
 

Time transformations, 
anisotropy and analogue 
transformation elasticity 

 
Final Report 

 
 
 
Authors: Carlos García-Meca1, Sante Carloni2,6, Gil Jannes3, Carlos Barceló4, 
José Sánchez-Dehesa5, Alejandro Martínez1 

Affiliation: 1Nanophotonics Technology Center, Universitat Politècnica de 
València, 46022 Valencia, Spain; 2Institute of Theoretical Physics, MFF, 
Charles University, V. Holesovickách 2 180 00 Praha 8, Czech Republic; 
3Modelling & Numerical Simulation Group, Universidad Carlos III de Madrid, 
Avda. de la Universidad, 30, 28911 Leganés (Madrid), Spain; 4 Instituto de 
Astrofísica de Andalucía (CSIC), Glorieta de la Astronomía, 18008 Granada, 
Spain; 5 Wave Phenomena Group, Universitat Politècnica de València, 46022 
Valencia, Spain, 6ESA ACT 
 
 
Date: : 30/06/2014 
 
 
Contacts: 
Alejandro Martínez 
Tel: +34 96 3877000 ext 88115 
Fax: +34 96 387 78 27 
e-mail: amartinez@ntc.upv.es 

 
 
Leopold Summerer (Technical Officer) 
Tel: +31(0)715654192 
Fax: +31(0)715658018 
e-mail: act@esa.int 

 

 
Available on the ACT 
website  
http://www.esa.int/act 

Ariadna ID: 11-1301b CCN 
Ariadna study type: Standard 

Contract Number: 4000104572/12/NL/KML 



Ariadna Project: Time transformations, anisotropy and ATE

1 Introduction

Metamaterials offer an unprecedented flexibility in the construction of media with prop-
erties that are difficult or impossible to find in nature [1]. This concept first appeared
within the frame of electromagnetism, and enabled scientists to design exotic devices
such as negative-index superlenses [2]. Afterwards, the notion of metamaterial has been
extended to other branches of physics [3], such as acoustics [4,5], electronics [6] or ther-
modynamics [7,8]. To take full advantage of this flexibility in the synthesis of tailor-made
properties, we also need new design techniques that help us to engineer these properties
with the aim of building novel devices with advanced functionalities. Along this line,
one of the most powerful techniques is transformation optics, which prescribes the prop-
erties that a medium should have in order to alter the propagation of light in almost
any imaginable way [9–12]. As a result, metamaterials and transformation optics have
teamed up to open the door to the realization of photonic devices that were unthinkable
only a few years ago, such as invisibility cloaks or optical wormholes [13, 14], consti-
tuting one of the most interesting recent developments in material science. The great
success of the transformational paradigm in the field of electromagnetism has led the
research community to look for ways in which this approach could be extended to other
fields [7, 15,16].

Noticing that the key to transformation optics is the form invariance of Maxwell’s
equations under any spacetime transformation, the initial approach was to try to exploit
form invariance in the governing equations of different physical phenomena. Therefore,
one of the crucial issues in transformational methods is the range of coordinate transfor-
mations over which the relevant field equations have this property [17–20]. Outside of
optics, acoustics is probably the field in which the greatest advance has been achieved.
There, the form invariance of the acoustic equations under spatial transformations has
been used to obtain the material parameters that deform acoustic space in the desired
way, e.g., for cloaking acoustic waves [4, 16,21–27].

However, this approach to transformation acoustics has been undermined by the deep
structural differences between Maxwell’s theory with its underlying relativistic geometry
on the one hand, and the Galilean character of fluid mechanics on the other hand, which
reduces the power of the traditional transformational method when applied to acoustics,
which we will refer to as Standard Transformation Acoustics (STA). Specifically, classical
acoustic equations are not form invariant under transformations that mix space and
time [20]. As a consequence, the method cannot be applied to design devices based on
this kind of transformation, contrarily to what has been done in optics [28–30].

Recently, the problem of transformation acoustics was approached from another an-
gle [20,31]. Instead of using directly the symmetries of the acoustic equations to bridge
between different solutions for the propagation of acoustic waves, the symmetries of
an analogue abstract spacetime (described by relativistic form-invariant equations) are
exploited. In this method, each couple of solutions connected by a general coordinate
transformation in the analogue spacetime can be mapped to acoustic space. This way, it
is possible to find the relation between the acoustic material parameters associated with
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each of these transformation-connected solutions. The result is an alternative version of
transformation acoustics as powerful as its optical counterpart and that we refer to as
analogue transformations acoustics (ATA).

However, some important issues still remain to be clarified. In particular, we would
like to explicitly obtain the set of transformations under which the acoustic equations
are directly form-invariant in the original acoustic laboratory spacetime, since, in all the
transformations that fall outside this set, the construction of the auxiliary relativistic
analogue spacetime, and hence the use of ATA, is essential to achieve the desired trans-
formation. Second, given that ATA and STA start from different initial equations (STA
relies on pressure equations, whereas ATA starts from the velocity potential), another
question that arises is whether it could be possible to construct an analogue transfor-
mation method based on the pressure wave equation, rather than the velocity potential
formulation, and what its range of application would be. Third, being a very recent re-
sult, the potential applications of ATA for the construction of spacetime-mixing devices
remain unexplored. For instance, it would be desirable to study if it is possible to design,
through the use of the ATA technique, the acoustic counterparts of some spacetime elec-
tromagnetic transformation media, such as a frequency shifter, a spacetime compressor,
or a spacetime cloak. Finally, since the medium properties appearing in the standard
velocity potential equation are isotropic, the first version of ATA only admitted the
possibility of working with isotropic transformations and a generalization to anisotropic
ones is lacking. The first goal of this study is to address all these ATA-related issues.

Apart from acoustics, a second important field where transformation techniques have
been hampered by the structure of the relevant field equations is in elasticity. The stan-
dard spatial equations of linear elasticity can be written tensorially (and hence form-
invariant). However, this does not imply that this form-invariance is still valid for com-
posite materials, or for transformations that require space-time mixing. In fact, based on
Willis’ work (see [32] and references therein), it is usually accepted that the traditional
elastic wave equations are not form-invariant under general coordinate transformations
(space-time mixing, but also purely spatial) when the elastic material is composite, let
alone random [17, 18, 33]. Given the success of the analogue transformation method in
acoustics just described, it is then natural to ask whether similar analogue transforma-
tion techniques could be relevant for elasticity as well. For the case of elasticity, our
study is necessarily much more preliminary than for acoustics: The field of transfor-
mation elasticity is much less developed than the one of Transformation Acoustics, and
there is no “off-the-shelf” analogue relativistic model available for elasticity. Our study
of transformation elasticity therefore focuses on fundamental issues. First, we will ana-
lyze the traditional elastic equations and its behaviour under both spatial and space-time
transformations. Then, we will discuss several possible generalizations (relativistic and
other) of traditional elasticity that could pave the way for a “Transformation Elastic-
ity” framework with a wide range of applications, and identify the key issues and open
problems in each of these possible generalizations.

The results that have been obtained have application in a variety of technological
sectors. The most obvious application to the space industry is in the payload/launcher
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vibration control. It is well known that acoustic and elastic vibrations during the launch
phase can contribute to up to forty percent of the failure rate of the onboard systems.
So far the main technological response to these problems has been the use of different
kind of passive absorbers base on plastic materials which are lightweight and have an
high dissipation rate. The techniques that we have developed allow in principle the
construction of active devices which are able to control the vibrational energy, reducing
its impact on the payload. In addition, metamaterial based systems have the advantage
to be usable multiple times because the control of the vibrations is not obtained at the
expense of the structure of the control systems.

The report is divided into two main blocks. In the first one (section 2), we describe
in detail our work on analogue transformation acoustics. Specifically, in section 2.1 we
derive the set of transformations under which the acoustic equations are form-invariant
(section 2.1.1) and analyze the possibility of constructing an ATA technique based on
the pressure wave equation (section 2.1.3). For completeness, we also provide a review
on ATA in section 2.1.2. In section 2.2, we propose and design three new devices based
on ATA, namely, a frequency shifter, a spacetime compressor and a spacetime cloak.
Finally, in section 2.3 we extend the ATA method to anisotropic transformations and
design a device able to cloak the acoustic velocity potential.

The second block (section 3) is devoted to our work on transformation elasticity. In
section 3.1, we study the standard elastic wave equation and its spatial transformation
properties. We extend this to spacetime transformations in section 3.2, where we suggest
an approach through an abstract relativistic system. Section 3.3 is devoted to the Willis
equations and their potential role in transformation elasticity, as proposed by Milton et
al. [17]. In section 3.4 we discuss the possibility of further generalizing Milton et al.’s
proposal to implement spacetime transformations. This leads to a natural interpretation
of the Norris-Shuvalov setup for transformation elasticity [18] in terms of an Analogue
Transformation-like framework.

Finally, we draw some conclusions in section 4.

2 Analogue Transformation Acoustics: anisotropic and spacetime trans-
formations

In this block we report on our results concerning the first part of the project. We start
by analyzing the properties of the acoustic equations under spacetime transformations.
Then, we describe the design of two novel devices based on ATA, whose functionality
is verified through numerical simulations. Finally, we extend the ATA method to the
anisotropic case with the help of a homogenization technique.

2.1 Spacetime transformations of the acoustic equations

Our study begins by determining the set of transformations under which the acoustic
wave equation is form invariant. This is an important piece of knowledge, as it clearly
differentiates the cases in which both STA and ATA can be used from the ones in which
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only the second is valid. Afterwards, we provide a brief review of the ATA method,
which will be used in the subsequent sections. We conclude this section by analyzing the
possibility of constructing an ATA technique based on transformations of the pressure,
which are physically different from those of the velocity potential and could result in
alternative transformational acoustic media.

2.1.1 Form-invariance in the acoustic equations

The various existing analyses in STA start from the following basic equation for the
pressure perturbations p1 of a (possibly anisotropic) fluid medium: [34]

p̈1 = B∇i
(
ρij∇jp1

)
. (1)

Here, B is the bulk modulus and ρij the (in general, anisotropic) inverse matrix density
of the background fluid. We will use latin spatial indices (i, j) and Greek spacetime
indices (µ, ν, with x0 = t). This is a Newtonian physics equation so that ∇ represents
the covariant derivative of the Newtonian flat 3-dimensional space. In generic spatial
coordinates it will read

p̈1 = B
1
√
γ
∂i
(√
γρij∂jp1

)
, (2)

where γ is the determinant of the three-dimensional spatial metric γij (with γij its
inverse). The success of STA relies on the form invariance of this equation under spa-
tial coordinate transformations. It is easy to prove, however, that Eq. (2) is not form
invariant for more general (space-time mixing) transformations.

Another commonly used equation in acoustics is the one describing the evolution of
the potential function φ1 for the velocity perturbation v1 defined as v1 = −∇φ1 [35,36]1:

−∂t
(
ρc−2 (∂tφ1 + v · ∇φ1)

)
+∇ ·

(
ρ∇φ1 − ρc−2 (∂tφ1 + v · ∇φ1) v

)
= 0, (3)

where v is the background velocity, ρ the isotropic mass density and c the local speed
of sound (B = ρc2). This equation is in many cases equivalent to Eq. (2), but it is
constructed using other, at first sight less stringent, assumptions (see also section 2.3.2)
and naturally includes the velocity v of the background fluid. Therefore one could
construct a transformation acoustics method based on this equation, which contains
this additional degree of freedom v. In spite of this interesting feature, the use of
Eq. (3) does not solve the problem of obtaining a transformation approach able to
operate with spacetime transformations, since this equation is not invariant under general
spacetime transformations either. Due to its complexity, it is not straightforward to see
the exact set of transformations that do or do not preserve the form of Eq. (3). The
first contribution of this work is the explicit derivation of these sets. By applying a

1Note that this definition does not impose any restriction on the vorticity of the background flow.
In fact, even when the fluid is rotational, the present formalism can be maintained for sound waves
satisfying ω � ω0, with ω0 the rotation frequency of the background fluid and ω that of the acoustic
perturbation. See the discussion in [37].
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generic spacetime coordinate transformation to Eq. (3), we can determine under which
circumstances the form of this equation is preserved, without the appearance of new
terms (which it would not be possible to interpret in terms of material parameters
within the standard procedure). Let us start by taking a specific acoustic equation for
the velocity potential. For convenience let us write it in the form√

−f∂µfµν∂νφ = 0 . (4)

The coefficients fµν(t,x) have a specific functional dependence in the Cartesian coordi-
nates (t, x). We have arranged them in the form of the inverse of a matrix array fµν and
f represents the determinant of this matrix of coefficients.

The equation does not incorporate by itself properties associated to changes of coor-
dinates. This is true because without additional information we don’t know the transfor-
mation properties of the coefficients. For instance, the fµν(t,x) could be just an array
of scalars, then a transformation of coordinates will involve only to take due care of
the derivatives. The equation of acoustics we are dealing with comes from an initially
Newtonian system. That is why we know that f00 is a scalar, f0i a vector and f ij a
tensor, all under spatial coordinate transformations. Time is an external independent
parameter. Under changes of the time parameter all the coefficients should transform
as scalars. Recall also that the field φ is a scalar under any change of coordinates.

Let us perform a general transformation of the acoustic equation to see its new form.
Consider the form

∂tf
00∂tφ+ ∂tf

0i∂iφ+ ∂if
i0∂tφ+ ∂if

ij∂jφ = 0 , (5)

or changing notation (renaming the label (t,x) by (t̄, x̄)),

− ∂t̄Φ∂t̄φ− ∂t̄V ī∂īφ− ∂īV ī∂t̄φ+ ∂īf
īj̄∂j̄φ = 0 . (6)

A change of coordinates (from (t̄, x̄) to (t,x)) affects the derivatives in the following way

∂ī = T iī ∂i + Zī∂t ; (7)

∂t̄ = W i∂i + Z∂t , (8)

where

T iī :=
∂xi

∂xī
, Zī :=

∂t

∂xī
, (9)

W i :=
∂xi

∂t̄
, Z :=

∂t

∂t̄
. (10)

Let us now proceed term by term with manipulations associated with the transfor-
mation of coordinates. We will signal with the symbols īj̄), īt̄), etc. the terms containing
partial devivatives ∂ī∂j̄ , ∂ī∂t̄, etc. respectively.

īj̄) ∂īf
īj̄∂j̄φ = Zī∂tf

īj̄T j
j̄
∂jφ+ T iī ∂if

īj̄Zj̄∂tφ

+ Zī∂tf
īj̄Zj̄∂tφ+ T iī ∂if

īj̄T j
j̄
∂jφ ; (11)
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The last term in the previous expression can be rewritten as

T iī ∂if
īj̄T j

j̄
∂jφ = ∇if ij∇jφ =

1
√
γ
∂i
√
γf ij∂jφ , (12)

where we have introduced a spatial metric γij , which is the Euclidean metric δīj̄ written
in arbitrary spatial coordinates.

t̄̄i) ∂t̄V
ī∂īφ = W i∂iV

īT j
ī
∂jφ+ Z∂tV

īT j
ī
∂jφ

+W i∂iV
īZī∂tφ+ Z∂tV

īZī∂tφ

= W i∂iV
j∂jφ+ Z∂tV

j∂jφ

+W i∂iV
īZī∂tφ+ Z∂tV

īZī∂tφ . (13)

īt̄) ∂īV
ī∂t̄φ = T iī ∂iV

īW j∂jφ+ T iī ∂iV
īZ∂tφ

+ Zī∂tV
īW j∂jφ+ Zī∂tV

īZ∂tφ . (14)

t̄t̄) ∂t̄Φ∂t̄φ = Z∂tΦZ∂tφ+W i∂iΦZ∂tφ

+ Z∂tΦW
j∂jφ+W i∂iΦW

j∂jφ . (15)

Consider now terms of the type ij). From (13)

W i∂iV
j∂jφ =

1
√
γ

√
γW i∂iV

j∂jφ

=
1
√
γ
∂i
√
γW iV j∂jφ−

1
√
γ
∂i(
√
γW i)V j∂jφ . (16)

If we impose the condition ∇iW i = 0, we obtain

W i∂iV
j∂jφ =

1
√
γ
∂i
√
γW iV j∂jφ . (17)

The same can be done with the last term in (15):

W i∂iΦW
j∂jφ =

1
√
γ
∂i
√
γW iΦW j∂jφ . (18)

From the first term in (14) we have

T iī ∂iV
īW j∂jφ =

1
√
γ
∂i
√
γV iW j∂jφ . (19)

There are several terms of the form it). Considering again the condition ∇iW i = 0,
we have from (15) and (14) respectively:

W i∂iΦZ∂tφ =
1
√
γ
∂i
√
γW iΦZ∂tφ ; (20)
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T iī ∂iV
īZ∂tφ =

1
√
γ
∂i
√
γV īZ∂tφ . (21)

The terms of the form ti) are

Z∂tΦW
j∂jφ (22)

from (15), and

Z∂tV
j∂jφ (23)

from (13). If we now impose ∂t
√
γ = 0, we can rewrite them as

1
√
γ
Z∂t
√
γΦW j∂jφ ; (24)

1
√
γ
Z∂t
√
γV j∂jφ . (25)

Notice that if we alternatively impose ∂i
√
γ = 0, then all the

√
γ terms in the previous

equations disappear, so that we do not need to additionally impose ∂t
√
γ = 0 to recover

the initial acoustic form.
If we impose now the condition ∂tZī = 0, we can rewrite the corresponding terms in

(11) as

Zī∂tf
īj̄T j

j̄
∂jφ+ Zī∂tf

īj̄Zj̄∂tφ

= ∂tZif
ij∂jφ+ ∂tZif

ijZj∂tφ

=
1
√
γ
∂t
√
γZif

ij∂jφ+
1
√
γ
∂t
√
γZif

ijZj∂tφ . (26)

If we also impose the condition ∂iZ = 0, then we can rewrite (18):

1
√
γ
∂i
√
γW iV j∂jφ =

Z
√
γ
∂iZ

−1√γW iV j∂jφ , (27)

and equivalently other similar terms

1
√
γ
∂i
√
γW iΦZ∂tφ =

Z
√
γ
∂i
√
γW iΦ∂tφ ; (28)

T iī ∂if
īj̄Zj̄∂tφ =

Z
√
γ
∂i
√
γZ−1f ijZj∂tφ ; (29)

W i∂iV
īZī∂tφ =

Z
√
γ
∂i
√
γZ−1W iV iZi∂tφ . (30)
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To be able to rewrite the terms

1
√
γ
∂t
√
γZif

ij∂jφ+
1
√
γ
∂t
√
γZif

ijZj∂tφ , (31)

from (11) as
Z
√
γ
∂t
√
γZ−1Zif

ij∂jφ+
Z
√
γ
∂t
√
γZ−1Zif

ijZj∂tφ , (32)

one needs ∂tZ = 0. However, notice that these terms will not exist if Zi = 0.
Finally, looking at all these conditions, we can conclude that to maintain the form

of the acoustic equation, one of the following mutually exclusive sets of conditions is
required (all the conditions of a set must hold simultaneously):

• Wi = 0, Zī = 0. (33)

• Wi 6= 0, Zī = 0, ∇iW i = 0, ∂tZ = 0 or ∂iZ = 0, ∂t
√
γ = 0 or ∂i

√
γ = 0. (34)

• Wi = 0, Zī 6= 0, ∂tZī = 0, ∂tZ = 0, ∂t
√
γ = 0 or ∂i

√
γ = 0. (35)

• Wi 6= 0, Zī 6= 0, ∇iW i = 0, ∂tZī = 0, ∂tZ = 0, ∂t
√
γ = 0 or ∂i

√
γ = 0. (36)

For example, from Zī = 0 we directly obtain transformations of the form

t = f(t̄) . (37)

Alternatively, with Zī 6= 0, ∂tZ = 0 = ∂iZ, we obtain transformations of the form

t = Ct̄+ f(x̄) . (38)

In both cases, the space transformations

x = f(t̄, x̄), (39)

have to be such that ∇iW i = 0, ∂t
√
γ = 0 or ∂i

√
γ = 0. We can check that a Galilean

transformation

t = f(t̄) ; x = x̄ + vt̄ (40)

satisfies the conditions. However, the frequency converter transformation described in
section 2.2 does not satisfy ∂iZ = 0. A contracting transformation of the form x = f(t̄)x̄
does not satisfy the condition ∇iW i = 0.

In the case with more free parameters (Eq. (36)) the new equation can be written as

Z
√
γ

(
−∂tΦ̃∂tφ− ∂tṼ i∂iφ− ∂iṼ i∂tφ+ ∂if̃

ij∂jφ
)

= 0 , (41)

9
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with
Φ̃ =

√
γ
(
ΦZ − Zif ijZjZ−1 + 2V iZi

)
; (42)

Ṽ i =
√
γ
(
V i +W iΦ− f ijZjZ−1 +W iV jZjZ

−1
)

; (43)

f̃ ij =
√
γZ−1

(
f ij −W iV j − V iW j − ΦW iW j

)
. (44)

Multipliying by an appropriate constant, one will be able to write the tranformed equa-
tion (41) in the initial acoustic form (4).

It is clear that the previous form-preserving conditions impose strong restrictions
when it comes to mixing time with space. In fact, even a simple transformation such as
a space-dependent linear time dilation does not belong to the kind of form-preserving
mappings.

We can conclude that the standard transformational approach (based on a direct
transformation of the equations) applied to either Eq. (2) or Eq. (3) does not allow us
to work with most spacetime transformations. Therefore, another method is required.
This is the ATA method, which is summarized in the next section.

2.1.2 Review of ATA basics

The extension of transformation acoustics to general spacetime transformations presents
two separate problems. On the one hand, the acoustic equations are not form invariant
under transformations that mix space and time (see previous section). As mentioned
above, this drawback can be circumvented with the aid of an auxiliary relativistic space-
time. On the other hand, as we will see in the next section, the acoustic systems usually
considered in transformation acoustics (which deal with the propagation of acoustic
waves in stationary or non-moving fluids) do not posses enough degrees of freedom so
as to mimic an arbitrary spacetime transformation. This is the case of the system
represented by the standard pressure wave equation, Eq. (2) [20]. The limitations of
transformational pressure acoustics have also been analyzed by other authors [38].

Instead of the pressure wave equation, ATA uses the wave equation for the velocity
potential, Eq. (3). There are two reasons behind the choice of this equation. First,
although it is not form invariant under general spacetime transformations (neither is the
pressure wave equation), there is a well-known relativistic model that is analogue to this
equation [35, 36]. Second, Eq. (3) allows us to consider the propagation of waves in a
moving fluid, which provides the missing degrees of freedom.

From the results of the previous section we know that, if we directly applied a
coordinate transformation mixing space and time to Eq. (3), there would appear new
terms that could not be ascribed to any property of the medium. The ATA method starts
by momentarily interpreting this equation as a different one with better transformation
properties. In particular, we use the fact that Eq. (3) can be written as the massless
Klein-Gordon equation of a scalar field φ1 propagating in a (3+1)-dimensional pseudo–
Riemannian manifold (the abstract spacetime) [35,36]:

1√
−g

∂µ
(√
−g gµν ∂νφ1

)
= 0, (45)

10
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where gµν is the 4-dimensional metric (with g its determinant) of the abstract spacetime.
The inverse metric gµν is given by

gµν =
1

ρVcV

 −1
... −viV

... . ................

−viV
... c2

Vγ̃
ij − viVv

j
V

 . (46)

where where for later use the density, the sound speed and the components of back-
ground velocity of the fluid have been called ρV, cV, v

i
V. We must stress that, although

Eqs. (3) and (45) are formally identical when expressed in, for instance, a Cartesian
coordinate system, they are completely different equations due to the contrasting nature
of the elements that appear in each one. While ρ and c are scalars and v = (viV) is a
three-dimensional vector, gµν is a four-dimensional tensor. Thus, each equation behaves
differently under general transformations. The point in interpreting momentarily Eq. (3)
as Eq. (45) is that the latter preserves its form under any transformation, including the
ones that mix space and time.

The next step is to apply the desired transformation x̄µ = f(xµ) to Eq. (45). This
just implies replacing the metric gµν by another one ḡµν , which can be derived from the
former by using standard tensorial transformation rules

ḡµ̄ν̄ = Λµ̄µΛν̄νg
µν , (47)

where Λµ̄µ = ∂x̄µ̄/∂xµ. This way we obtain the transformed version of Eq. (45)

1√
−ḡ

∂µ
(√
−ḡ ḡµν ∂ν φ̄1

)
= 0. (48)

Finally, if we relabel the coordinates x̄µ of Eq. (48) to xµ, we can interpret Eq. (48)
as the velocity potential wave equation (expressed in the same coordinate system as
Eq. (3), e.g., Cartesian) associated with a medium characterized by acoustic parameters
vR, ρR and cR

−∂t
(
ρRcR

−2
(
∂tφ̄1 + vR · ∇φ̄1

))
+∇·

(
ρR∇φ̄1 − ρRc

−2
R

(
∂tφ̄1 + vR · ∇φ̄1

)
vR

)
= 0, (49)

which will represent physical space. That is, we identify

ḡµν =
1

ρRcR

 −1
... −viR

... . ................

−viR
... c2

Rγ̃
ij − viRv

j
R

 . (50)

This last equality establishes a relation between the acoustic parameters of virtual and
physical space, as ḡµν is also a function of vV, ρV and cV (remember that it comes from
gµν). As mentioned above, Eqs. (3) and (45) are analogous (formally, they have the
same mathematical solutions), and the same happens with Eqs. (48) and (49). These
connections guarantee that the velocity potentials φ1 and φ̄1 in virtual and physical
spaces are related by the applied transformation, since so are the fields φ1 and φ̄1 that
appear in Eqs. (45) and (48).
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2.1.3 ATA with the pressure wave equation

In transformation acoustics there are two logically separate issues that should not be
confused. One issue is whether one uses a pressure equation or a velocity potential
equation. Another issue is whether one uses or not an intermediary abstract spacetime
to perform the transformation. These two issues are combined in ATA as proposed so
far only because the velocity potential equation is the one typically used in acoustics
analogue gravity.

Thus, one might wonder whether the ATA method would also work if Eq. (2) was
used instead of Eq. (3). Let us show why this is not the case. As in the previous section,
to construct such a method, we just need to obtain a connection between the original
(not generally form-invariant) laboratory equation, in this case the pressure equation (2),
and the relativistic equation (45). Identifying p1 and φ1 as analogue quantities, these
two equations are mathematically identical when the metric gµν satisfies

gµν =
(
γ det

(
ρij
)
B−1

)− 1
2

 −B
−1

... 0
... . ................

0
... ρij

 , (51)

g = det (gµν) = −γ2 det
(
ρij
)
B−1. (52)

This result can be easily proven. Indeed, knowing that g0i = gi0 = 0, Eq. (45) becomes

p̈1 =
−1√
−gg00

(√
−ggijp1,j

)
,i
. (53)

Substituting the values of gµν and g given by Eq. (51) and (52) into Eq. (53), we obtain

p̈1 =

(
γ det

(
ρij
)
B
)1/2

γ (det (ρij)B−1)1/2

(
γ
(
det
(
ρij
)
B−1

)1/2
(γ det (ρij)B−1)1/2

ρijp1,j

)
,i

. (54)

After simplification,

p̈1 =
B
√
γ

(√
γρijp1,j

)
,i
, (55)

i.e. Eq. (2). Therefore, we could use Eq. (2) in laboratory space and employ this analogy
between Eqs. (2) and (45). We would start from Eq. (2) particularized for a virtual
medium characterized by parameters BV and ρijV and obtain its analogue model with
an associated metric gµν given by Eq. (51) particularized for the mentioned parameters.
Then, apply the desired transformation to obtain the transformed metric ḡµν .

However, for a transformation that mixes space and time, the required metric com-
ponents ḡ0i and ḡi0 will be non-vanishing in general. But according to Eq. (51), the
metric associated with the medium in real space must have the following form

g̃µν =
(
γ det

(
ρij
)
B−1

R

)− 1
2

 −B
−1
R

... 0
... . ................

0
... ρijR

 . (56)

12
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Clearly, then, the ATA condition g̃µν = ḡµν cannot be fulfilled, since g̃0i = g̃i0 =
0. This is why a general spacetime transformation cannot be implemented with an
acoustic system described by Eq. (2). On the contrary, the system described by Eq. (3)
has an equivalent metric with non-vanishing components g̃0i and g̃i0. Note that these
components would be zero if the background velocity were also zero. Thus, allowing the
background fluid to move is a crucial ingredient of the analogue transformation method.
However, to our knowledge, there is no similar wave equation to Eq. (3) for the pressure.
This shows the importance of choosing the adequate variable to construct a complete
transformation approach in this case.

The velocity potential equation by itself needs other assumptions for its validity (in
particular, contrarily to the pressure wave equation [39], it does not need a vanishing
background pressure gradient – see also the analysis in section 2.3.2 below). In addition,
it encompasses more configurations, first by explicitly incorporating background fluid
flows, and second by allowing density gradients even with a homogeneous (non-space-
dependent) equation of state. Moreover, historically it has been the natural starting
point used in Analogue Gravity, while we have just seen that, although a similar analogue
metric could be constructed starting from the pressure equation, this would not provide
space-time mixing coefficients in the metric. For these reasons (see also Ref. [31]), we
use the name ATA explicitly for the combined use of the velocity potential equation and
the analogue transformation philosophy.

2.2 Novel devices based on ATA

In this section we study new applications of the ATA method. First, we focus on building
the acoustic counterpart of one of the most interesting electromagnetic devices based on
spacetime transformations: a frequency shifter. As a second novel application of ATA,
we propose a device able to simultaneously compress space and time, which exhibits
several interesting features. Finally, we present an acoustic spacetime cloak, a device
which permits to conceal a certain set of spacetime events during a limited time interval.

In all three cases, we will need the relation between the parameters of real and virtual
media for a transformation of the form (t̄ = f1(x, t); x̄ = f2(x, t)), which can be obtained
following the ATA method described in section 2.1.2 and reads [31]:

vxR =
∂tf1∂tf2 − c2

V∂xf1∂xf2

(∂tf1)2 − c2
V(∂xf1)2

∣∣∣∣
x̄,t̄→x,t

, (57)

c2
R = (vxR)2 +

c2
V(∂xf2)2 − (∂tf2)2

(∂tf1)2 − c2
V(∂xf1)2

∣∣∣∣
x̄,t̄→x,t

, (58)

ρR = ρV
c2

R

c2
V

(∂tf1)2 − c2
V(∂xf1)2

∂tf1∂xf2 − ∂xf1∂tf2

∣∣∣∣
x̄,t̄→x,t

. (59)

where x̄, t̄→ x, t means relabeling x̄, t̄ to x, t.

13



Ariadna Project: Time transformations, anisotropy and ATE

2.2.1 Frequency shifter

Here, we will demonstrate that an acoustic frequency converter can be designed with
ATA. This was not the case with STA, and therefore illustrates the strength of ATA (see
also [31] for other examples of applications which can be designed with ATA but not
with STA).

Let us consider the following transformation:

t̄ = t(1 + ax), (60)

x̄i = xi, (61)

with a having units of inverse length. This is an interesting transformation that has
been used in the context of transformation optics to design frequency converters [30].
Obviously, this transformation does not satisfy the form-invariance conditions of STA, as
it mixes space and time. As a consequence, the use of the ATA approach is indispensable
in this case.

According to Eqs. (57)–(59), the transformation in Eq. (60) can be implemented by
using the following parameters:

vxR =
−c2

Vat(1 + ax)

(1 + ax)4 − (cVat)2
, (62)

cR

cV
=
ρR

ρV
=

(1 + ax)3

(1 + ax)4 − (cVat)
2 . (63)

In a practical situation, this transformation is only applied in a certain region 0 < x < L.
Taking a = (m−1 − 1)/L, with m a constant, we ensure that the transformation is
continuous at x = 0. In this case, t̄ = t/m at x = L. Continuity can be guaranteed at
x = L by placing the medium that implements the transformation (t̄ = t/m; x̄i = xi) at
the device output (x > L) . It can easily be shown that the properties of such a medium
are

vxR = 0 ;
cR

cV
=
ρR

ρV
= m. (64)

Following a reasoning similar to that of Ref. [30], it is possible to prove that, after
going through the device, the acoustic signal frequency is scaled by a factor of m. To
that end, we assume that the potential has the form of a plane wave with a space-
dependent frequency φ1 = φc exp (iω(x)t− ikx) (the problem is invariant in the y and
z directions). Substituting this ansatz into the wave equation and neglecting ∂2

xω, we
obtain the following relation

−ωc−2 (ω + vx∆x) + ∆x

[
∆x − c−2 (w + vx∆x)

]
= 0, (65)

with ∆x = tdω/dx− k. Inserting Eqs. (62)–(63) into Eq. (65), we arrive at[
ω (1 + ax)

cV

]2

=

[
∆x +

ωat

1 + ax

]2

. (66)
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The solution to this equation is the following dispersion relation

ω(x) = ± cVk

1 + ax
, (67)

from which it is clear that ω(x = L) = mω(x = 0).
Note that, as in the optical case, a time-varying medium is required to achieve a

frequency conversion, while in static media only a wavelength change can be observed
(as a consequence of the medium spatial variation), as for instance in the case analyzed
in [40].

In order to check the validity of the acoustic frequency converter, a particular case
with L = 5 m and m = 0.8 was simulated numerically. The calculation was carried out
by using the acoustic module of COMSOL Multiphysics, where the weak form of the
aeroacoustic wave equation was modified to allow for time-varying density and speed
of sound. In the simulation, an acoustic wave impinges onto the frequency converter
from the left. The space dependence of the velocity potential at a certain instant is
depicted in Fig. 1(a). It can be seen that, while the wavelength grows with x inside the
converter, it is the same at the input and output media. Since the speed of sound of
the output medium is m times that of the input medium, the output frequency must
also be m times the input one. This relation can also be obtained by comparing the
time evolution of the velocity potential at two arbitrary positions to the left and right
of the converter [see Fig. 1(b)]. To further verify the functionality of the converter,
we calculated the trajectory followed by an acoustic ray immersed in such a medium,
starting at x = 0, t = 0. This was done by solving numerically Hamilton’s equations
(see Ref. [31] for further details). In this case we chose a = 1 m−1. The calculated
time-position curve and the expected theoretical curve are depicted in Fig. 1(c). Both
are identical. For comparison purposes, the curve associated to the propagation of sound
in the reference fluid is also shown.

2.2.2 Spacetime compressor

The very first application of ATA, a device that dynamically compresses space without
changing the time variable, was designed previously in [31]. In practice, this compression
can only be performed inside a box. As a consequence, we created a discontinuity at
the box boundaries that could produce reflections. To avoid these reflections, we had to
ensure that there is no compression at the instant rays enter or exit the box.

In this section, we analyze the possibility of performing a continuous transformation
of both space and time that eliminates this problem. Specifically, we will consider the
mapping (x̄ = xr̄/r ; t̄ = tr̄/r), with

r =
√
x2 + (cVt)2 (68)

and

r̄ =


r1
r2
r, 0 ≤ r ≤ r2

ar − b, r2 < r ≤ r3

r, r > r3

(69)
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Figure 1: Acoustic frequency converter designed with ATA. (a) Velocity potential as a
function of space at a given instant. (b) Time dependence of the velocity potential at
two different positions to the left and right of the converter. (c) Trajectory followed by
an acoustic ray inside a converter with a = 1 m−1.
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Figure 2: Transformation that simultaneously compresses space and time. (a) Cartesian
grid in virtual space. (b) Grid deformed by the proposed transformation.

where a = (r3 − r1)/(r3 − r2) and b = (r2 − r1)/(r3 − r2)r3. Basically, the circle r = r2

is squeezed into the circle r = r1. To guarantee the continuity of the transformation,
the annular region r2 < r < r3 is expanded to the region r1 < r < r3 (see Fig. 2). The
transformation is similar to the one that was employed to compress a region of two-
dimensional space [41], but it is now applied to compress a region of two-dimensional
spacetime (time and one space variable), which significantly changes its meaning. Here
we will limit the analysis to the propagation of rays, although it could be extended easily
to the propagation of waves.

Particularizing Eqs. (57)–(59) to the desired compressing transformation we are led
to the sought parameters for the region r1 < r < r3 (note that ρR is not relevant in ray
acoustics)

vxR = cV
cVb

2xt(c2Vt
2−x2)

r6+2bc2Vt
2r3+(bcVt)2(c2Vt

2−x2)
, (70)

cR = cV
r3(r3+br2)

r6+2bc2Vt
2r3+(bcVt)2(c2Vt

2−x2)
. (71)

Interestingly, for the inner disk (r < r1), we find that cR = cV and vR = vV = 0, i.e., we
do not need to change the background medium in this region. This is in contrast with the
devices that implement a uniform compression of space, whose refractive index changes
in proportion to the compression factor [41, 42]. The reason is that, in a uniformly
compressed spatial region, rays have to travel a shorter distance in the same time, and
thus the propagation speed must decrease (the refractive index increases). However,
in the case studied here time is also compressed, and rays have to travel this distance
in a shorter time as well. Another way to see it is by noticing that, according to the
transformation, trajectories have the same slope in the regions r < r1 and r > r3, which
implies that they propagate at the same speed (same refractive index). This could be
interesting for applications where we want to have the compressed wave directly in the
background medium (in this case in the region r < r1, since the compressor is limited
to the ring r1 < r < r3).
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Figure 3: Distribution of the background velocity and speed of sound required for the
implementation of a space-time compressor with r1 = 0.2 and r3 = 0.6 for two different
values of r2. (a-b) r2 = 0.4. (c-d) r2 = 0.25.

Another remarkable feature of this compressor is that the frequency of the acoustic
wave is increased within the disk r < r1 by the same factor as the wavelength decreases
(an additional way to explain why the refractive index is not modified there), since
time and space are equally compressed. Therefore, we also achieve a frequency shift
in an area filled with the background medium, something that does not occur in other
transformation-based frequency converters in which only time is transformed [20,30].

The distribution of background velocity and speed of sound required for the imple-
mentation of the space-time compressor is shown in Fig. 3 for two different values of r2.
From a technological point of view, both parameters take a set of reasonable values at
any given instant (note that the parameters become more relaxed as the compression
factor decreases, i.e., as r2 approaches r1). However, the real challenge comes from the
fact that the medium properties must change in time. Recent works have demonstrated
different ways of achieving a dynamic control of the speed of sound that could be em-
ployed for the implementation of ATA devices [43,44]. It would just remain to solve the
problem of attaining the desired distribution of background velocities. In the optical
case, a moving medium can be mimicked by using background waves able to modify
dynamically the electromagnetic properties of a certain material [45]. In principle, a
similar strategy could be followed in our acoustic problem.

To verify the functionality of the spacetime compressor, we simulated the trajectories
followed by different rays going through it (see Fig. 4). Again, this was done by solving
numerically Hamilton’s equations [31]. The calculated trajectories are compared with
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Figure 4: Performance of the proposed spacetime compressor (shaded region). Here,
r1 = 0.2, r2 = 0.4, and r3 = 0.6. The device is symmetric and works equally well for
rays traveling in (a) the +x direction and (b) the −x direction.

the expected theoretical ones (obtained by applying the proposed transformation to the
trajectories of the corresponding rays in virtual space, which are just straight lines),
finding an excellent agreement.

Finally, it is worth mentioning that, unlike the time cloaks analyzed in previous
studies [28,31], the proposed compressor works for acoustic waves traveling in both the
positive and negative x-direction. This is shown in Fig. 4.

2.2.3 Spacetime cloak

As a third application of ATA, we have designed the acoustic counterpart of the space-
time cloak reported for electromagnetic waves in [28], and recently verified experimen-
tally [29]. Unlike static invisibility cloaks, this device conceals only a certain set of
spacetime events occurring during a limited time interval. To show how the proposed
method allows for designing an acoustic spacetime cloak, we consider the following ex-
ample with a single spatial dimension.

The transformation can be directly adapted from the definition given for the optical
case in [28]. It consists of the composition of a Lorentz boost

x1 = (1− n−2)−1/2

(
x− ct

n

)
, (72)

t1 = (1− n−2)−1/2
(
t− x

nc

)
, (73)

followed by a curtain map

x2 =

(
δ + |ct1|
δ + nσ

)
[x1 − sgn(x1)σ] + sgn(x1)σ, (74)

t2 = t1, (75)
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and an inverse Lorentz boost

x̄ = (1− n−2)−1/2

(
x2 +

ct2
n

)
, (76)

t̄ = (1− n−2)−1/2
(
t2 +

x2

nc

)
. (77)

In our example σ = 1, n = 2 and δ = 0.5.
This transformation mixes time with one spatial variable. Therefore, the material

parameters associated with the cloak can be obtained by substituting the mentioned
transformation into Eqs. (57)–(59) above. The resulting parameters are shown in Fig. 5.
Fig. 5 also compares the numerical simulation of the propagation of a set of acoustic rays
through such a medium with the theoretical prediction, finding a near-perfect agreement
(see [31] for further details).
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Figure 5: Acoustic spacetime cloak. (a) Simulated acoustic rays. As can be seen,
sound propagation is speeded up or slowed down in order to hide any acoustic event
belonging to the cloaked region. Rays exit the cloak as if they had just passed through
the background fluid. (b) Sound speed and (c) background velocity vR = vRx̂ of the
cloak.

2.3 Anisotropic transformations with ATA

Like in any other transformation approach, also in the case of ATA the prescribed
acoustic parameters are smooth functions of the coordinates and show an anisotropic
character. However, the actual construction process of acoustic devices relies on the use
of natural materials which only provide a discrete set of isotropic acoustic properties.
The problem then arises to connect the theoretical results of ATA and the technologi-
cal realization of the required acoustic media. To solve this problem we can resort to
acoustic metamaterials or metafluids, i.e., fluids made up of various materials with cer-
tain acoustic parameters (usually homogeneous and isotropic), which under some given
conditions display different effective parameters that depend on those of the constitutive
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materials and on their shapes [4,46]. One way to obtain these effective parameters is to
use homogenization techniques [47,48]. In the case of periodic systems whose physics can
be described by differential equations with oscillating coefficients, the homogenization
allows to approximate the full equations with equivalent ones containing homogeneous
coefficients. As far as acoustic metamaterials are concerned, these techniques have been
widely used to homogenize the pressure wave equation [5,25,49,50]. It is then reasonable
to expect that the same approach can be used to achieve a better link between the ATA
prescriptions and real systems.

Here, we address specifically such connection. In section 2.3.1, we describe the appli-
cation of a two-scale homogenization technique to the velocity potential wave equation
and present several examples. Surprisingly, we find that the resulting effective param-
eters are different from those arising from the homogenized pressure equation. In sec-
tion 2.3.2 we analyze the origin of this behavior. Our analysis reveals new interesting
insights on the way in which the velocity potential equation (and thus ATA) works,
as well as an alternative way to construct metafluids based on gradients of the static
pressure. Finally, in section 2.3.3 we use the results of section 2.3.1 to design a device
able to cloak the acoustic velocity potential.

2.3.1 Homogenization of the acoustic equations

Our initial goal is to homogenize the equation for the acoustic perturbation of the velocity
potential φ1. For simplicity, we will start by considering a non-moving background and
rewrite this equation (we use the notation ∂t = ∂/∂t and ∂i = ∂/∂xi, with x1 = x,
x2 = y and x3 = z) as

− C∂2
t φ1 + ∂i

(
aij∂jφ1

)
= 0, (78)

with C = ρ0c
−2
0 and aij = ρ0δ

ij , where ρ0 and c0 are the static or background mass
density and speed of sound, respectively. In addition, we would like to compare the
resulting effective parameters with the ones arising from the homogenization of the
pressure wave equation. Eq. (78) also represents the pressure wave equation if we take
C = ρ−1

0 c−2
0 and aij = ρ−1

0 δij , and replace φ1 by the acoustic pressure p1. We will assume
that the composite to be homogenized is periodic in such a way that ρ0(x) = ρ0(x+NY)
and c0(x) = c0(x + NY), where N = diag(n1, n2, n3) is a diagonal matrix with ni an
integer number and Y = (Y1, Y2, Y3)T is a constant vector that determines the periodicity
in each Cartesian direction. Moreover, we will assume that the coefficients aij satisfy
the ellipticity condition aijvivj ≥ α|v|2 (α > 0) for all v ∈ R3. Under such conditions,
we can homogenize this equation via the so-called two-scale approach, which studies the
asymptotic behavior of the equation as the medium periodicity tends to zero [47, 48].
The dependence on the microstructure’s periodicity is encoded through a parameter ε,
which is proportional to its length scale. Then, the coefficients of the partial differential
equation aij are expressed as a function of y = x/ε, while any other function depends
both on x and y. For each value of ε we have an equation

−C(y)∂2
t φ1(x,y, t) +Aεφ1(x,y, t) = 0, (79)

21



Ariadna Project: Time transformations, anisotropy and ATE

where C(y) = ρ(y)c−2(y) and we have defined the operator Aε as

Aε :=
∂

∂xi

(
aij(y)

∂

∂xj

)
. (80)

Using the chain rule, we can express Aε as

Aε = ε−2A0 + ε−1A1 +A2, (81)

with

A0 :=
∂

∂yi

(
aij(y)

∂

∂yj

)
; (82)

A1 :=
∂

∂xi

(
aij(y)

∂

∂yj

)
+

∂

∂yi

(
aij(y)

∂

∂xj

)
; (83)

A2 :=
∂

∂xi

(
aij(y)

∂

∂xj

)
. (84)

We seek a solution of the form

φ1(x,y, t) = φ0
1(x,y, t) + εφ1

1(x,y, t) + ε2φ2
1(x,y, t), (85)

where each function φi1 is periodic in y. Substituting Eq. (81) and Eq. (85) into Eq. (79)
and equating equal powers of ε we obtain the following set of equations

A0φ0
1 = 0 ; (86)

A0φ1
1 = −A1φ0

1 ; (87)

A0φ2
1 = C(y)∂2

t φ
0
1 −A1φ1

1 −A2φ0
1 . (88)

Next, we will need the following theorem:

Theorem

Let φ be a Y-periodic function. Then, the equation

A0φ = F (89)

has a (unique) solution (up to a constant) if and only if

〈F 〉 =
1

|Y |

∫
Y
Fdy = 0. (90)

The volume of the base cell is denoted by |Y |. As a consequence of this theorem, we
know that there exists a solution to Eq. (86). Moreover, using the ellipticity condition,
it can be shown that Eq. (86) implies that

φ0
1(x,y) = φ0

1(x). (91)
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Proof

From Eq. (86), it follows immediately that∫
Y
φ0

1A0φ0
1dy = 0. (92)

On the other hand, integrating by parts over a unit cell we have∫
Y
φ0

1A0φ0
1dy +

∫
Y
aij

∂φ0
1

∂yi

∂φ0
1

∂yj
dy =

∫
Y

∂

∂yi

(
φ0

1a
ij ∂φ

0
1

∂yj

)
dy = 0, (93)

where the last equality follows from the fact that, if a function F (y) is periodic in yi,
then

∫
Y
∂F
∂yi
dy = 0 due to the fundamental theorem of calculus. Therefore, we have∫

Y
aij

∂φ0
1

∂yi

∂φ0
1

∂yj
dy = 0 (94)

Finally, the ellipticity condition allows us to write∫
Y
aij

∂φ0
1

∂yi

∂φ0
1

∂yj
dy ≥ α

∫
Y
|∇yφ0

1|2dy. (95)

Fulfillment of the last two equations implies

∇yφ0
1 = 0→ φ0

1(x,y) = φ0
1(x). � (96)

Using this result in Eq. (91) we obtain

A1φ0
1 =

∂

∂xi

(
aij(y)

∂φ0
1(x)

∂yj

)
+

∂

∂yi

(
aij(y)

∂φ0
1(x)

∂xj

)
=
∂φ0(x)

∂xj
∂aij(y)

∂yi
. (97)

Thus, 〈A1φ
0
1〉 = 0 and Eq. (87) has a unique solution, which we assume to be of the

form

φ1
1(x,y, t) = χj(y)

∂φ0
1(x, t)

∂xj
+ φC(x). (98)

Substitution of Eq. (98) into Eq. (87) gives rise to the so-called cell problem

A0χk(y) = −∂a
ik

∂yi
, (99)

which provides the sought functions χj(y). The cell problem is guaranteed to have a
unique solution, since

〈∂a
ik

∂yi
〉 = 0. (100)
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Finally, the solvability condition for Eq. (88) reads∫
Y

(
A1φ1

1 +A2φ0
1

)
dy = 〈C(y)〉∂2

t φ
0
1. (101)

With the help of the following partial results∫
Y
A2φ0

1dy =
∂2φ0

1(x)

∂xi∂xj

∫
Y
aij(y)dy, (102)∫

Y
A1φ1

1dy =
∂2φ0

1(x)

∂xi∂xk

∫
Y
aij(y)

∂χk(y)

∂yj
dy, (103)

we obtain the homogenized equation

−〈C(y)〉∂2
t φ

0
1 + ãij

∂2φ1(x)

∂xi∂xj
= 0, (104)

where the effective coefficient ãij is given by

ãij =
1

|Y |

∫
Y

(
aij + aik

∂χj(y)

∂yk

)
dy. (105)

There exist specific situations for which the cell problem has an analytical solution. Let
us analyze two of them.

Case 1

Consider a medium whose properties vary only along the y1 direction so that the density
is of the form

aij(y) = ρ(y1)δij . (106)

In this case, the cell problem leads to the following equations

k = 1

Assuming that χ1 = χ1(y1), the cell problem is

∂

∂y1

(
ρ(y1)

∂χ1(y1)

∂y1

)
= −∂ρ(y1)

∂y1
. (107)

Integrating over y1 we obtain

∂χ1(y1)

∂y1
= −1 +

K1

ρ(y1)
. (108)

Integrating again

χ1(y1) = −y1 +K1

∫ y1

0

1

ρ(y1)
dy1 +K2, (109)
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where K1 and K2 are constants. The value of K1 can be determined by using the fact
that χ1 is Y1-periodic (i.e., χ(Y1)− χ(0) = 0), obtaining

K1 =

(
1

Y1

∫ Y1

0

1

ρ(y1)
dy1

)−1

= 〈ρ(y1)−1〉−1. (110)

It is not necessary to calculate K2, as only the derivatives of χ1 enter the expression of
ãij . Moreover, by the theorem above, any other solution will differ from this one by a
constant.

k = 2

We have

A0χ2((y)) = 0→ χ2 = constant. (111)

The same result is obtained for k = 3. Introducing the calculated functions χk into
Eq. (105) we find that

ãij =
1

Y1

∫
Y1

(
ρ(y1)δij + ρ(y1)δik

∂χj(y)

∂yk

)
dy1 =

= 〈ρ(y1)〉δij +
(
−〈ρ(y1)〉+ 〈ρ(y1)−1〉−1

)
δ1iδ1j . (112)

Therefore,

ãij =

 〈ρ(y1)−1〉−1 0 0
0 〈ρ(y1)〉 0
0 0 〈ρ(y1)〉

 . (113)

Case 2

As another example, consider the following set of coefficients

aij(y) = ρ1(y1)ρ2(y2)ρ3(y3)δij . (114)

Then, the cell equations are

k = 1

∂

∂yi

(
ρ(y1)ρ(y2)ρ(y3)δij

∂χ1(y1)

∂yj

)
= −ρ(y2)ρ(y3)

∂ρ(y1)

∂y1
. (115)

We try a solution of the form χ1(y) = χ1(y1), in which case the previous equation
reduces to

∂

∂y1

(
ρ(y1)

∂χ1(y1)

∂y1

)
= −∂ρ(y1)

∂y1
, (116)
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which was studied in Case 1. A very similar result is obtained for k = 2, 3. Using
Eq. (105), it can be shown that

ãij =


〈ρ(y2)ρ(y3)〉
〈ρ(y1)−1〉 0 0

0 〈ρ(y1)ρ(y3)〉
〈ρ(y2)−1〉 0

0 0 〈ρ(y1)ρ(y2)〉
〈ρ(y3)−1〉

 . (117)

As a consequence of Eq. (105), we can define the following effective anisotropic densities
for the homogenized velocity potential and pressure equations,

ρ̃ijφ =

〈
ρ0δ

ij + ρ0δ
ik ∂χ

j(x)

∂xk

〉
; (118)

(ρ̃ijp )−1 =

〈
ρ−1

0 δij + ρ−1
0 δik

∂χj(x)

∂xk

〉
. (119)

Eq. (119) is the usual definition employed in the literature. Note that, although we have
considered a simplified problem with a non-moving background, the appearance of an
effective anisotropic density in the homogenized φ-equation already enables us to extend
ATA to anisotropic spatial transformations of the velocity potential (which are physically
different from transformations of the pressure [20, 31]). However, there is an issue that
deserves further attention; the effective densities arising from the homogenization of the
φ-equation and the p-equation might be different, as deduced from Eqs. (118) and (119).
A similar conclusion can be drawn about the effective speeds of sound.

As an example, let us consider the homogenization of a two-dimensional (three-
dimensional) periodic array of cylinders (spheres) of radius r, with constant background
parameters ρB and cB embedded in a fluid with parameters ρA and cA. Since the
resulting effective media will be isotropic, we can also define the following effective
speeds of sound

c̃2
φ = ρ̃φ〈ρ0c

−2
0 〉
−1, (120)

c̃2
p = ρ̃−1

p 〈ρ−1
0 c−2

0 〉
−1, (121)

where ρ̃ijφ = ρ̃φδ
ij and ρ̃ijp = ρ̃pδ

ij . Specifically, let us study a common configuration in
which the cylinders (spheres) are made of wood and the surrounding medium is air [49].
Thus, we can take ρB ≈ 700ρA and cB ≈ 10cA. We calculated the corresponding ef-
fective parameters by solving numerically Eq. (99) and Eqs. (118)–(121) in COMSOL
Multiphysics. Note that the derivative on the right-hand side of Eq. (99) is not defined
at the interface between both media. To deal with this situation we solve the corre-
sponding equation at each uniform domain and apply the proper boundary condition at
the discontinuity [25]. Using the divergence theorem, it is not difficult to show that the
natural boundary condition associated with Eq. (99) reads

ρ2
∂χi
∂n

∣∣∣∣
2

− ρ1
∂χi
∂n

∣∣∣∣
1

= −(ρ2 − ρ1)ei · n, (122)
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Figure 6: Verification example. (a) Function ρ1(y) (b) Numerically calculated values
of χ1 for the pressure wave equation and values of density and speed of sound in each
region (normalized to those of air).

where the subscripts 1 and 2 refer to each of the two media, ei are the basis vectors in
Cartesian coordinates, and n denotes the unit normal to the boundary between both
media, pointing from medium 1 to medium 2.

Verification test

To verify the proposed numerical method for obtaining the effective parameters of a given
periodic medium, we calculated those of a simple 2D unit cell whose acoustic properties
can be expressed as

ρ(y1, y2) = ρ1(y1)ρ1(y2), (123)

c(y1, y2) = c1(y1)c1(y2) = ρ1(y1)ρ1(y2). (124)

The particular values considered for ρ1(y) are shown in Fig.6a. This corresponds to a
medium with 9 homogeneous regions (see Fig. 6b). The values of density and speed of
sound (ρ/ρair and c/cair) in each region (normalized to those of air, which is taken as
the reference medium) are displayed in Fig. 6b. As obtained in the example of case 2,
the effective mass density can be calculated analytically in this case. For the specific
problem in Fig. 6, we have

ρeff = 〈ρ1(y1)−1〉−1〈ρ1(y2)〉 = 1.6 (125)

And for the speed of sound,

c2
eff = ρeff

〈
ρ1(y1)ρ1(y2)

c2
1(y1)c2

1(y2)

〉−1

= 1.7254 (126)
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Figure 7: Numerically calculated values of χ1. (a) 2D case with cylinder radius of
0.3090 m (pressure wave equation) (b) 3D case with sphere radius of 0.4571 m (velocity
potential wave equation)

In the case of the pressure wave equation we have

ρeff =

(
〈ρ1(y1)−1〉
〈ρ1(y2)〉

)−1

= 1.6 (127)

c2
eff = ρ−1

eff

〈
1

ρ1(y1)ρ1(y2)c2
1(y1)c2

1(y2)

〉−1

= 1.1391 (128)

The effective parameters were also calculated with the numerical method described in
the previous section both for the pressure and velocity potential equations, obtaining the
same results. As an example, the values of χ1 in a unit cell are shown in Fig. 6b. Note
that the theoretical expressions for the effective density for each case coincide, while this
is not the case for the speed of sound.

Once we are confident that the numerical calculation method works, we come back to
the homogenization of arrays of cylinders and spheres and calculate the corresponding
effective parameters. The values of χ1 obtained from the simulations are shown in Fig. 7
for two different cases, while the effective parameters are shown in Fig. 8.

In the case of the cylinders, the effective density associated with the homogenized φ
and p equations is the same. This should be the expected behavior since, in principle,
both quantities represent the same physical system (a system described by the same
underlying density and sound speed). As a double-check, we also plot the function
(1 − f)/(1 + f) which is known to provide a very good approximation for the effective
density in this kind of system for low filling fractions [49]. However, the effective speeds
of sound found after the homogenization of each equation are different [see Fig. 8(b)]. We
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Figure 8: Effective parameters obtained for periodic arrays (square lattice with period-
icity l) of wood inclusions embedded in air as a function of the wood filling fraction f
(f = πr2/l2 for infinite cylinders and f = 4πr3/(3l3) for spheres, r being the radius).
(a) Effective density and (b) speed of sound of a 2D array of cylinders. The speed of
sound is calculated using two different methods (homogenization and simulation of a
finite array). (c) Effective density and (d) speed of sound of a 3D array of spheres.
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layer absorbs the output wave on the right. Periodic conditions are applied at the top
and bottom simulation boundaries.

further verified these results by simulating a finite array of wood cylinders in COMSOL
for each considered 2D configuration. From the simulation we can retrieve the effective
speed of sound inside the finite array, which is in excellent agreement with that predicted
by the homogenization process. The velocity potential for one of the simulated finite-
array configurations is depicted in Fig. 9. In addition, we plot the function (1−f)−1/2 in
Fig. 8(b), a good approximation for the effective speed of sound at low filling fractions.
Remarkably, the values of c̃ arising from this approximation only coincide with those
associated with the homogenization of the pressure wave equation.

In the 3D case (wood spheres in air), neither the homogenized densities nor the
sound speeds coincide [see Fig. 8(c)-(d)]. Again, only c̃p agrees with the prediction for
low filling fractions, given in this case by (1 + 0.5f)−1/2. Clearly, these results must
imply that a certain distribution of acoustic parameters ρ0 and c0 represents a different
physical system depending on whether it is used in the φ-equation or in the p-equation.
In section 2.3.2 we look for an explanation to this behavior.

To conclude this section, we briefly analyze a simple yet useful example that we
will employ in the construction of a velocity potential cloak. It is that in which the
medium consists of a periodic multilayer structure made up of two different homogeneous
materials. This kind of structure falls within the class of systems described by Eq. (113).
Specifically, if the two materials are characterized by parameters ρA, cA and ρB, cB, and
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the thickness of the layers of each material is dA and dB, then

ρ̃xφ = 〈ρ(x)−1〉−1 =
dA + dB

dAρ
−1
A + dBρ

−1
B

(129)

ρ̃yφ = ρ̃zφ = 〈ρ(x)〉 =
d1ρA + dBρB

dA + dB
(130)

Again, the effective parameters arising from the homogenization of the p-equation for this
unidimensional example are different from their homogenized φ-equation counterparts.
In particular,

ρ̃xp = ρ̃yφ, (131)

ρ̃yp = ρ̃xφ. (132)

2.3.2 Physical nature of the acoustic medium

Both the p and φ equations are derived from the basic principles of fluid mechanics for
barotropic fluids, which, in the absence of mass sources and external forces are described
by the equations [51]

∂tρ+∇ · (ρv) = 0 , (133)

ρv · ∇v + ρ∂tv = −∇p , (134)

∂ts+ v · ∇s = 0 , (135)

where s is the entropy. These equations are to be supplemented with the equation of
state of the medium, which for the barotropic case can be written as

p(xi, t) = g(ρ, xi), (136)

where ρ = f(xi, t) is also a function of space and time. Therefore, in order to find an
answer to the above conundrum, we looked at the assumptions required to obtain the
p and φ equations from the previous ones. We will not include here the full derivation
of the two equations (the interested reader can consult Refs. [36, 39, 51, 52]), but only
the steps required to understand the physical nature of the medium underlying each of
them. In both cases, the first step is the linearization of Eqs. (133)–(135). For that, we
express all variables as a sum of a background (subscript 0) and an acoustic (subscript
1) contribution, i.e., v = v0 + εv1, p = p0 + εp1, and ρ = ρ0 + ερ1, with ε � 1.
Substitution of these expressions into Eqs. (133)–(135) gives rise to a set of equations
for the background and acoustic variables, from which the p and φ equations are derived
after imposing some additional conditions. Specifically, to obtain the p-equation one
must assume that the background or ambient fluid is isobaric [39], i.e.,

∇p0 = 0. (137)
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On the other hand, to obtain the φ-equation, it is necessary to define an enthalpy
function h such that [36,51]

∇h =
∇p
ρ
, (138)

∂h

∂p
=

1

ρ
. (139)

These relations are satisfied when h is only a function of p and the equation of state is
of the form p(xi, t) = g(ρ) or, equivalently,

∇g(ρ0, x
i) = 0. (140)

Then, the enthalpy can be expressed as

h(p) =

∫ p

0

1

ρ(p′)
dp′. (141)

We refer to the class of media described by Eq. (140) as globally barotropic, which are a
subset of the more general locally barotropic media described by Eq. (136).

We can infer more information about the physical systems underlying the p and φ
equations from the equation of state. In particular, it can be shown that, taking the
gradient of Eq. (136) and linearizing, the corresponding equation for the background
reads

∇p0 =
∂g(ρ0, x)

∂ρ0
∇ρ0 +∇g(ρ0, x

i). (142)

Thus, the p-equation implicitly requires that

∇ρ0 = −∇g(ρ0, x
i)

∂g(ρ0,x)
∂ρ0

, (143)

while for the φ-equation we have

∇ρ0 =
∇p0

∂g(ρ0,x)
∂ρ0

. (144)

As a result, in the case of the p-equation, inhomogeneities in the acoustic parameters are
only allowed if they come from having different media at each point (all of them at the
same background pressure). This is the usual configuration employed in the construction
of metamaterials [4,16,21–23,26]. However, in the case of the φ-equation, we must have
the same medium everywhere, although the acoustic parameters may vary from point
to point as a consequence of a background pressure gradient. Therefore, although the
values of ρA and ρB, and cA and cB in the examples analyzed in section 2.3.1 are the
same in both cases, they represent two entirely different physical systems depending on
the considered equation. The situation is outlined in Fig. 10. This explains the results
of section 2.3.1; the considered acoustic parameters represent the wood-air system only
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Figure 10: Same set of acoustic parameters arising from two different physical systems.
(a) One material at different static pressures (this kind of system is modeled through
the φ-equation). (b) Two different materials at the same static pressure (this kind of
system is modeled through the p-equation).

when plugged into the p-equation, while they represent a fluid subjected to a certain
pressure distribution when plugged into the φ-equation.

Since only ATA allows us to work with moving background fluids or implement
space-time transformations, the above results are crucial for the understanding of which
type of physical systems can actually implement ATA’s prescriptions. Only the inhomo-
geneities arising from pressure gradients are permitted by the φ-equation around which
ATA revolves. Thus, conventional isobaric composites do not qualify for constructing
general space-time transformation media with this method. In addition, forcing back-
ground pressure gradients in a homogeneous material constitutes an alternative way of
building metafluids with properties significantly different from those of isobaric ones. For
instance, a remarkable difference that appears in the previous example is the possibility
of obtaining supersonic speeds (with respect to the background) for relatively low filling
fractions, a feature not displayed by the isobaric composite.

Although the actual attainment of a certain static pressure profile will not be ad-
dressed here, we would like to suggest two different potential ways of approaching this
issue. The first one is based on the use of one or several pump waves with a much higher
amplitude than the acoustic one, which could generate the desired background pressure
distribution. The second possibility is related to the transmission of sound in fluids
flowing within pipes, where the static pressure depends on the pipe transverse section
by Bernoulli’s principle. In both scenarios, smooth gradients of the acoustic parameters
could be achieved without the need for homogenization. Nonetheless, it is worth pointing
out that only the acoustic density can be varied by modifying the background pressure
in an ideal gas, since its equation of state is defined by a linear relation. To be able to
tailor the speed of sound as well, another more complex material has to be employed,
such as the ones governed by polytropic processes.

Finally, we would like to clarify an additional subtlety that we found with respect to
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the definition of c, where c = c0 + εc1. This quantity is commonly taken as [53]

c2 =
∂p

∂ρ
(145)

A more general definition is given by the relation [39]

(∂t + v · ∇)p = c2(∂t + v · ∇)ρ (146)

Both definitions are equivalent for globally barotropic fluids. However, in the locally
barotropic case, only the second one remains valid, since it is easy to show that the use
of Eq. (145) no longer yields the standard pressure wave equation.

2.3.3 Cloaking the velocity potential

Using the results of section 2.3.1 we can now design devices that implement any spatial
transformation of the acoustic velocity potential. For this purpose, we express the φ-
equation that describes sound propagation in a virtual medium characterized by density
ρV and sound speed cV in arbitrary spatial coordinates xi

−ρV
c2

V

∂2
t φ1V +

1
√
γ
∂i
(
ρV
√
γγij∂jφ1V

)
= 0. (147)

Under a purely spatial coordinate transformation x̄i = f(xi), this equation becomes

−ρV
c2

V

∂2
t φ̄1V +

1√
γ̄
∂i
(
ρV
√
γ̄γ̄ij∂jφ̄1V

)
= 0, (148)

where γ̄ īj̄ = ΛīiΛ
j̄
jγ
ij , Λīi being the Jacobian of the transformation. In order to mimic

the distortion introduced by this transformation we consider a second (real) medium
consisting of a microstructure characterized by the position-dependent parameters ρR

and cR. As deduced above, sound waves satisfy Eq. (104) in the long-wavelength regime.
This equation can also be expressed in coordinates xi yielding

−〈ρR

c2
R

〉∂2
t φ1R +

1
√
γ
∂i

(√
γρ̃ijR∂jφ1R

)
= 0, (149)

where the coefficients ρ̃ijR are obtained via Eq. (118). Note that this equation is still

valid when ρ̃ijR has a slow spatial variation (slow spatial variation of the microstructure
properties). Clearly, if we rename x̄i to xi in Eq. (148), then Eqs. (148) and (149) are
formally identical if

ρ̃ijR
ρV

=

√
γ̄
√
γ
γ̄ij ; (150)

〈ρR

c2
R

〉 =

√
γ̄
√
γ

ρV
c2

V

. (151)
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Example: cylindrical cloak

Consider the following radial transformation in cylindrical coordinates [13,23]:

r̄ =
b− a
b

r + a ;

θ̄ = θ ; (152)

z̄ = z .

According to the previous results, the effective parameters required for this transforma-
tion are

ρij = ρV


r−a
r 0 0
0 r

r−a 0

0 0 r−a
r

(
b

b−a

)2

 ; (153)

〈ρR

c2
R

〉 =
r − a
r

(
b

b− a

)2 ρV
c2

V

. (154)

To implement these parameters, we consider a cylindrical multilayer structure made up
of alternating low- and high-density materials characterized by parameters ρA, cA and
ρB, cB, respectively. Again, the length of each low- (high-) density layer is supposed to
be dA (dB). To a good approximation, we can use the results of Eqs. (129) and (130) to
obtain the effective density of this structure by taking ρ̃rφ = ρ̃xφ and ρ̃θφ = ρ̃yφ. Following
the procedure of Ref. [23], we simplify the design by setting the thickness of all layers
to a fixed value dA = dB = d and impose the following conditions

ρA

ρV
=
ρV

ρB
; (155)

cA = cB. (156)

As a result, we obtain

ρ̃rφ =
2

ρ−1
A + ρ−1

B

; (157)

ρ̃θφ = 〈ρ(r)〉 =
ρA + ρB

2
; (158)

〈ρR

c2
R

〉 =
ρA + ρB

2c2
A

. (159)

For these values to be equal to those specified by Eqs. (153)–(154), it is clear that

ρA =
ρV

r − a

(
r +

√
2ar − a2

)
; (160)

cA =
r

r − a
b− a
b

cV. (161)
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Figure 11: Gaussian beam (a) propagating through air, (b) impinging onto a high-density
cylinder, (c) and onto the cloak-surrounded cylinder. The cloak consists of 50 different
layers with b = 2a = 1.7λ, and d ≈ λ/100, where λ is the acoustic wavelength.
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To verify the functionality of the designed cloak we solved the velocity potential equation
in COMSOL for different situations (see Fig. 11). First, we simulated a Gaussian beam
propagating through air. If a high-density cylinder is placed in its way, there appear
shadows and reflections. These effects are suppressed if the cylinder is surrounded by
the designed multilayer. According to our previous analysis, note that the whole cloak
should consist of a unique fluid, while the different densities and sound speeds required at
each region (layer) should be obtained by forcing the corresponding background pressure.

In addition, note that this cloak implements the transformation given by Eq. (152)
over the velocity potential. Therefore, the pressure distribution inside the cloak is dif-
ferent from the one existing in a device designed to cloak the pressure, as the one in [23].
Nevertheless, both devices prevent the acoustic wave from entering the inner region,
which is equally cloaked in the two cases.

3 Transformation Elasticity

Given the success of transformational techniques in optics and now in acoustics, it is
natural to ask whether similar ideas can be exported to other fields of physics. In this
second part of the report we evaluate this question for the important particular case of
elasticity theory. The ultimate objective would be to achieve a transformational frame-
work for elastic waves, i.e. to be able to apply techniques of transformational physics
to the general theory of linear elasticity. For example, a generic linear elastic tensor
has 21 components, and the different possible elastic waves propagate and interact in a
complicated way. However, in many common cases this number is strongly reduced. In
the well-known case of Lamé elastic systems, for instance, which are homogeneous and
isotropic, the number of independent components is reduced to only two parameters,
the first Lamé parameter λ and the shear modulus or second Lamé parameter µ. The
corresponding elastic waves in such Lamé systems neatly separate into longitudinal and
transversal elastic wave modes which evolve independently. This has important applica-
tions, amongst others, in seismology, where the two wave types are called P (primary)
and S (secondary) waves, see e.g. [54]. With a hypothetical transformation elasticity,
complicated media could inherit much simpler properties, for example similar to Lamé
systems.

In this report we discuss the problems encountered when trying to build a complete
transformational framework for elasticity. We propose different approaches one could
take and discuss how far one could go in each one of them.

3.1 Standard elasticity equations and their transformation properties

The first question to ask in the context of transformation elasticity is: what are the
transformation properties of the elastic wave equation? In Cartesian coordinates, the
standard textbook equation for elastic waves [55] is

∂iC
ijkl∂juk − ρ∂2

0ul = 0 , (162)
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with Cijkl the elastic tensor, uk the displacement vector and ρ the density, and as
usual latin indices (1 − 3) indicate spatial dimensions while 0 is the time index. When
asked about the transformation properties of this equation, this is no longer a textbook
application.

A first guess, based on a straightforward “tensorialization” of the previous equation,
suggests that it would read

∇(C : ∇u) = ρü , (163)

with the so-called double-dot product defined as X : Y = Xi1i2...im−1imYim−1imj3...jn (i.e.,
the last 2 indices of X are contracted with the first 2 of Y).

This equation is tensorial under general spatial changes of coordinates, and can
readily be used in transformation elasticity in a very powerful way (although restricted
to spatial transformations, since one cannot mix space and time). However, we need to
make sure that this equation is indeed correct, at least for “basic” elasticity (i.e., without
necessarily thinking of composite materials and more intricate structures), or whether
it becomes more complicated when written in arbitrary coordinates. This is the subject
of the present section.

Let us look at the textbook equations for linear elasticity and see how they can be
written tensorially. For the moment, we think of simple (non-composite) materials, and
are only interested in the transformation properties of the equations.

3.1.1 Constitutive equation

The constitutive law for linear elasticity is the generalized Hooke’s law, which can be
written in (spatial) tensorial form as

σ = C : ε, (164)

or, in component notation:
σij = Cijklεkl, (165)

and expresses the relation between the (Cauchy) stress tensor σ and the strain tensor
ε. Note that, in linear elasticity, both σ and ε are symmetric:

σij = σji, εij = εji. (166)

The elastic or stiffness tensor C a priori has 34 = 81 entries, but these are reduced
because of the symmetry relations just expressed:

• σij = σji implies Cijkl = Cjikl

• εij = εji implies Cijkl = Cijlk

leaving 36 independent elastic coefficients. Moreover, one usually assumes hyperelastic-
ity, and

• hyperelasticity implies Cijkl = Cklij ,
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so only 21 independent components remain. The condition for hyperelasticity is that
the constitutive equation can be derived from a strain energy density function U(E, x).
In the linear regime, this means

σij =
∂U
∂εij

, (167)

which, in the case of linear elasticity, can be shown to be equivalent to the symmetry
condition on the tensor C expressed above.2 One also has

U =
1

2
σijεij . (169)

Any symmetry properties of the material further reduce the number of independent com-
ponents of C. For example, for isotropic materials, the elastic moduli can be expressed
in terms of only 2 independent parameters, Lamé’s (first) parameter λ and the shear
modulus or Lamé’s second parameter µ, such that

Cijkl = λδijδkl + µ(δikδjl + δilδjk), (170)

which can be generalized to

Cijkl = λgijgkl + µ(gikgjl + gilgjk) (171)

with gij the spatial metric.
Note that, for elasticity to be in the linear regime, the displacement gradients must be

infinitesimal. This does not imply that the displacements themselves should be infinites-
imal. Under this condition of infinitesimal displacement gradients, the Cauchy stress
tensor σ coincides with the so-called first and second Piola-Kirchhoff tensors, which are
also often encountered in the literature, see e.g. [56].

2Note that hyperelasticity is a different assumption from linear elasticity, but the former is a more
general assumption than the latter: linear elasticity models can be described as a form of hyperelasticity,
by solving a set of compatibility conditions, but the reverse is not always true. In fact the hypothesis of
hyperelasticity is typically introduced to extend the analytical treatment of linear elasticity to non-linear
cases. [56]. Note, however, that there exist energy stability conditions in hyperelastic materials which
impose certain limits on the allowable elastic parameters. The elastic energy U has to be positive definite
for all non-zero strains in order to guarantee stability under elastic fluctuations. For the important class
of isotropic crystals, this energy stability condition reduces to

µ > 0; κ ≡ λ+
2

3
µ > 0, (168)

with λ and µ the Lamé parameters for isotropic materials and where the so-called bulk modulus κ is a
measure for the (in)compressibility of the material. However, these conditions do not necessarily hold for
composite materials, and indeed one of the key indicators of an upcoming breakthrough in transformation
elasticity is the existence in the literature of (proposed) elastic metamaterials with effective values ρeff <
0, κeff < 0 and/or µeff < 0, see e.g. [57–59] (or even complex-valued effective parameters, see the example
mentioned in Sec. 3.3).
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3.1.2 Strain-displacement relation

The relation between the strain tensor ε and the displacement vector u is given by

ε =
1

2

[
∇u + (∇u)T

]
. (172)

In a Cartesian coordinate system, this can be written in component notation as

εij =
1

2
(∂iuj + ∂jui) = ∂(iuj). (173)

One can also define the rotation tensor ω:

ω =
1

2

[
∇u− (∇u)T

]
, (174)

which, in a Cartesian coordinate system, equals

ωij =
1

2
(∂iuj − ∂jui) = ∂[iuj]. (175)

Note that ∇u = ε+ ω, whereas ∇ · u = tr ε.

3.1.3 Equation of motion

The equation of motion for the displacement vector u is

fext +∇ · σ = ρü, (176)

with fext the external force.

3.1.4 Elastic wave equation

Note the tensorial character of all three previous equations: the constitutive equation,
the strain-displacement relation, and the equation of motion, as stressed e.g. in [56].
Together these form a set of 15 (6+6+3) scalar field equations in any coordinate sys-
tem. One can combine these three equations to obtain a wave equation in terms of the
displacement vector u. Inserting ε from Eq. (172) into Eq. (164) leads to

σ =
1

2
C :

[
∇u + (∇u)T

]
. (177)

Plugging this into Eq. (176) gives

1

2
∇
{

C :
[
∇u + (∇u)T

] }
+ fext = ρü. (178)

Because of the symmetry properties of the elasticity tensor C, this can be simplified3 to

∇ · (C : ∇u) + fext = ρü. (179)

3This is easy to see in component notation: C :
[
∇u + (∇u)T

]
becomes Cijkl(∂kul + ∂luk). Since

Cijkl = Cijlk, one immediately obtains the desired result.
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This is the general wave equation in the linear elasticity regime for the displacement
vector u in tensor form.4 In Cartesian coordinates, this becomes

∂i

(
Cijkl∂kul

)
+ f jext = ρ∂2

t u
j . (183)

The well-known Navier-Lamé equations

(λ+ µ)∇(∇ · u) + µ∇2u + f = 0 (184)

can be obtained from Eq. (179) by assuming isotropy [Eq. (170)] and equilibrium (ü = 0).
In conclusion of this section: analyzing the different equations involved in linear

elasticity, one convinces oneself that each one of them can be understood as spatial
tensorial equations. The crucial point is the identification of the very transformational
nature of the objects used in formulating the theory: one is only using 3-dimensional
vectors and tensors under spatial changes of coordinates. Once Eq. (162) is written in
spatial tensorial form, Eq. (179), its transformation properties are explicit.

Now, given this transformational character, one realizes that one can make full use
of generic spatial coordinate transformations to generate elastic devices. For instance
one could engineer a very complicated Cijkl that nonetheless behaves as a simple homo-
geneous Landé system with its decoupling of transverse and longitudinal waves.

The next step is then to look at whether one could also apply spacetime transforma-
tions.

3.2 Spacetime transformations: an abstract relativistic system

The physical equation of standard linear elasticity are no longer form-invariant when
applying general transformations that mix space and time. The situation is similar to
the one with the acoustic equation in fluids. Thus, in principle there is an obstruction
to the direct application of transformational techniques. However, we have previously
shown that this problem can be overcome in acoustics by using an intermediate abstract
system with the “desirable” space-time transformation properties [20,31]. In the case of

4Curiously, it is hard to find this equation written explicitly in the literature. Most textbooks focus
immediately on the isotropic case and/or on Cartesian coordinates, and derive the Navier-Lamé equations
without going through the more general wave equation Eq. (179) first. E.g., Ref. [17] gives

∇ · σ = −ω2ρu, σ = C∇u, (180)

but fails to combine them into a single wave equation for u. Similarly, [18] writes

divσ = ρeff ü, σ = Ceff∇u, (181)

again without combining them into a single wave equation. The motivation in both cases to keep the two
equations separate seems to radicate in the possibility of having more complicated (e.g., nonsymmetric)
stress tensors σ.

As a rare exception, see the online course [60] which gives the Fourier-transformed version of Eq. (179)
(in the absence of external forces):

∇ · (C : ∇u) + ω2ρu = 0. (182)
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acoustics this system was a relativistic Klein-Gordon field living in a curved spacetime
manifold. Here we want to evaluate whether a method similar to the one we applied in
acoustics could work for elasticity also.

One way to proceed is the following. Recall that the crucial step in the construction
of the Klein-Gordon equation (45) for the (scalar) velocity potential perturbation φ1 in
acoustics was to write the acoustic equation (3) in the form

∂µf
µν∂νφ1 = 0, (185)

and then identifying fµν =
√
−ggµν . In the case of elasticity, the central wave equation

(179) concerns a vector, the displacement vector u, and so any relativistic counterpart
will necessarily be more complicated.

However, in analogy with Eq. (185), one could blindly write a system of 4-dimensional
relativistic equations as

∇µfµνστ∇ν ūσ = 0, (186)

with ū the adequate four-vector (spacetime) generalization of the displacement three-
vector u.

By construction we assume that this equation is spacetime tensorial and nothing de-
pends on coordinates. At this stage one may consider that the four-dimensional manifold
is equipped with a simple flat metric so that the nabla derivatives (∇µ, ∇ν) represent
the standard flat covariant derivatives. It is not necessary to be able to identify this
equation with some common relativistic theory; to our purposes it is only a possible
relativistic mathematical model.5

Then, one can check that, using Cartesian coordinates and for a particular tensor
fµνστ , this equation is formally equal to the elasticity equation

∂iC
ijkl∂juk − ρ∂2

0ul = 0. (187)

For instance, as a first condition, take u0 = 0. Then define

f ijkl = Cijkl; (188)

f0jστ = f i0στ = 0; (189)

f00kl = −ρδkl. (190)

Also

f00i0 = f000j = 0; (191)

f0000 = 0. (192)

One could also reduce the last 3 equations by writing f00στ = −ρδστ . Even though this
would make f0000 = −ρ, seemingly in contradiction with Eq. (192), this is compensated
by the fact that u0 = 0 at this point.

5It is nonetheless interesting to realize that this equation appears in the Carter-Quintana formulation
of relativistic elasticity theory [61]. In this formulation all objects are by construction spacetime tensors,
and fµνσλ has to satisfy some orthogonality requirements so that it can be associated to a medium
existing in space.
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Now one can change coordinates in the specific abstract system defined above and
see what the transformation leads to. The central question is: are the new tensors
also identifiable with a (different) set of material parameters for some familiar type of
elasticity? At first sight, there are two elements that complicate the answer. First of all,
a generic spacetime-mixing change of coordinates would make the new u0 different from
zero. How should one interpret this apparently new degree of freedom in the resulting
equation? To avoid adding new degrees of freedom into the theory, we can take the four-
vector in the relativistic abstract system to be a normal unit spacelike vector uµuµ = 1.
Then, one can always eliminate u0 in the equations as a function of the ui. The other
apparent problem is the existence of a fourth equation of motion for the ui, the τ = 0
component in Eq. (186). However, this additional equation does not constrain the elastic
system further as one has the freedom to assume any convenient fµνσ0, which do not
appear in the other three equations. Thus, one can simply ignore this fourth equation.
Therefore, one obtains some sort of elastic theory (three equations for the three ui)
which has mixed terms ∂t∂i and some of its terms contain u0 = f(ui).

In one respect the situation is not surprising. We have learned from acoustics that
spacetime transformations, and in particular mixed terms ∂t∂i, will typically require
background flows [20]. However, elastic waves are generally associated with solids, where
such background flows are less obvious to realize.6 Similar to the method suggested in
Sec. 2.3.2 to obtain inhomogeneous acoustic parameters in the velocity-potential formal-
ism, here also one might resort to non-linear situations in which the presence of a moving
background wave acts as a changing background for smaller linear perturbations on top
of it.

The other unfamiliar ingredient in the resulting family of equations is the appearance
of terms with non-linear functions of ui. In general situations these non-linear functions
will contain uiui and g0iu

i terms. This last term could be associated to a form of
background flow vi = g0i. At the end of the day one should be able to engineer a system
of non-linear elasticity containing terms depending on the norm of the displacement
vector and on its projection on the background flow. This is one of the lines of future
investigation we are pursuing.

3.3 A physically different elastic equation

Let us come back to purely spatial changes of coordinates. In this restricted setting
one could explore the possibility of connecting the elastic equation (162) with an (in
principle abstract) system different from the physical one described by (163). Imagine
for instance that one rewrites the (by definition: contravariant) displacement vector ui

as δijui and ascribes to δij a collection of constant scalars and to ui a covariant vector.
Then, the new abstract equation does not maintain its form even under spatial changes
of coordinates. However, what was shown by Milton et al. [17] is that the transformed
equation can be realized in certain elastic composite structures and random media. The

6Viscoelastic materials might be an interesting exception. But the theory of viscoelasticity is much
more complicated than standard linear elasticity and far beyond the scope of this or any other current
study on transformation elasticity.
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new equations have precisely the form found previously by Willis for this type of systems
(see e.g. [32, 33] and references therein):

∇σ = ṗ (193)

σ = Ceff ∗ ε+ Seff ∗ u̇ (194)

p = S†eff ∗ ε+ ρeff ∗ u̇, (195)

where ∗ represents convolution in time. This kind of analysis opens up the possibility
of building cloaking devices precisely with such composites and random media. Let us
describe briefly the main characteristics of the Willis equations.

3.3.1 Extended elasticity: Willis equations

There exist situations in which the standard linear elasticity equations are not appropri-
ate. For instance this happens in random or composite materials. These systems satisfy
the so-called Willis equations [32,33].

The essential idea behind the Willis equations can be understood as follows. One
introduces a (simple and homogeneous) reference material with elastic tensor and density
C0, ρ0 such that

σ = C0 ∗ ε, p = ρ0u̇. (196)

which would give a reference solution u0 under the conditions of interest (external force
fext, strain ε). The solution for the random material C, ρ can then formally be written
as the corresponding “inhomogeneous” solution in terms of Green functions G as

u = u0 + G ∗ (∇ · τ − π̇), (197)

where τ ,π encode the difference between the random and the reference material:

τ ≡ (C−C0) ∗ ε, π ≡ (ρ− ρ0)u̇. (198)

Taking spatial and time derivatives of (197) then leads to the following pair of equations

ε = ε0 − Sx ∗ τ −Mx ∗ π, (199)

u̇ = u̇0 − St ∗ τ −Mt ∗ π, (200)

where the strain-displacement relation (172) was used in the first to write ε in terms of
∇u, and Sx, St, Mx and Mt are the adequately defined spatial and time derivatives of
G ∗ ∇ · τ and G ∗ π̇, respectively.7

Eqs. (199)–(200) can then be plugged into (196), using the definitions (198) of τ and
π, to find an expression for σ and p:

σ = Ceff ∗ ε+ Seff ∗ u̇, (201)

p = S†eff ∗ ε+ ρeff ∗ u̇, (202)

7A detailed analysis shows that, in fact, St = M†x, which explains the connection through the conju-
gate Seff and S†eff between the two Willis equations (201) below.
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where Seff, but also Ceff and ρeff, contain complicated dependencies on the matrices S
and M.

These are the Willis equations, where σ, ε, p and u̇ should be interpreted as
ensemble-averaged values, i.e. 〈σ〉, 〈ε〉, etc.

The key feature of the Willis equations is their generality, and the fact that they are
in principle closed under transformations, i.e.: starting from a material which obeys the
Willis equations, transforming it will modify the parameters Ceff, Seff and ρeff, but not
the form of the equations.

However, an important and immediately apparent drawback is the formal character
of the construction. Ultimately, this means that exact expressions for Ceff, Seff and
ρeff cannot be found (not even in principle) for any but the most trivial cases, and one
needs to resort to complicated approximation schemes. The connection with real-life
(meta)material parameters is so far, in the best of cases, highly non-trivial, see e.g. [62].

A final remark is in order with respect to both the validity and the necessity of
working with the Willis equations when dealing with composite materials. While the
Willis equations were derived for random media, the validity is in principle restricted
to small departures from a homogeneous reference material. On the other hand, for
periodically structured composite materials in the limit where the wavelengths (and
attenuation lengths) of the waves of interest are much longer than the characteristic
distances over which the material parameters vary, there is no need to apply the Willis
equations and one can stick to the usual equations of elasticity in terms of averaged
values:

∇ · (Ceff : ∇u0) = 〈ρη〉ü0. (203)

The calculation of the effective material parameters in this so-called quasistatic limit
is a textbook exercise (see e.g. [60] or [63]). Complications may arise, e.g. the effec-
tive tensors may become complex-valued.8 But it is important to bear in mind that
current-day metamaterials for acoustic applications fall precisely in the category where
the quasistatic limit would be valid: they consist of periodically arranged arrays of (for
example) cylinders in a homogeneous background, with a distance between the cylinders
much smaller than the acoustic wavelengths one tries to manipulate. For similar ar-
rangements with elastic metamaterials, one could then use the effective equations (203)
without any need to invoke the Willis equations.

3.4 Another tensorial transformation capable of mixing space and time

Milton at al.’s proposal [17] makes us reflect as to whether one can use even more
general, although perhaps counterintuitive, transformation laws. One could assume

8Ref. [60] gives the example of gas bubbles in water, where the effective composite bulk modulus
κeff acquires an imaginary part determined by the shear modulus of water (and hence sound is strongly
damped in the resulting bubbly fluid), whereas κ is always real and positive in “normal” materials (see
the remark on hyperelasticity in section 3.1 above). Note that the complex character of the effective
bulk modulus here is a direct consequence of the viscous character of water, i.e.: the shear modulus of
water is taken to be complex, and this leads to a complex value for the effective bulk modulus of the
composite (water+gas).
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that the intermediate abstract system is not purely covariant in the general relativity
sense. Instead of writing Eq. (163), we could take the ui in Eq. (162) to be a spatial
vector and a temporal scalar. Take the rest of objects in the equation to transform
as spatiotemporal tensors [as in Eq. (163)]. On the one hand, this transformation law
spoils the form-invariance of the equation under general changes of coordinates. On the
other hand, when transformed, no u0 component appears so that the resulting theory is
also linear in the displacement ui. Again, the crucial thing to check is whether one can
reproduce the resulting equations with the use of metamaterial design. For this scheme
to make sense, it would be sufficient if one could do that at least for some specific type
of constitutive relations.

3.5 More general transformational properties

After the work of Milton et al., Norris and Shuvalov [18] went further and proposed
that the matrix A used to transform ui, i.e.: a matrix Aji such that u′j = Ajiu

i, can
be chosen arbitrarily and independently of the matrix M associated with the change of
coordinates, M j

i = ∂x′j/∂xi. With a generic transformation the object ui might fail
to be a tensor of any kind. They did not explicitly discuss why this would be allowed,
though.

From our perspective based on the construction of an abstract intermediate system,
the Norris-Shuvalov proposal can be interpreted as imagining a non-tensorial abstract
system with precisely that transformation properties. The crucial point is whether under
transformations one is taken to a system of equations one is familiar with, or at least
there are realistic prospects of realizing it in a laboratory. It seems that [18] proposes
Aji 6= M j

i because this would allow to transfer the standard elasticity equations into
elastic equations for composites, which enter directly into the realm of metamaterials.

It might seem that this discussion implies that finding a form-invariant set of equa-
tions is not necessarily the crucial point after all, then. This depends, however, on the
perpective taken. Imagine that one starts from the standard elastic equation and one
transforms it using some particular transformation law, not necessarily tensorial, as in
the Norris-Shuvalov proposal. In general, the final outcome results in a family of equa-
tions apparently unrelated to the initial equation. Now, one can always take this new
family as the very definition of a “first-order-extended” elasticity theory. One has to
transform this first-order-extended elasticity and see whether its form is already closed
under the transformation law, such that further transforming it would lead to a struc-
ture of the same “extended-elastic family”. If not, one would extend further the initial
family by constructing a second-order-extended theory, a third-order-extended one, and
so on. In this way one would eventually end up with a final extended elasticity with
form-invariant equations, in which any transformation of the kind contemplated would
lead to a material structure of the same n-extended-elasticity family. So, at the end
of the day one really should look at form-invariant equations, but having in mind that
maybe the family one starts with does not cover all the systems connected through the
transformations.
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4 Conclusions and Perspectives

In this report we have deepened our understanding on ATA and studied the extension
of the analogue transformations concept to the field of elasticity. We have thus divided
this section into two parts corresponding to these main blocks.

4.1 Analogue transformation acoustics

In this first part of the work, we have clarified several fundamental differences between
this technique and standard transformation acoustics (STA) building on the results
of [31]. First, we have derived the set of transformations that do not preserve the
form of the velocity potential equation in the original laboratory space. For these trans-
formations, it is indispensable to apply the ATA method by constructing an auxiliary
relativistic analogue spacetime before mapping back to the laboratory spacetime. As a
second result, we have shown that the pressure wave equation commonly used in STA is
not suitable for building an analogue transformational method, and have highlighted the
importance of the background velocity. Third, we have examined in detail three space-
time transformations that can only be performed with ATA. The first one allowed us
to design an acoustic frequency converter, the second one was used to engineer a device
that is able to increase the density of events within a given region by simultaneously
compressing space and time, while the third one allowed to dynamically cloak a certain
set of spacetime events during a limited time interval.

Overall, these results confirm the conclusion given in [31]: the different require-
ments that ATA imposes on acoustic metamaterial design compared to the standard
approaches, and even more so: the potential of ATA to design applications which could
so far not be obtained with any other methodology, open a completely new perspective
on the field of Transformation Acoustics.

As a fourth contribution, we have applied a homogenization process to the velocity
potential acoustic wave equation. This allowed us to derive the actual laboratory real-
ization of acoustic metamaterials exhibiting the effective properties prescribed by ATA.
As an example, we designed a multilayer structure able to cloak the acoustic velocity
potential. In addition, the analysis of several examples revealed an important difference
in the way in which the results of STA and ATA should be implemented in a real de-
vice. In particular it appears clear that STA can be used only to design isobaric systems
whereas ATA can be used only to design globally barotropic ones. Such conclusion de-
pends critically on the assumptions on the thermodynamical properties of the fluid at the
base of the derivation of the acoustic equations and it points towards new experimental
approaches to the construction of acoustic metafluids.

Finally, it is worth mentioning that the work on ATA developed during this project
has led to three research articles [20,64,65].

4.2 Analogue transformation elasticity

Let us summarize our findings about transformation elasticity:
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• From our discussion it is immediate to realize that the scope of transformational
elasticity is vastly broader than originally expected. One can implement dif-
ferent tensorial transformation laws, using three-dimensional (spatial) and four-
dimensional (spacetime) tensors. One can even implement non-tensorial transfor-
mation laws completely or just for some particular sectors.

• On the one hand, we are still in need of a systematic treatment of the very essentials
of the transformation techniques when applied to elasticity. It goes far beyond
the form-invariant transformational properties of a physical system of equations
as happens cleanly in optics, or as we have previously extended to the case of
acoustics.

• On the other hand, it is essential to focus on specific examples of elastic systems
and behaviours one would like to attain (a specific device), and then check which
of the transformation laws gives the more practical or realistic implementation in
the laboratory.

• The implementation of spacetime transformations would require the temporal con-
trol of some of the properties of the metamaterial system so as to lead to (apparent)
flows in the metamaterial.

These are some of the topics we are analyzing at present and that eventually will be
spin-offs of this exploratory work.
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