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Abstract
It is shown that a recently found generalization of coordinate transformations allows a geometric
interpretation of many indefinite media, including perfect lenses made therefrom.We show that the
perfect lens proposed by Smith and Schurig consists in a combination of time reversal and space
inversion and derive alternative designs of perfect lenses made from two slabs of indefinite materials.

1. Introduction

Negative refractive index materials [1, 2] and their application to perfect lenses [3] attracted consider-
able interest in the recent years. The theoretical understanding of negative refraction profits a lot from the
coordinate transformation approach as introduced by Pendry and Leonhardt [4, 5]. Within this picture
negative refraction can be understood as space inversion [6, 7] or as time reversal inside the material.
More recently, negative refraction was studied for indefinite media [8, 9], i.e. materials where the eigen-
values of ε and µ do not all have the same sign. Though the question of perfect lenses is addressed therein
a clear and simple strategy of their design seems to be missing. This is related to the fact that indefinite
materials cannot be understood by the coordinate transformations of Refs. [4, 5, 6]. Here we show how
a recently found extension [10] of these transformations can overcome this restriction and how this pro-
vides an intuitive geometric picture of perfect lenses made from indefinite materials. We re-interpret the
perfect lens as proposed in Ref. [8] in this framework and also provide examples of new designs.

2. A coordinate transformation approach to indefinite materials

In the coordinate transformation approach one introduces a mapping from laboratory space xµ with
metric gµν to electromagnetic space x̄µ, ḡµν , which describes the behavior of the electromagnetic fields.
In media establishing this situation permittivity and permeability are equal and proportional to the spatial
part of the metric [6]: µij = εij ∝ γij . As the space metric by definition has three positive eigenvalues,
indefinite media are not accessible with this approach. This concept can be generalized by realizing that
the two sets of Maxwell’s equations

∇iB
i = 0 , ∇0B

i + εijk∂jEk = 0 , and ∇iD
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have mutually excluding field content and do not depend explicitly on the media properties. Thus,
two different transformations applied to the two sets still establish a symmetry of Maxwell’s equations
(though not of the constitutive relation) and can be used to design in a geometrically intuitive and straight-
forward way new materials. Assigning barred and double barred variables to the two transformations,
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the most general permittivity and permeability tensors of this class of media may be written as
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Here, s̄ and ¯̄s denote the signs due to change of orientation in the mappings xµ → x̄µ and xµ → ¯̄xµ, resp.
The following facts about this result that are important: Up to an overall factor the permeability is the
transposed of the permittivity, thus it is always possible to diagonalize both matrices simultaneously; the
relative sign between the eigenvalues of ε and µ is not fixed thanks to the sign ¯̄s appearing in the equation
for µ, which allows to describe media exhibiting evanescent waves; g

¯̄ij̄ is not a metric and no restrictions
on the signs of its eigenvalues exist, which allows to design indefinite materials. The different possible
permittivies can be grouped according to the signs of the eigenvalues as (+,+,+), (−,−,−), (+,+,−)
and (−,−, +). Within this approach each of these four groups splits into two subgroups, depending on
the relative sign of the eigenvalues of the permeability tensor compared to the permittivity. This leads
exactly to the eight types of materials as they were presented in Figure 2 of Ref. [8].

3. Perfect lenses from indefinite materials

Let us assume the perfect lens of Ref. [3] as an infinite slab in the x-y plane with thickness D in the z
direction. Within the approach of Ref. [6] the lens then can be understood either as a space inversion
z̄ = −z/α or as a time reversal t̄ = −t/α inside the slab. A source at a distance F < αD from left
surface of the slab is perfectly mapped onto the point at distance αD − F from the right surface of the
slab and for α = 1 the two prescriptions are physically equivalent.

As there exist two different coordinate transformations that establish a perfect lens the question arises,
whether one can build a perfect lens by considering in (2) one mapping as a space inversion, but the
other one as time reversal. Thus we assume inside the slab z̄ = −z/α and ¯̄t = −t/β while all other
coordinates map trivially, i.e. inside the slab ~E and ~B travel backwards in space, while ~D and ~H travel
backwards in time. From the geometric picture as well as from the ensuing constitutive relations with

εij = diag(1, 1,−1/α) , µij = diag(α/β, α/β,−1/β) , (4)

it is immediately seen that this does not yield a perfect lens, since the transformation connecting space
inversion with time reversal represents—independently of α and β—a non-trivial transformation when
applied to one pair of the fields, only. Thus we need a second slab of thickness d which exactly establishes
this additional mapping. One coordinate transformation can be assumed to be trivial therein, e.g. ¯̄xµ =
xµ. The other one, x̄µ(x), then is a combination of time reversal and space inversion with (T and Z are
unimportant additive constants)

t̄ = −γt + T = − d

D(β + 1)− d
t + T , z̄ = −δz = −D(β + 1)− d

d + D(α− β)
z + Z , (5)

realized by a material with

εij = diag(−γ,−γ, γδ) , µij = diag(−1/δ,−1/δ, 1) . (6)

This is exactly the type of perfect lens as it has been suggested in Ref. [8]. If a source at distance F from
the slab shall be imaged the constraint d < βD − F has to be met.

Of course there exist many other ways to establish perfect lenses. Here we want to mention the two
possibilities as illustrated in Figure 1: again two slabs of material are assumed, in one of them exclusively
~E and ~B transform, in the other one ~D and ~H . As in the standard perfect lens there exist two realizations,
space inversion and time reversal. In the case of space inversion we assume for the first slab

z̄ = −αz , ¯̄z = z ⇒ εij
1 = diag(−1,−1, α) , µij

1 = diag(1/α, 1/α,−1) , (7)



Fig. 1: Perfect lens made from two slabs of indefinite material. Left the coordinate transformation, right
the imaging of a point source; the blue lines refer to the coordinates x̄µ, the green ones to ¯̄xµ.

which establishes for the second slab with β = (D(α + 1)− d)/d

z̄ = z , ¯̄z = −βz ⇒ εij
2 = diag(1/β, 1/β,−1) µij

2 = diag(−1,−1, β) . (8)

Similarly, a lens based on time reversal uses the mapping t̄ = −αt, requiring ¯̄t = −βt in the second
slab, which is realized by

εij
1 = α · 13×3 , µij

1 = −13×3 ; εij
2 = −13×3 , µij

2 = β · 13×3 . (9)

4. Conclusion

We presented the application of a generalized formalism of coordinate transformations to indefinite me-
dia and in particular to their perfect lenses. We have shown that the eight classes of indefinite media
as presented in Ref. [8] allow a geometric interpretation and that the perfect lens suggested there is a
combination of time reversal and space inversion applied differently to the two sets of fields. Many more
possibilities to create a perfect lens exist, two of them have been presented here. Still, there exist ad-
ditional constraints not discussed in this paper. In particular, impedance matching with the vacuum is
more subtle in the result (3) than in the standard coordinate transformation, which in practice will limit
the usability of many designs. We note that this is related to the fact that the Poynting vector does not
transform covariantly under the transformation (2).
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