determining the
pulse arrival time model.

e relativistic corrections: this study has only considered aspects related with signal processing. The
full definition of a pulsar navigation system is to be formulated in the geometrical framework of
general relativity.
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