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Global Optimization of Low-Thrust Trajectories via Impulsive Delta-V
Transcription
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Low-thrust trajectories can be modeled as a series of impulses connected by conics. We first describe a new
framework for global optimization for the preliminary design of low-thrust trajectories that makes use of the impulsive
delta-V transcription model. We then apply two global optimization algorithms, differential evolution and simulated
annealing with adaptive neighbourhood, to solve an Earth-Mars rendezvous example problem. Test cases reveal that the
two algorithms are able to produce good initial guesses for a local optimizer, which suggests a promising direction of

research in automated trajectory design.
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Nomenclature
J value of the objective function
N number of impulses
S state vector (position and velocity)
T spacecraft thrust
V., . hyperbolic excess velocity
m spacecraft mass
r spacecraft position
I :encounter time at arrival
ty : encounter time at departure
v . spacecraft velocity
AV : impulsive velocity change
or :  mismatch in position
Sv :  mismatch in velocity

Subscripts

mb : matchpoint from backward propagation
mf : matchpoint from forward propagation
X, V,Z orthogonal inertial directions

1. Introduction

In recent years, several interplanetary missions'™ have
demonstrated the use of electric propulsion (EP) as the main
propulsion system of the spacecraft. With a specific impulse
;) of about ten times that of a chemical rocket, electric
propulsion provides a large saving in propellant mass (and
thus mission costs). However, the design of trajectories for
electric propulsion missions is often more challenging than
missions using chemical propulsion. Acceleration of a
spacecraft propelled by EP is very small and the thrust
duration can be a significant portion of the total time-of-flight.

The optimization problem of simple low-thrust trajectories
can be solved efficiently by local optimization methods.
However, on a large design space, local methods converge to
suboptimal solutions or sometimes fail to converge if a good

starting guess is not provided. On the other hand, global
methods do not require an initial guess to search for optimal
solutions, but can suffer with long computational time when
the complexity of the problem is large.

In this paper, we test different meta-heuristics global
optimization algorithms to optimize low-thrust trajectories
under an impulsive AV transcription model. We study the
performance of the algorithms on an example mission to
demonstrate an automated process of preliminary trajectory
design.

2. Trajectory Model

Figure 1 illustrates the trajectory model proposed by Sims
and Flanagan®. Trajectory is divided into legs which begin
and end with a planet. Low-thrust arcs on each leg are
modeled as sequences of impulsive maneuvers (AV),
connected by conic arcs. We denote the number of impulses
(which is the same as the number of segments) with N. The
AV at each segment should not exceed a maximum magnitude,
AV nax» Where AV ., is the velocity change accumulated by the
spacecraft when it is operated at full thrust during that
segment:

A\/max :(Tmax/m)(tf _t())/N (1)

At each leg, trajectory is propagated (with a two-body
model) forward and backward to a matchpoint (usually
halfway through a leg), where the spacecraft state vector
becomes S, = {r,, 7y, 12, V\, ¥, V.},y (and similarly for S,,;).
The forward- and backward-propagated half-legs should meet
at the matchpoint, or the mismatch in position and velocity:

{67,.67,,67.,6v,,6v,.6v.| =S, S, 2)

should be less than a tolerance in order to have a feasible
trajectory.
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Fig. 1. Impulsive AV transcription of a low-thrust trajectory, after Sims
and Flanagan®.

3. Optimization Problem

3.1. The Objective Function

In space mission design, the problem of low-thrust
trajectory optimization is usually to maximize the final
spacecraft mass (or to minimize the propellant), subject to a
set of constraints [e.g. the state mismatch constraints in Eq.
(2.)]. In the context of global optimization (GO), we use a
penalty function approach to include the constraints in the
objective function. This transforms a nonlinear constrained
problem into an unconstrained optimization problem, allowing
the GO-algorithms to work on a single objective function.
The objective function, J (to be minimized), is written as a
sum of the impulses and the state mismatches:
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where k. and k, are scaling parameters on the position and
velocity mismatches. The variables in Eq. (3.) are expressed in
canonical units, where the distance unit for the position
mismatches is in AU (astronomical unit); while the velocity
unit for the velocity mismatches and the AV equals to 29.78
km/s (=yu,,/AU, where 1, is the gravitational parameter of
the Sun).
3.2. The Decision Vector

The objective in Eq. (3.) is a function of a set of variables,
known as the decision vector. Under our framework, the
decision vector includes the following:

1) the launch date (at Earth),

2) the launch V., magnitude,

3) thelaunch V direction parameters (known as u, v),

4) the time of flight,

5) the throttle parameters 7 on the AV magnitudes, and

6) the AV direction parameters (known as AV,, AV).

Following the work by 1zzo®, we use sphere point picking”

parameters to represent the direction of a vector. The
parameters u and v, ranges from 0 to 1, are related to V,, by
the following equations:

0=2mu 4)
cosp=2v-1 (5.
V, =V [cosfOsing X + sinfsing y + cosp z]  (6.)

and similarly for the relationship between AV and its direction
parameters AV, and AV,. The sphere point picking parameters
is particularly useful in connection with the implementation of
the global optimizers as it allows the optimizers to select a
uniformly distributed direction when u and v are randomly
chosen within their range [0,1]. The use of u# and v ensures
that the populations initialized at random by the global
optimization algorithms are uniformly distributed in the
physical space. On the other hand, if the angles @ and ¢ are
randomly selected within [0,27] and [0,7] radians respectively,
each direction of the AV would be statistically favoured to be
out-of-plane.

The throttle parameterz, ranges from 0 to 1, relates to the
magnitude of the AV with:

AV=7-AV, (7)

For a problem with N segments, there are N AV vectors and
each AV is represented by three variables (z, AV,, AV,).
Including the other variables, the total number of variables
(dimension of the decision vector) is 3N + 5.

3.3. Global Optimization Algorithms

The algorithms used in our experiments are differential
evolution (DE) and simulated annealing with adaptive
neighbourhood solver (SA-AN).

Differential evolution is a popular algorithm for the
optimization of multidimensional functions belonging to the
class of evolutionary optimizers. The important element that
sets DE apart from other population-based techniques (such as
genetic algorithms) is the mutation mechanism, which is based
on the computation of weighted differences between
population vectors. DE has been proven to be effective in
optimizing chemical spacecraft trajectories, as shown for
instance in Refs. 6,8,9). Our version of DE follows the
standard implementation presented in Storn and Price'”, using
the second strategy with weighting factor F=0.8 and crossover
constant CR=0.8.

Simulated annealing'” is another popular probabilistic
metaheuristic for global optimization problems. The algorithm
is inspired by annealing in metallurgy, a technique which
involves heating and controlled cooling of a material in order
to increase the size of its crystals and reduce their defects. The
heating provides a mechanism to unstuck the atoms from their
initial configuration (i.e., local minima of the internal energy)
and to let them wander randomly through states of higher
energy, while the cooling increases the chances to locate
configurations with energy lower than the initial state. In our
implementation of simulated annealing we adopted the variant
described in Corana et al.'”

For both algorithms, the initial points (or population) for
each run were generated by picking random values for the



components of the decision vector within fixed boundaries.
All variables are bounded between 0 and 1, except for the
launch date, the launch V_, magnitude, and the time of flight
(see Table 1 for their bounds). For each trial we let the
optimizers run for a fixed number (2 millions for N=10, 4
millions for N=20, and 6 millions for N=30) of objective
function evaluations. In the case of SA-AN, we restarted the
annealing process every 10,000 iterations in order to give the
chance to the algorithm to perform a more global search.
3.4. Local Optimization

To test the merit of the solutions found by the two
algorithms, the final decision vectors found by the two

GO-algorithms are used as initial guesses for a local optimizer.

Local optimization can refine the solutions by further reducing
the constraint violations and improve in the value of the
objective function. We solve the local optimization problem
using a direct method (also known as nonlinear programming)
described as follows.

In the global optimization step, for simplicity, we assume
that the spacecraft mass is constant throughout the trajectory.
In the local optimization step, however, mass is propagated
along the trajectory. The spacecraft mass before and after a
AV are related by the rocket equation'”:

mg,, =ny CXP(—AVi/goISP) 8.)

where g, is the standard gravity (9.80665 m/s*) and L, is the
specific impulse of the spacecraft’s thruster.

Unlike the objective function used in global optimization
[see Eq. (3.)], the main objective function of the local
optimization is treated separately from the constraints. The
problem here is to maximize the final spacecraft mass

J'zm(t/)zm/ CB]

subject to the constraints on the mismatches on the position,

velocity and mass at the matchpoint to be less than a tolerance.

We use the software package SNOPT' to solve the
constrained nonlinear optimization problem. SNOPT
implements sequential quadratic programming (SQP) to find a
locally optimal solution to the problem. We can specify some
parameters for SNOPT which determines when to end an
optimization run. In our experiment, we set the major
iteration limit (i.e., maximum number of major iterations) to
be 500, the major feasibility tolerance to be 10°, and the
major optimality tolerance to be 10™. The major feasibility
tolerance specifies how tightly the constraints should be
satisfied, while the major optimality tolerance specifies
closeness to the optimality conditions. For a detailed
explanation of these parameters, please see Ref. 15). We
note that the framework we present here is similar to that of
the trajectory design tools MALTO'® (developed by the Jet
Propulsion Laboratory) and GALLOP'”'"® (developed by
Purdue University).

4. Earth-Mars Rendezvous Example

In this section, we demonstrate with an example an
automated, end-to-end preliminary trajectory design process

described in section 3.
4.1. Mission Parameters

We consider an Earth-Mars rendezvous mission described
in Table 1. The spacecraft is assumed to have a thruster with
a constant maximum thrust and a constant specific impulse.
By rendezvous, we mean that the heliocentric position and
velocity of the spacecraft matches with that of the target (i.e.,
Mars). This rendezvous terminal condition is satisfied by
construction under the Sims and Flanagan model (see Fig. 1).
In our experiment, we set the scaling parameters of the state
mismatch constraints [see Eq. (3.)], &. and £,, to 1000 in order
to penalize heavily infeasible trajectories.

Table 1. Parameters of an Earth-Mars rendezvous mission.

Parameters Values
Initial mass of the spacecraft 1500 kg
Spacecraft thrust <0.135N
Spacecraft specific impulse 3000 s
Maximum time of flight 1000 days
Launch date Jan. 1, 2015 to Jan. 1, 2025
Launch V. <3.0 km/s

4.2. Results

We first present the results found by the two global
optimizers (DE and SA-AN). Each algorithm generates 100
independent trajectories and evolved for a fixed number of
function evaluations stated in section 3.3. Figure 2 shows an
example of how the value of objective function (J) changes
with the number of function evaluations in differential
evolution. Each line represents a single run initialized with
random seed values (100 in total).

Value of the Objective Function (J)
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Fig. 2. Evolution of the value of the objective function during the
optimization runs (algorithm: differential evolution, N = 10).

Table 2 summarizes the results found by the global
optimization algorithms for trajectories with 10, 20, and 30
segments, showing the best and the worst solution (in terms of
J) returned, together with the mean and the standard deviation
(S.D.) of all the runs. On average, the performance of
differential evolution is quite stable as the mean value does
not change with the number of segments (N), while simulated
annealing only perform better for small N. However we also
note that for every N, the best cases found by SA-AN are
better than those found by DE. At the same time, the worst
cases found by SA-AN are much worse than those found by



DE. Figure 3 shows the values of the objective function and
the launch epochs of the 100 trajectories found by DE and
SA-AN on the 10-segment case. We note that many “good”
solutions found by SA-AN which have low objective values J,
but there are also solutions with high values of J, which
explains why the standard deviation is high and implies that J
is more “scattered” than those found by DE.

Figure 4 plots the flight time and the launch epoch of the
solutions at the end of the optimization run. It is worth noting
that solutions found by the two algorithms cover different
regions of the design space. The global algorithms also find
solutions with repeating patterns on the launch epoch defined
roughly by the Earth-Mars synodic period (similar to the case
of chemical trajectories), without any prior guidance from the
user.

Table 2. Value of the objective function, J (the lower the better), at the
end of the global optimization run (100 trajectories on each case).

Algorithms Best Worst Mean S.D.
DE, N=10 0.191 42.5 12.8 9.9
SA-AN, N=10 0.042 55.9 6.58 13.7
DE, N=20 0.149 394 12.5 9.9
SA-AN, N=20 0.104 113.5 222 22.5
DE, N=30 0.170 45.8 12.7 10.2
SA-AN, N=30 0.134 361.9 29.1 40.3
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Fig. 3. Global optimization results for an Earth-Mars rendezvous mission
(N=10) after 2 million function evaluations (number of trajectories = 100).
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Fig. 4. Global optimization results for an Earth-Mars rendezvous mission
(N=10) after 2 million function evaluations (number of trajectories = 100).

400

As a second step, solutions found by DE and SA-AN are
submitted as initial guesses for local optimization (to
maximize the final mass) and the results are summarized in
Table 3. The best trajectory found by differential evolution on
the 30-segment case is plotted on Fig. 5. The spacecraft leaves
the Earth with a V., of 3 km/s (the upper bound) and
rendezvous with Mars in 974 days. On the plot, a black dot
represents the midpoint of a segment and a red line represents
the AV magnitude and its direction. Thrusting and Coasting
segments can be distinguished by whether a black dot contains
a red line or not. We note that the trajectory shown in Fig. 5 is
almost ballistic except for the final rendezvous phase.

Table 3. Final mass in kg (the higher the better) after local optimization.
Algorithms Best Worst Mean S.D. Conver-
gence
rate
DE, N=10 1372.3 1319.3 1361.8 14.2 98 %
SA-AN, N=10 1372.3 1236.5 13554 20.1 100 %
DE, N=20 1372.1 1309.5 1363.6 13.1 100 %
SA-AN, N=20 1372.1 1218.2 1354.8 27.4 93 %
DE, N=30 1372.1 1318.4 1361.6 12.9 100 %
SA-AN, N=30 1372.1 1236.3 1356.7 23.0 90 %
Random, N=10 1372.3 1183.8 1324.1 55.2 63 %
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Fig. 5. “Best” trajectory (N=30) found by differential evolution (DE) and
later optimized by SNOPT, final mass = 1372.1 kg.
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Fig. 6. “Worst” trajectory (N=30) found by simulated annealing (SA-AN)
and later optimized by SNOPT, final mass = 1236.3 kg.



The results found by the local optimization (shown in Table
3) are consistent to those found by the global optimizers
(shown in Table 2). Differential evolution has a more stable
performance than simulated annealing in terms of the mean
values, convergence rate, and the worst cases. Even though
the “worst” solution found by SA-AN has a low final mass
value, it is worth noting from the astrodynamics point of view
that this solution belongs to a different family of trajectories
from the “best” case. For example, for the 30-segment case,
the “worst” trajectory found by SA-AN is plotted on Fig. 6.
The spacecraft leaves the Earth with a zero V., and therefore it
requires more thrusting (AV) to increase its orbital energy to
reach Mars.

In our test cases, the GO-algorithms are able to provide
good initial guesses to the local optimizer, SNOPT. As
shown in Table 3, the convergence rate for SA-AN is at least
90% and for DE is at least 98%, which is a lot higher than the
convergence rate of using random initial guesses (63%). We
also note from Table 4 that DE requires fewer number of
major iterations in SNOPT (on average) than SA-AN (and
random initial guesses), meaning that computational time is
shorter for DE to complete the optimization run.

Table 4. Number of major iterations required in SNOPT (see section 3.4
for its stopping criteria).

Algorithms Mean S.D.
DE, N=10 172 137
SA-AN, N=10 189 159
DE, N=20 193 122
SA-AN, N=20 267 202
DE, N=30 180 117
SA-AN, N=30 253 159
Random, N=10 292 188

4.3. Discussion

We make the following observations and comments based

on the research we have done.

1) In our setup, the two GO-algorithms are able to find
many feasible trajectories, which provide good initial
guesses for SNOPT. However, most solutions found by
the GO do not have the “bang-bang” control structure
on the AV, which we expect a locally optimal solution
should have. One potential solution to this problem is
to assume an “on/off” profile on the AV and use the
switch-on/off times as decision variables'®. Another
possible solution is to employ a “global-local” hybrid
approach similar to the work by Vavrina and Howell.'”

2) An “optimal” choice of the scaling parameters on the
state mismatch constraints [see Eq. (3.)], &, and £k, is
still yet unknown. In principle, the higher these scaling
parameters, the more the optimizer would focus on the
constraints and ignore the main objective. More
research has to been done to study on how does %, and
k, affect the feasibility and optimality of the solution
found by global optimization.

3) The two GO-algorithms studied in this paper seem to
be able to explore different regions of the design space

(see Fig. 4 for an example). From our experiment, each
algorithm has its own strength and weakness: DE is
more reliable overall since it finds more good solutions
but few of them are “the best”; SA-AN finds the best
solutions but at the same time it also finds many bad
(and the worst) solutions.

4) A future research topic that can make use of the
strength of DE and SA-AN (and other GO-algorithms)
is to implement an “island model”*” which allows for
migration and exchange of information between
algorithms.

5. Conclusions

A new framework for global optimization of low-thrust
trajectories that makes use of the impulsive delta-V
transcription model is presented. We apply two global
optimization algorithms, differential evolution and simulated
annealing with adaptive neighbourhood, to solve an
Earth-Mars rendezvous example problem. Solutions found by
the global optimizers are used as starting guesses for local
optimization. Test cases reveal that the two algorithms are
able to produce good initial guesses for their high convergence
rates in the local optimizer. Our work suggests a promising
direction of research in automated trajectory design.
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