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Abstract
This report presents the work done at the Department of Radio Science and Engineering (DRSE),
Helsinki University of Technology (TKK) and the ESA–ESTEC Advanced Concepts Team
(ACT), on the project “Metamaterials for space applications.” The goal of this project is to study
specific examples of recently developed metamaterial-related approaches to cloaking, and espe-
cially, study the potential of these approaches for space applications. The selected approaches
are compared with each other and also to other approaches found from the literature.

The project kick-off meeting was held at ESA–ESTEC in Noordwijk, the Netherlands, on
10.12.2007 and the project officially started on 14.1.2008.

The research topics that are carried out as a collaborative work between DRSE and the
ACT, are mentioned below in the workplan of the project.

Project goals and workplan
The goals of the project are 1) to give an overview of various cloaking approaches, 2) concen-
trate on design principles of two selected techniques, and 3) give detailed description of the
design, benefits, drawbacks and potential for space applications of these selected techniques.

The research items suggested in the original project and accepted by the DRSE research
team together with the ACT during the kick-off meeting are:

1. Coordinate-transforming cloak based on chiral inclusions;

2. cloak based on networks of transmission lines;

3. investigation of the potentials for realization of the cloaks studied in items 1 and 2 in the
optical frequency range;

4. comparison of the two approaches in items 1 and 2 with other approaches for cloak de-
sign;

5. study of fundamental physical limitations of different types of cloaks (mainly the cloak
types studied in items 1 and 2);

6. the ACT will provide some examples of space applications, where the feasibility of the
cloaks studied in items 1 and/or 2 will be investigated;

7. the generalized form of field transformations will be studied, but this research item is
optional, and does not constitute the priority of the study.
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It must be acknowledged that part of the work in item 3 has been conducted by prof. Con-
stantin Simovski (DRSE-TKK) and part of the work in item 7 has been conducted by prof. Igor
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1 Introduction
This Section briefly describes the background and motivation for this project, i.e., the most
relevant literature related to the project and the work done at DRSE before the start of the
project.

1.1 Metamaterials
The project deals with so-called metamaterials, which is a class of artificial materials. Since
the name “metamaterial” is often used for describing very different materials and structures, we
want to clarify what is regarded as a “metamaterial” within this project. Firstly, a metamaterial
is described by the fact that it is artificial (man-made), or, more precisely, the inclusions com-
prising the material are artificial, and that the material exhibits, in a certain frequency range,
electromagnetic properties which are not found in nature [1]. Secondly, within this project we
include also structures composed of two-dimensional or three-dimensional transmission-line
networks into the category of metamaterials [2, 3]. In both cases (a material composed of ei-
ther separate inclusions or transmission-line networks), the period of the microstructure of the
“material” must be considerably smaller than the wavelength at the operating frequency.

1.2 Design of cloaks and invisible structures
The goal of the project is to study various cloaking techniques and approaches, mainly from the
design point of view, and estimate their feasibility in general for space applications. Because the
work of the ACT is concentrated on high operating frequencies, special attention for potential
of high-frequency operation is given to the cloaks discussed in this report. Here, the term “high-
frequency” refers to frequencies up to the visible range.

What is cloaking, or, more precisely, what do we mean by cloaking? At least within this
project, we rely on the following description: cloaking of an object means the reduction of
the total scattering cross section of this object. If we assume that we have a certain volume in
which we can place this object, i.e., a volume inside the “cloaking device”, this object can be
composed of an arbitrary material and can be of any size and shape as long as it fits inside the
specified volume [4, 5]. This requirement basically means that in the volume that is cloaked,
there is zero field.

Also, the concept of invisibility has been closely related to cloaking in the recent literature.
The difference is that invisibility means the reduction of the total scattering cross section of a
specific object. This can be achieved for example by cancelling the induced dipole moments
of the scatterer (object to be made invisible) by another object, in which dipole moments of
the opposite direction are induced [6]. Thus, the combination of these objects scatters very
little, whereas both objects independently scatter strongly. Moreover, the fields need not be
zero inside the “invisible object.” Invisibility can be also understood as cloaking, if the object
to be made invisible consists of, e.g., a perfectly conducting hollow enclosure since inside this
enclosure, there are no fields.

From the design point of view (and even more so from the point of view of realization
possibilities), the various known cloaking/invisibility techniques are very different, thus all of
them have certain benefits and drawbacks. Especially, the design of coordinate-transforming
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cloaks [5] is in principle very simple in terms of finding suitable material properties, but the
design of the material itself is a much more demanding problem, since exotic values of ε and µ
usually require engineered materials. Relaxation of the requirements from the “ideal” cloaking
situation usually makes the design and realization of the required material much easier.

1.3 Literature overview on different cloaking/invisibility techniques
Although in this project we concentrate on cloaking instead of invisibility, we list here the most
important papers published in scientific journals on these both topics. The reader must note
that there is also an increasing amount of literature related to cloaking, but in this Section we
only give the references related to the introduction of the different approaches to cloaking. For
example, the approach of [5] has been further studied and developed in many papers in the
recent years.

Cloaking which is based on creating a volume with zero field in space, was first described
in [4, 5], although mathematically a similar method has been previously presented [7]. The
approach of [4, 5] requires the use of metamaterials with effective relative permittivity (εr)
and/or permeability (µr) less than 1. The first realization of such a coordinate-transforming
cloak, based on the design principle of [5], was presented in [8]. In general, the operation of
these types of cloaks is limited mostly by the strongly dispersive εr and/or µr, resulting in a
very narrow bandwidth where the desired cloaking effect is observable. The structure presented
in [8] operates as a cloak for TE-polarization only, for which the electric field is orthogonal
to the 2-D plane where cloaking is possible. The approach of [8] has been extended for the
TM-polarization in [9].

It must be noted that the cloaking methods discussed in [4] and [5], resp., differ in the way
how the so-called coordinate transformation is conducted, although the main idea is the same.
The approach of [5] is somewhat limited as compared to the approach of [4], but in its basic
form it is more easily applied to real cloaks since it includes impedance matching with the
medium surrounding the cloak. Furthermore, the approach of [4] has been proposed to have a
possibility to include transformation of also time [10]. This extension broadens the possibilities
in the design of cloaking devices but due to the fact that such transformations are even more
complicated than the ones relying just on the transformation of spatial coordinates, they are not
considered in this report. To the best of our knowledge, no concrete proposal of a cloak of this
type has been presented.

Invisibility, the meaning of which was explained in Section 1.2, has been considered in
the literature by many authors during the past few decades, see, e.g., [11, 12, 14]. Recently,
this subject has been broadened such as to include cloaking as well [6, 15, 16]. This extension
can be done simply by creating a scatterer with zero field inside. Then, a material cover is
created around this scatterer in such a way that the induced dipole moments of the scatterer and
the cover are canceled. For example, the scatterer can be a hollow sphere, composed of metal,
since inside this object there is zero field in the ideal case. The problems of utilizing such cloaks
relate to the realization of materials with exotic material parameters, which inherently leads to
strongly dispersive materials.

Also various other materials, devices, or structures that are used to reduce the total scatter-
ing cross section of different types of objects, have been studied in the recent literature. In [17]
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hard surfaces1 are effectively used to reduce the scattering from an antenna strut, but the inher-
ent drawback of this approach is that the operation of the “device” is limited to basically one
incidence angle. For other angles of incoming radiation, the structure is actually expected to
increase the scattering. In [18] the concept of using a so-called superlens, i.e., a slab with εr

and µr being both negative is introduced in order to cancel the scattering from line or dipole
sources located in the near-field of this superlens. Since the methods introduced in [17, 18] are
clearly very different from actual cloaks (again, by cloaking we mean the reduction of an arbi-
trary object’s total scattering cross section), these approaches are not considered in this report
as “cloaks”.

Based on the above discussion, at this point we can identify two different approaches to
obtain cloaking: coordinate transformation and invisibility. These two approaches can be con-
sidered as the main cloaking techniques, based on which many other variations of cloaking de-
vices are designed. In addition, this report deals with another, more recently proposed method
of cloaking. This method is based on the use of so-called transmission-line networks that can
be designed for cloaking of specifically shaped objects [19].

1.4 Rationale of the report
This work mainly focuses on two specific cloaking techniques: the chiral cloak and the transmission-
line approach mentioned above. The chiral cloak, which is based on the use of chiral particles
for creating the needed εr and µr, is an example of the general coordinate-transformation ap-
proach. These two cloaking techniques are studied in detail in Sections 2 and 3, respectively,
with emphasis on design aspects. These two techniques were chosen because of the experi-
ence the DRSE team has of these subjects, and because they both have important benefits with
regards to other cloak designs found in the literature.

The fundamental limitations of various cloaking approaches present important insight on
the applicability of these devices and techniques, especially from the space application point
of view. The fundamental limitations of the chiral and transmission-line cloaks are studied in
Section 4. The three main cloaking methods (coordinate transformation, invisibility, transmis-
sion lines) are compared with each other in Section 5, where also the benefits and drawbacks of
these methods are listed.

Section 6 is focused on a few specific example applications, where the transmission-line
approach to cloaking has been seen to have potential. The development of the coordinate trans-
formation to more general approaches to transform fields are presented in Section 7. These
studies are related to cloaking, but actually they have a much more general meaning and can
find applications for various purposes. Two different generalizations are presented, one derived
by the DRSE research team and one derived by the ACT.

1A hard surface can be defined by the following boundary conditions: Hl = 0, El = 0, where l denotes the
propagation direction along the surface. See more references in [17].
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2 Chiral cloak

2.1 Operation principle and design guidelines
The operation principle of any coordinate-transforming cloak is based on the transformation of
the spatial coordinates of the electromagnetic (EM) space in such a way that a volume in the
physical space (“lab space”) is left with zero field [4, 5]. The transformation of coordinates can
be done in many ways, see Fig. 1 [5]. For cloaking applications, it is preferred to make the
transformation in such a way that the rays of impinging electromagnetic radiation go around a
volume in the lab space. The relation between the two coordinate systems can be thought of as
stretching of the EM space. It is easy to imagine that when the coordinates of the EM space are
“stretched”, there is created a volume which does not contain “space” at all. If a cylinder in the
lab space corresponds to a line in the EM space, we have a cylindrical cloak and if a sphere in
the lab space corresponds to a point in the EM space, we have a spherical cloak, see Fig. 2 [5].

Figure 1: (a) A field line in free space with the background Cartesian coordinate grid shown.
(b) The distorted field line with the background coordinates distorted in the same fashion. The
field in question may be the electric displacement or magnetic induction fields D or B, or the
Poynting vector S, which is equivalent to a ray of light [5].

The recently proposed electromagnetic cloaks based on coordinate-transformation approach
demand very exotic and difficult-to-realize material parameters of cloaking media. In partic-
ular, for dual-polarization operation the relative effective permittivity and permeability must
be equal. The known designs of the radial EM properties utilize either only magnetically-
polarizable particles (split rings)2 [8] or electrically polarizable particles (needles) [9]. This
means that these devices can work only of one of the two orthogonal polarizations. Concep-
tually one can try to mix the two types of the particles together, but this is not a simple—if
at all possible—solution, because the particles will strongly interact with each other, creating
double-resonance response.

We have recently proposed to use particles of only one kind, which, however, give both
electric and magnetic responses [20]. The main advantage of this design is that both electric
and magnetic responses are produced by the same particles, so that the frequency dispersion

2Split rings possess also electric response but only in the plane of the particles.
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Figure 2: A ray-tracing program has been used to calculate ray trajectories in the cloak, assum-
ing that R2 � λ. The rays essentially following the Poynting vector. (a) A two-dimensional
(2D) cross section of rays striking our system, diverted within the annulus of cloaking material
contained within R1 < r < R2 to emerge on the far side undeviated from their original course.
(b) A 3D view of the same process [5].

of both effective material parameters can be tuned to be very similar. The idea of using chiral
particles 3 to realize artificial magneto-dielectrics with equal effective parameters was, to the
best of our knowledge, first proposed in [22] and also described in [1]. Here we discuss how
this approach can be used for cloaking applications.

The “ideal” distributions of relative permittivity and permeability for a cylindrical cloak
read [5, 8]

ερ = µρ =
ρ− a

ρ
, εϕ = µϕ =

ρ

ρ− a
, εz = µz =

(
b

b− a

)2
ρ− a

ρ
, (1)

where a is the cloak internal radius and b is the external radius.
For special cases, depending on the cloak that is needed (polarization of the electromag-

netic wave from which an object needs to be cloaked is limited, etc), these equations can be
simplified, since the dispersion relation inside the cloak remains unaffected if the values of the
products ερµz, εϕµz, µρεz, and µϕεz do not change [9].

Equations (1) were simplified for a cloak operating only for TE-polarization (to reduce
complexity) to [8]

εz =

(
b

b− a

)2

, µρ =

(
ρ− a

ρ

)2

, µϕ = 1, (2)

while for TM-polarization they can be simplified to [9]

µz = 1, εϕ =

(
b

b− a

)2

, ερ =

(
b

b− a

)2 (
ρ− a

ρ

)2

. (3)

3chirality means handedness: an object or a system is called chiral if it differs from its mirror image, and its
mirror image cannot be superposed on the original object.
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For the chiral cloak operating simultaneously for both polarizations, the simplification of (1)
was chosen to be [20]

ερ = µρ =

(
b

b− a

) (
ρ− a

ρ

)2

, εϕ = µϕ = εz = µz =

(
b

b− a

)
. (4)

The distribution (4) is chosen this way in order to obtain simplification of the material pa-
rameters in terms of manufacturing: by choosing the transformation to have radial (i.e., ρ-)
dependence only for the radial part of ε and µ, this material is possible to create with spirals as,
e.g., shown in Fig. 4. The simplification (4) naturally produces material relations that do not
satisfy the ideal boundary conditions for cloaking, i.e., there will be some reflections from the
cloak surface, as will be evident also for materials satisfying (2) or (3). The confirmation of the
cloaking effect using the simplified material parameters (4) was presented in [20] by full-wave
simulations, see Fig. 3.

Figure 3: Full-wave simulated electric field for a plane wave incident on a copper cylinder (left)
and on a cloaked copper cylinder (right) [20]. The outer and inner radii are b = 7.5 cm and
a = 1 cm, respectively. The operational frequency is f = 8 GHz. In this case the diameter of
the cloak is 4 λ.

To design the cloak the necessary characteristics as well as the density of the inclusions
of chiral particles has to be determined. Thereto we can make use of the Clausius-Mossotti
formula valid for sparse mixtures [13]

εr = 1 +
nαe

ε0 − 1
3
nαe

, µr = 1 +
nαm

µ0 − 1
3
nαm

(5)

where αe is the electric and αm is the magnetic polarizability of a single inclusion and n is the
inclusion density. Here we assume that the chirality of the mixture is compensated by using an
equal number of right- and left-handed particles, i.e. the chiral constant becomes zero.

By demanding εr = µr we find that the polarizabilities must satisfy

αe

ε0

=
αm

µ0

(6)
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Figure 4: Geometry of the spiral. The loop with radius R lies in the plane that is orthogonal to
the z-axis of the figure (note that in the described cloak the orientation of the spiral is not the
same as in this figure, the spirals are placed radially in the cloak [20].)

We call such inclusions “optimal spirals". The particular inclusion shape can vary. It can be the
so-called “canonical spiral" which consists of a loop (radius R) connected to the wire of length
l (Fig. 4). Or it can be a usual spiral of one or more turns. Using the known analytical models
of chiral particles [24], the particle shape can be optimized to meet the requirement (6). For the
canonical spiral the condition reads

l = kπR2. (7)

Next, we can provide the desired profile of the permittivity and permeability along ρ by
varying the density of inclusions n. This can be solved from (5):

n = 3ε0<
{

1

αe

}
ερ − 1

ερ + 2
(8)

where ερ is the target value of the permittivity.
Finally, let us discuss the potential advantages and disadvantages of the chiral cloak.

• It works for both polarizations using particles of only one kind.

• The frequency dispersion of both permittivity and permeability is nearly the same (close
to the resonant frequency).

• The optimization of spiral to balance electric and magnetic response also optimizes the
effectiveness of field-particle interactions [25].

• The complicated particle shapes make fabrication more difficult, especially for optical
applications.

• The effect of losses in the inclusions is expected to be similar to that in the known design
based on split rings.
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2.2 Potential for high-frequency operation
Manufacturing chiral cloaks for high-frequency (up to the visible light) is a challenge mainly
due to the complicated and three-dimensional shapes of the inclusions. Two relatively novel
nano-manufacturing techniques can be potentially used to realize such structures: development
of 3D chiral nanoshells from strained films and physical vapour deposition technique (reactive
sputtering).

Physical vapour deposition technique employs oblique angle deposition and controlled sub-
strate motion to form a structure composed of three-dimensional nanometre scaled columns of
designed shape. It allows the fabrication of films with a carefully engineered structure at the
sub-micron scale. The coatings can be deposited by reactive sputtering involving a metallic tar-
get and oxygen + nitrogen as reactive gases. Very recent improvements involve gas pulsing to
cope with the instabilities of the reactive sputtering process. The Reactive Gas Pulsing Process
(RGPP) [23] can be implemented to get various shapes of gradients and compositions through
the thickness (close to 500 nm) of the film. With RGPP technique, gradients through the film
can be adjusted from the substrate/coating interface to the top surface of the coating, i.e. from
oxide to nitride or inversely, and with different profiles.

Figure 5: a) Schematic illustration of the detaching from the substrate and bending of the
strained film; b) Example of Au/Ti nanotube with the length of 10 cm; c) InGaAs/GaAs mul-
titurn (chiral) nanotube; d) InGaAs/GaAs one-turn nanotube; e), f), g) - examples of regular
chiral arrays of metal-semiconductor and semiconductor shell structures.

Alternatively, 3D spiral particles of nano-dimensions can be manufactured using nanoshell
formation from strained films [26–28]. A multilayered thin film containing layers of differ-
ent strains is grown on the substrate and lithographically patterned; being detached from the
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substrate (for instance, by etching of underlying sacrificial layer) the planar thin-film struc-
tures transform into 3D shells under action of internal strains. This method allows fabrication
of a great variety of architectures in the form of precise 3D bent, corrugated, and rolled-up
nanoshells from different materials (dielectrics, metals, semiconductors, and hybrid ones). It is
suitable for mass production of precise elements with local curvature radii from 100 microme-
ters to one nanometer and fully compatible with the IC technology. Variety of possible architec-
tures, precision and scalability to nanosizes, reproducibility make this approach very promising
for mass fabrication of metamaterials. Individual metal and semiconductor nanotubes are shown
on Fig. 5, individual helices with diameters down to 7 nm were demonstrated [26]. To the best
of our knowledge, optical characterization of electromagnetic properties for such nanostruc-
tures has not been reported yet. Therefore, we cannot discuss their potentials for designing
invisibility devices in more detail.
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3 Transmission-line cloak
This section deals with an approach to cloaking based on so-called transmission-line (TL) net-
works as “material” blocks of different shapes, so that inside these networks there are volumes
of space where there is effectively zero field. The difference to the field-transformation cloaks
discussed in Section 2 is that there is no “stretching” of space or time coordinates. The cloaking
effect is simply produced by allowing field propagation only in certain parts of the volume that
is occupied by the TL network, while the wave propagation properties in the TL network are
kept similar to the surrounding medium, which is free space in all of our examples.

The transmission-line network can be formed by a mesh of simple unloaded transmission
lines, connected at each intersection, or the transmission-line network can be loaded by some
bulk reactive elements (capacitors or inductors) at each cell. In the first case of an unloaded
mesh, the structure is dispersion-free, if the filling dielectric does not change its permittivity
in the operation frequency band. This gives a good potential for broad-band operation and for
cloaking from pulses. However, its phase-delay factor is different from that of free space (at
least

√
2 larger for a two-dimensional mesh). This means that there is inevitably some “shadow”

behind the cloak due to a phase mismatch between the wave coming through the cloak and the
wave in free space. In case of the loaded mesh, it is possible to chose the loads so that the phase
constant of the mesh is the same as of free space, eliminating the shadow. This, however, comes
at a cost of frequency dispersion of the effective parameters of the mesh, which means limited
operation bandwidth. In this report we consider the unloaded mesh cloak.

3.1 Operation principle and design guidelines
The operation principles, basic design guidelines, and some specific examples of TL cloaks are
presented in detail in [19, 21, 29–31]. In short, the design concerns two issues: dispersion and
impedance. Dispersion means dependence of the propagation factor of waves along the mesh
of connected transmission lines on the frequency. For the ideal operation of the cloak (simu-
lating free space), dispersion should be the same as for plane waves in free space, that is, the
propagation constant k and the frequency ω are proportional (k = ω/c0, where c0 is the speed
of light). Impedance refers to the ratio between the averaged transverse (to the propagation di-
rection) electric and magnetic fields in free space and in the transmission-line network. Again,
for the ideal operation of the cloak the impedance inside the cloak should not change, providing
reflection-free operation. In free space, the wave impedance is η0 =

√
µ0/ε0 ≈ 377 Ohm.

With unloaded transmission lines it is not possible to design a mesh with the ideal dispersion
(ideal phase velocity). For this reason, for electrically large cloaks there is an additional design
requirement of making sure that the electrical diameter of the cylindrical or spherical cloak
is such that the phase difference between the wave passing through the cloak and the wave
travelling the same distance in free space approximately equals 2πn (n = 1, 2, 3, . . . ) for the
specified frequency range [30, 31].

In the case of an unloaded 2-D network, the phase velocity in the network is [19]

vphase =
c0√
2
, (9)

and in the case of an unloaded 3-D network it is
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vphase =
c0√
3
, (10)

where c0 is the speed of light in vacuum. In both cases the material filling of the transmission
lines is assumed to be vacuum, since filling by some other material will decrease the phase
velocity even more and therefore will increase scattering.

The importance of studying the dispersion is to find out the region of isotropic wave prop-
agation inside the network [19]. Note that in some cases the isotropy of the network is not
required (i.e., when the wave needs to go only along one direction), but for cloaks in the general
sense (cylindrical and spherical cloaks), the propagation inside the network needs to be isotropic
in order to have the cloak operating the same way for all angles of incidence. What restricts the
isotropy, is simply the period of the network [19]. For example, with the period of 8 mm, the
isotropic propagation is obtained for all frequencies below ∼ 4 GHz, where 8 mm≈ λ0/10, see
Fig. 6.

The importance of studying and designing the impedance of the network comes from the
necessity to have the network properly matched with free space, or some other medium sur-
rounding the cloak. As can be seen e.g. from the impedance plots of Fig. 7, the impedance of
the network varies very slowly as a function of the frequency. The optimal impedance of the
network (e.g., 120π Ω for free space matching) can be obtained only at a single frequency point.
Nevertheless, due to the slow variation of the impedance, we can expect to obtain almost perfect
matching with the surrounding medium in a large frequency band [19]. Therefore, for designing
a cloak for a certain frequency region, one must 1) make sure that the network is isotropic in
the whole frequency band (if isotropy is needed), i.e., make sure that the period of the network
is small enough, and, 2) design the TLs of the network so that the optimal impedance matching
is obtained around the center frequency of the needed frequency band.
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Figure 6: Analytically calculated dispersion curves of unloaded and loaded TL networks for
axial and diagonal propagation [19]. The period of the networks is 8 mm.
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Figure 7: Impedance of unloaded and loaded TL networks [19]. Both networks are designed for
the optimal impedance matching with free space (120π Ω ≈ 377 Ω) at the frequency of 1 GHz.
Only axial propagation in the networks is considered. For other directions of propagation, the
impedance is different in the frequencies where the propagation is anisotropic.

3.2 Example cloaks
3.2.1 Electrically small cylindrical cloak

An electrically small cylindrical cloak (with the diameter smaller than the wavelength of the
electromagnetic radiation) was designed and simulated in [29]. The optimal impedance match-
ing with free space was designed to be around 2 GHz, and at that frequency the diameter of the
cylindrically shaped array of metal rods, that is supposed to be cloaked with the TL network
approach, was approximately one third of the wavelength. Significant reduction of the total
scattering cross section of this object in a relatively large frequency band was demonstrated, see
Fig. 8 [29].

Experimental demonstration of this type of cylindrical TL cloak is still do be done, but the
measurement setup at DRSE unfortunately is not capable to conduct measurements at such low
frequencies, as will be discussed in the following subsections. In order to enable the experimen-
tal demonstration of this cloak, it was decided that a new cloak should be designed for operation
above 3 GHz, since already at 3 GHz the available measurement setup is useable.

Following the design principles of [29] and the references therein, we designed a cloak for
operation around the frequency 3 GHz, as shown in Fig. 9. It is possible to distinguish in the
center region of the structure the concealed metallic wires. A square TL network spans within
the gaps left between the wires. The triangular blades surrounding the network and connected
to it are responsible of emitting and capturing the electromagnetic waves. It is possible to
change the length of those blades by increasing its width. As compared to the cloak in [29], we
have basically just scaled the dimensions down to increase the operation frequency, see Table 1
in [31] for details. The designed cloak was modelled with Ansoft HFSS full-wave commercial
electromagnetic simulation software. Since the problem at hand is inherently a 2-D-problem,
we can simplify the simulation model by taking only one period of the cylindrical cloak and
assigning PEC (perfect electric conductor) boundaries in the xy-planes for modelling of the
infinite periodic structure. Note that the electric field is always parallel to the z-axis in this case.
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Figure 8: (a) Ratio of the HFSS-simulated total SCS of cloaked and uncloaked reference objects
as a function of the frequency. (b) Ratio of the HFSS-simulated total SCS of cloaked and
uncloaked reference objects at the frequency 2 GHz, as a function of the incidence angle of the
illuminating plane wave [29].

Figure 9: HFSS-model of the simulated TL-cloak (with an array of metallic rods, that we want
to cloak, inside) having diameter about one third of the wavelength at the center frequency of
operation.

The reference object, i.e., the object that we want to cloak or reduce scattering from, is in
this case a cylindrical array of PEC rods parallel to the z-axis (see Fig. 9). We simulate the
model and calculate the scattering to all angles φ from the solution and compare this scattering
data to another simulation model which encompasses only the reference object. To see how
good the obtained “cloaking” is, we calculate the total scattering cross sections from both sim-
ulation models and look at their ratio as a function of the frequency. See Fig. 10 for the result,
demonstrating the large bandwidth where the cloaked scatterer scatters less than the uncloaked
scatterer (i.e., the ratio of the total SCS is below 1) [31]. In fact, the bandwidth is so large that
the band where the SCS-ratio is below 1, is not visible due to the finite number of frequency
points that were simulated. See [31] for a more detailed discussion of the results.
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Figure 10: Ratios of the HFSS-simulated total SCS of cloaked and uncloaked reference ob-
jects as a function of the frequency [31]. Cloak no. 1: electrically small cloak. Cloak no. 2:
electrically large cloak.

3.2.2 Electrically large cylindrical cloak

An electrically large cylindrical cloak, with the diameter larger than the wavelength of the
electromagnetic radiation, was designed and simulated in [30]. Based on those full-wave sim-
ulations, the most significant reduction of the reference object’s total scattering cross section
was obtained around 3 GHz, and at that frequency, the diameter of the cylindrically shaped
array of metal rods (that is supposed to be cloaked with the periodic array of TL networks) was
approximately four wavelengths. Improved reduction of the total scattering cross section of this
object, at the design frequency of 3 GHz, is now demonstrated, see Fig. 10. This improvement
is obtained simply by tuning the network impedance of the previous design [30]. See [30, 31]
for a more detailed discussion of the design and the results.

3.2.3 Experimental demonstration

An experimental demonstration of “cloaking” with the proposed transmission-line approach
has been developed within the project. In this case the studied 2-D cloak has a square shape for
simplicity and the measurements are conducted in a measurement cell (waveguide) that allows
us to effectively measure the situation of an infinitely periodic structure with just one period of
the structure inside the waveguide (basically the same idea as in [8]).

The results presented in [32] demonstrate that the network impedance can be matched with
free space in a real-life scenario with real transmission lines and manufacturing non-idealities,
etc. The field emitted by a line source is coupled into the network and the field travels through
the TL-network, that encompasses an array of metallic rods, coming out on the other side of
the network. When the same measurement is conducted without the network in place (i.e., only
the array of metallic objects is illuminated), the fields are seen to strongly scatter from the front
edge of the array. This is obvious since the period of the array of rods is about one sixth of
the wavelength (an electrically dense array of metallic objects is basically impenetrable to the
impinging electromagnetic field, see, e.g., Fig. 12 in [19]). See Fig. 11 for the measured electric
field snapshots [32]. The description of the measurement setup along with the other obtained
results are presented in more detail in [32].
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(a)

(b)

(c)

Figure 11: Color online. Snapshots of the measured time-harmonic electric field distributions
at 5.85 GHz. The source is placed at x = 250 mm, y = 50 mm. (a) empty waveguide, (b)
reference object inside the waveguide, (c) reference object and the transmission-line network
inside the waveguide. The “transition layer” connected to the network is not shown in (c) for
clarity [32].

3.3 Potential for high-frequency operation
For the frequency range f < 100 . . . 300 GHz subwavelength (cross section smaller than
quarter-wavelength) waveguides with low losses and comparatively small dispersion represents
nothing exotic. This can be for example a microstrip or even a two-wire line.



22

For higher frequencies subwavelength waveguides are exotic. The following reasons can
be identified:

• Since the wavelength is short, the transmission line becomes optically long (that leads to
more strong attenuation and signal distortion than for an optically short line with a given
loss per unit length and given dispersion).

• The metal wires or strips become lossy due to plasmon oscillations excited in them.

• Known dielectric waveguides (e.g. integrated waveguides, coated and non-coated rods,
structured or non-structured fibers) are not subwavelength at THz frequencies (0.5-3 THz)
and moreover at optical (from far infrared to visible) frequencies. This is so because low-
loss dielectrics have moderate permittivity that does not shorten the wavelength enough
to concentrate the guided mode field in a subwavelength cross section.

The study of the huge literature devoted to THz, far IR, mid-IR, near IR waveguides and
waveguides for visible light shows that before the spurt of metamaterials in the XXI century
no researcher considered the subwavelength concentration of the field in a waveguide as an
objective [33–36]. The problem of the miniaturization of optical waveguides up to the sub-
wavelength level has been recently considered of importance since new optical applications
(nanochips, nanofilters, nanoimaging devices) were indicated in papers [40–42].

At microwaves only hollow metal waveguides and dielectric rod waveguides operate with
wave beams. In the THz and optical ranges majority of known transmission lines guide wave
beams. A subwavelength THz microstrip (Goubau) lines (effective transversal size 0.2 . . . 0.3λ)
even with expensive sapphire or hollowed quartz substrates have strong ohmic losses and the
propagation in them is practically possible only to the distance of the order of a few mm [39].
The same concerns coplanar THz lines [38]. In [37] low-loss flexible and subwavelength (due
to high permittivity of the plastic core) THz fibers were reported but their frequency band is
essentially restricted by 300 − 500 GHz where the dielectric losses start to grow fast versus
frequency from the 0.5 THz threshold.

At optical frequencies the situation is even worse, because in addition to high losses two
other main issues take place : stronger dispersion and narrower frequency band. In the visi-
ble range the best known result for subwavelength waveguides is the signal transmission to the
distance of the order of 100 λ obtained using nanochains of silver colloids. The mechanism
of the subwavelength propagation of light is the electrostatic coupling between localized plas-
mons [43]. In fact, after publication of seminal works [40–42] subwavelength optical waveg-
uides have been created only for the visible range at the price of rather high losses, strong
dispersion and narrow frequency band of guided waves [43]. The worst situation corresponds
to the far IR (3-10 THz) where the halcogenide glass becomes opaque (at 10 THz from higher
frequencies) and quartz becomes lossy (at 3 THz from lower frequencies). Only diamond, beril-
lium and sapphire can serve as the substrate of a microstrip or a coplanar line. Simultaneously
ohmic losses in metals strongly grow as compared to the THz range. The literature data on
subwavelength waveguides is not available for this range. Theoretically such waveguides as
microstrip or coplanar lines are still possible here, but they will be expensive and their max-
imal length hardly will exceed 50-100 λ. For mid- and near-infrared ranges subwavelength
waveguides can be probably obtained with the same attenuation as their analogues in the visible
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range if one uses special halcogenide glass, diamond, sapphire or quartz as the matrix. For
these frequency ranges one should use surface plasmons instead of localized plasmons, and,
respectively, a structure with several parallel metal nanowires [44] instead of a chain of metal
nanoparticles [42].

For instance, a low-loss and weakly dispersive THz or optical transmission line guiding the
light to the distance exceeding 1 . . . 2 cm should present a cross section not smaller than λ/2 (λ
is the wavelength in the surrounding medium). Otherwise, the length of the waveguide should
be restricted by a few mm for the THz range, by one-two hundreds µm for the IR range and by
several tens µm for the visible. In principle, one can find exotic ways to overcome these limits
(the use of active elements, etc.) but we do not consider here these prospectives. In this section
we have mainly focussed on the commonly recognized and broadly cited literature data.
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4 Fundamental limitations of selected cloaking techniques
In this section we list the most important fundamental limitations of two different cloaking
techniques: the coordinate transformation approach and the transmission-line approach.

It must be noted that the following limitations apply as such for passive cloaks, i.e., we
assume that the cloak structures or materials are composed of only passive inclusions. If we
allowed sources to be placed inside these materials, the fundamental limitations regarding, e.g.,
dispersion, would not apply anymore [45]. Although the introduction of sources would allow
more efficient cloaks, e.g., in terms of bandwidth, the realization of such active metamaterials
is not considered to be feasible with the current technology. Introduction of sources would also
bring completely new problems in the design of cloaks, e.g., the inherent problem of stability
related to metamaterials with active circuits [46].

4.1 Coordinate-transforming cloaks
4.1.1 Energy propagation

The goal of the coordinate-transforming cloaks as proposed e.g. in [4, 5, 20], is that the elec-
tromagnetic fields surrounding the cylindrical or spherical cloak are guided around the cloaked
region in such a way that the phase front in front and behind the cloak are not disturbed by the
cloak. When cloaking from waves in free space, this type of cloaking naturally requires that
the phase velocity inside the cloak exceeds the velocity of the same wave in free space. This
requirement can be achieved with, e.g., certain types of (meta)materials composed of resonant
inclusions [8].

The main problem is that in any real-life situation, where we can never expect to work
at a single frequency point, the waves that need to be guided inside the cloak carry some en-
ergy [47]. The energy velocity (group velocity) cannot exceed the speed of light in any passive
material. If the cloak is meant to operate in a very narrow frequency band (as, e.g., in [8]), this
non-ideality of group velocity will probably not deteriorate the cloak operation dramatically.
When a larger operation bandwidth is required, the scattering is not solely defined anymore by
the scattering of a time-harmonic wave. Instead, the energy pulse that hits the cloak will be
distorted. Additionally, it is well known that not only the energy velocity is smaller than the
speed of light, but it decreases as the phase velocity increases. This means that close to the
inner boundary of the cylindrical or spherical cloak, the group velocity will approach zero as
the phase velocity approaches infinity [48, 49]. See Fig. 12 for a snapshot of ray propagation
inside a field-transformation cloak when rays going through the outer region of the cloak have
already passed the cloak, while the rays going through the inner part are delayed [49].

The problem of energy propagation in any passive coordinate-transformation cloak is criti-
cal for real-life application. In practice this means that verification of scattering from designed
cloaks cannot be understood only based on, e.g., simulations conducted in the frequency do-
main and that the operation of the cloak will much depend on the shape of the energy pulse that
hits the cloak.
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Figure 12: Ray tracing for beams entering the cloak at different points along the x-axis [49].

4.1.2 Dispersion and bandwidth

It is obvious that any field-transformation cloak will require (meta)materials having exotic ma-
terial parameters, such as εr < 1 and/or µr < 1. The realization of this kind of material
parameters with passive materials is possible only while allowing strong dispersion [1]. Thus,
the bandwidth of operation for any field-transformation cloak (bandwidth where the total scat-
tering cross section can be significantly reduced) will be mostly limited by the dispersion of the
material parameters. In [48] the bandwidths of two different cloaks were compared. One cloak
was designed for single-frequency operation and the other for a finite bandwidth. Results indi-
cate a relative bandwidth of operation, where the total scattering cross section of a PEC cylinder
was reduced with the cloak, of a few percents in the best case. Furthermore, this result does
not take into account the effect of the non-ideal energy propagation velocity, as discussed in the
previous subsection. See Fig. 13 for the simulated total scattering cross sections, normalized to
the scattering of a bare PEC cylinder [48].

4.1.3 Losses

Losses will be present in any concrete cloak, especially if resonant inclusions are needed. This
fact arouses a fundamental limitation since an ideal cloak would need a lossless material. Also,
losses impose another problem, related to the design of the metamaterial cloak: in order to
obtain impedance matching, with free space for example, the material parameters at the outer
surface of the cloak, i.e., at the interface with free space, must satisfy for a cylindrical cloak

ερ =
1

εϕ

, (11)

µρ =
1

µϕ

, (12)
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Figure 13: Total scattering cross sections of a PEC cylinder (squares), and two coordinate-
transforming cloaks (circles and triangles), all normalized to the total scattering cross section
of the PEC cylinder [48].

while a spherical cloak requires

ερ =
1

εϕ

=
1

εθ

, (13)

µρ =
1

µϕ

=
1

µθ

, (14)

where the subscripts ρ, ϕ, and θ mark the radial and angular components of the relative material
parameters.

Looking at the previous equations, one can easily notice that the existence of losses makes
perfect impedance matching impossible with passive materials (if, e.g., ερ is lossy, εϕ must be
“active”).

4.1.4 Cloaking of electrically large bulky objects

This limitation does not apply to this cloaking approach, since the cloak can hide a complete
volume such as a cylinder or a sphere.

4.1.5 Operation at very high frequencies

This limitation does not apply to this cloaking approach. There is no fundamental limitation on
the operation frequency.

4.2 Transmission-line cloak
As the main operation principle of the transmission-line cloak is to transport waves inside a net-
work of transmission lines, leaving the space between adjacent TLs “undetected” (see Section 3
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for more details), the fundamental limitations are not so severe as e.g. with the field transform-
ing cloaks. This is simply because there is no need to create “materials” with wave propagation
velocities exceeding the speed of light in vacuum.

4.2.1 Energy propagation

This limitation does not apply to this cloaking approach, since a cloak can be made using
networks of unloaded transmission lines. In this case the group (energy) velocity is equal to the
phase velocity [19]. If the ideal phase velocity is required, the energy propagation velocity will
be different than the phase velocity and the cloak will be more dispersive [19]. As discussed in
Section 3, this ideal phase velocity can be achieved by capacitive and inductive loading.

4.2.2 Dispersion and bandwidth

As discussed in [19] and in Section 3, the use of unloaded transmission-line networks has an
inherent drawback when cloaking objects placed in free space: the phase velocity of the wave
inside the network is slightly slower than the speed of light in vacuum. This problem can
be overcome by periodically loading the network by, e.g., capacitors and inductors, but this
solution strongly restricts the bandwidth of operation in terms of both dispersion and impedance
and makes the energy propagation velocity different from the phase velocity [19]. That is why
the most significant benefits from using the transmission-line approach (i.e., simple structure,
large bandwidths) are obtained only by employing the unloaded TL networks. As has been
observed in Section 3, the limitations regarding the phase velocity are actually not a severe
problem since very efficient cloaking can be obtained even with unloaded TL-network cloaks.

4.2.3 Losses

Losses will be present in any concrete cloak. This fact arouses a fundamental limitation since an
ideal cloak should be lossless. In the case of the TL-cloak, the losses are due to ohmic losses in
metal, which are known to be very moderate at low frequencies (approximately up to 300 GHz,
see Section 3.3).

4.2.4 Cloaking of electrically large bulky objects

The first limitation of a TL cloak concerns the impossibility of wrapping a continuous object,
as it was pointed out in previous sections. However, it is possible to consider the object as if it
were composed of discrete parts, while keeping the same effective cross-section. The size of the
discrete parts can not be freely chosen. It should be smaller than the period of the TL network
in order to guarantee isotropic wave propagation [19].

The limitation set to the cloaked object’s inclusions is somewhat misleading, since the ad-
jacent inclusions can be connected (physically, electrically, etc.), which means that the cloaked
object can actually be a two- or three-dimensional mesh, see Fig. 14.
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Figure 14: An example of a three-dimensional mesh (2 × 2 × 2 unit cells) that can be cloaked
with a 2-D or a 3-D TL-network.

4.2.5 Operation at very high frequencies

The principle of operation of any transmission-line cloak is the coupling of waves from a homo-
geneous medium surrounding the cloak inside a TL network. It is well known that trasmnission
lines operating at very high frequencies and satisfying all the aforementioned conditions do not
exist. The limitations of the high-frequency operation were thoroughly discussed in Section 3.3.
There we conclude that approximately below 300 GHz there are no fundamental problems in
realization of transmission lines. In contrast, above that frequency the transmission lines are
either too large (not subwavelength) or too lossy and dispersive.
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5 Comparison of different cloaking techniques and approaches
In this Section we go through the most important cloaking techniques and try to summarize
their benefits and drawbacks. Here we restrict ourselves to consider only passive structures
and materials. Some cloaking techniques are left out from this comparison because of their
limitations as compared to the techniques studied here (for example, the structure proposed
in [18] can cloak only dipole scatterers and the structure proposed in [17] works only for a fixed
angle of incidence).

In Table 1 we have summarized some main properties of the following cloaking techniques:
1) coordinate transformations, 2) transmission-line networks, and 3) invisibility. Invisibility is
here considered as making a perfectly conducting (hollow) cylinder or a sphere invisible by
covering it with a material that cancels the dipole moments induced in this conducting “shell”.
Also, it must be noted that here we do not consider the chiral cloak (see Section 2) separately
from other coordinate-transforming cloaks, since its benefits and drawbacks are naturally simi-
lar to other cloaks based on the same principle. Basically, the only difference of the chiral cloak
as compared to other coordinate-transforming cloaks presented in the literature is that it works
for both polarizations simultaneously.

Table 1: C
omparison of different 2-D cloaking methods

Cloaking method Coordinate transf. TL networks Invisibility
Cloak geometry (2D) annular (arbitrary in theory) arbitrary annular (in known designs)
Principle of operation anisotropy fields inside TLs cancellation of dipole moments

Theoretical (TE) YES YES YES
Theoretical (TM) YES YES YES

Theoretical (TE&TM) YES (chiral cloak) YES YES
Realization (TE) YES YES NO
Realization (TM) NO NO NO

Realization (TE&TM) NO NO NO
Material req. (TE) µr < 1 (anisotropic) metal εr < 1 and/or µr < 1
Material req. (TM) εr < 1 (anisotropic) metal εr < 1 and/or µr < 1

Bandwidth very small very wide average
Energy velocity vgroup 6= vphase vgroup = vphase vgroup 6= vphase

Structure inhomogeneous homogeneous homogeneous
Manufacturing difficult easy difficult

Cloaked volume continuous 2-D/3-D-mesh continuous
extension to 3-D possible but difficult possible but increases scattering inherent

It is rather factitious to fully compare the different cloaking techniques, since they are so
different that all of them are superior as compared to the others at least in some aspects. As
a very obvious example, the TL-method cannot cloak homogeneous, bulky objects, but the
other two methods can. Therefore, in order to have an objective comparison between different
cloaking methods, the comparison should start by defining the problem. After knowing the
problem, it will be quite simple to choose the “best” cloak for the specific problem at hand, for
example using the data in Table 1.

Nevertheless, we will next give a more detailed description of the benefits and drawbacks
of each cloaking technique, in more detail than in Table 1.

5.1 Coordinate transformation cloaks
Benefits
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- Offers a very logical and “intuitive” form of cloaking: a volume in space is defined in
such a way that inside this volume, there are no fields.

- Literature gives rather detailed design guidelines for obtaining the material parameters
required for specific dimensions of cloaks.

- Works for both polarizations separately or simultaneously (depends on the realization of
the metamaterial).

- There are no fundamental limitations on the frequency of operation.

Drawbacks

- Inherently requires an anisotropic material which is also strongly inhomogeneous. This
automatically makes the manufacturing of this type of cloaks somewhat difficult.

- Due to the required resonant-type materials (εr < 1 and/or µr < 1), the bandwidth of
operation is very limited and the design and manufacturing of separate resonant inclusions
are difficult.

- The energy velocity (group velocity) is inherently different from the phase velocity. This
difference is responsible of an increase of the scattering, mostly determined by the shape
of the exciting pulse.

- Ideal cloaking requires that the material parameters (or at least one of them) go to zero at
the inner surface of the cloak. This will introduce a singularity, which may be problem-
atic.

5.2 Transmission-line cloaks
Benefits

- Simple operation principle and simple structure.

- Literature gives detailed design guidelines for obtaining wanted cloaking behavior.

- Unloaded cloaks have very wide operation bandwidths with efficient cloaking.

- The energy velocity is equal to the phase velocity.

Drawbacks

- Severe limitations on the size and shape of the volume that can be cloaked (see Section 4).

- Current technology allows operation for TE-polarization only, but there is no fundamental
restriction even for operation for dual-polarization.

- Operation of any type of transmission-line cloak is limited to (approximately) below
300 GHz (see Section 3.3).
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5.3 Invisibility
Benefits

- Offers a very logical and “intuitive” form of cloaking: a volume in space is “created” in
such a way that inside this volume, there are no fields (and, thus any object or objects can
be put inside this volume).

- Literature gives rather detailed design guidelines for obtaining the material parameters
required for specific dimensions of cloaks.

- Works for both polarizations separately or simultaneously (depends on the realization of
the metamaterial).

- The metamaterial making the cloak can be isotropic and homogeneous.

- There are no fundamental limitations on the frequency of operation.

Drawbacks

- Requires a metamaterial with exotic material parameters. This makes the manufacturing
of this type of cloaks somewhat difficult.

- Due to the required resonant-type materials (εr < 1, µr < 1), the bandwidth of operation
of any realizable cloak is limited.

- The energy velocity (group velocity) is inherently different from the phase velocity. This
will cause increased scattering but the amount of this increase strongly depends on the
shape of the exciting pulse.
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6 Possible applications of the transmission-line cloak
This section discusses some possible applications that can benefit from the reduction of the total
SCS, offered by cloaks based on the transmission-line approach. Here we want to concentrate
on applications suitable for the TL-approach specifically, because it is more limited in terms of
type of objects that can be cloaked. With cloaks that can “hide” a complete volume such as a
sphere or a cylinder, it is quite obvious that such cloaks can server a number of applications.
What is interesting in view of space applications, is the question if the “simplified” cloaking,
offered by the transmission-line approach, can find important applications where the benefits
offered by this approach can be utilized.

6.1 Invisibility shutter
An important problem existing in current technology was identified by the ACT. It concerns the
shielding of electromagnetic radiation (EMR) sensible devices from the high energy interplan-
etary radiation (HER). In general, any electronic device shipped in a spacecraft is tagged with
a radiation dose. This number establishes the amount of radiation the device can absorb while
being reliable.

The problem in the design of a payload carrying an EMR sensor is that the metallic shield
protecting it from the radiation must present an aperture in order to allow the sensor to be
illuminated. In Fig. 15 we illustrate this concept schematically. The idea is to study whether
a specific TL-cloak can be designed in such a way that the cloak would cover the opening in
the camera shield, while letting through the wavelengths imaged with the camera and stopping
(absorbing) the high-energy particles.

Figure 15: Illustration of the problem: a necessary opening in a shield protecting a camera lets
through harmful high-energy particles.

The sensors working under such conditions (CCD, APS, etc.) used to operate at wavelength
shorter than typically 14 µm. In order to absorb the HER, the “cloaked” volume (i.e., the volume
inside the cloak surrounding the TLs) can be filled, e.g. with aluminium rods.
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Based on the study on the high-frequency operation of the TL-cloak (see Section 3.3),
it is clear that the biggest problem for this specific cloaking application is the lack of good
conductors at such high frequencies.

It must be noted though that the “invisibility shutter” is a very good example of an applica-
tion that would benefit of the TL-approach to cloaking, since it uses the most important benefits
of this approach: the possibility to “squeeze” the incoming field through an array or mesh of
some highly absorbing material. It is clear (based on the discussion in Section 3.3) that ap-
proximately below the frequency 300 GHz, this application idea has great potential, if suitable
frequency ranges, where this type of protection from high-energy particles, could be found.

6.2 Reduction of scattering from support structures blocking antenna
apertures

In some cases, especially in satellites and spacecrafts that usually have very limited surface
area for mounting antennas, it may be problematic to mount all the antennas in such a way that
their apertures are left unblocked by support structures of other antennas or, e.g. by metallic
pillars used to reinforce the spacecraft. In this case the proposed transmission-line cloak (or
some modification of the types of cloaks presented here) can be used to strongly mitigate the
blockage of these structures, thus simplifying the task of designing the spacecraft. See Fig. 16
for an illustration of the problem. The types of struts/blocking objects that can be cloaked with
this method are naturally limited by the fact that the object must fit inside the TL cloak, as
discussed before. Also, with the known method of coupling waves from free space to the cloak
(TL network) [19] the cloaking can be achieved only for one polarization. This means that the
antenna that is blocked must emit only linearly polarized radiation. Example of such an antenna
is, e.g. a horn antenna as shown in Fig. 16.

Figure 16: Antenna and a support structure blocking its aperture.
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6.2.1 Cloaking a structure which blocks a Gaussian beam

To demonstrate the operation of a transmission-line cloak for reducing the blockage of anten-
nas, we simulate the electrically small TL-cloak having the period of 5 mm and corresponding
reference object. The geometry and dimensions of the cloak and the cloaked object are the
same as in Section 3: The period of the cloak d = 5 mm, the diameter of the cloak (the network
without the transition layer) 6d = 30 mm, the other dimensions are as in Fig. 9. The cloaked
object is as shown in Fig. 9 with the period 5 mm and the diameter of the PEC rods 2 mm.

Again, we use the possibility of simulating a vertically infinite periodic structure, thus re-
ducing the complexity of the simulation model. Instead of illuminating the model with a plane
wave, as was done in Section 3, we define a Gaussian beam that is directed at the reference
object/cloak. A Gaussian beam is radiated, e.g., by a corrugated horn antenna. The Gaussian
beam’s focal point is at x = −100 mm (the origin is at the center of the reference object/cloak)
and the beam width at the focal point is 60 mm. The electric field of the incident field is parallel
to the z-axis. See Fig. 17 for the simulation results of the electric field distributions with and
without the reference object/cloak, conducted with Ansoft HFSS.

(a) (b)

(c)

Figure 17: HFSS-simulated electric field distributions at f = 3 GHz. (a) incident field. (b) ref-
erence object with the cloak. (c) bare reference object.

Fig. 17 demonstrates that the beam is nicely preserved when the cloak is used, but with-
out the cloak, the beam is strongly split by the metallic object blocking the beam. To further
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(a) (b)

Figure 18: HFSS-simulated electric field distributions of the scattered field at f = 3 GHz.
(a) reference object with the cloak. (b) bare reference object.

illustrate the operation of the cloak, we can plot the scattered fields in this same situation. See
Fig. 18 for the simulated distributions of the scattered electric field, in the case with the cloak
and without the cloak.

6.2.2 Cloaking a structure which blocks a dipole antenna

To gain more insight into the effect of blockage and cloaking on the directivity pattern of a real
antenna, we have (by suggestion of the ACT) simulated a λ/2-dipole with a metallic structure
blocking it. The Ansoft HFSS simulation model is shown in Fig. 19, without the cloak. The
used cloak is exactly the same as in the previous subsection, i.e., the electrically small TL-cloak
with period of 5 mm, presented in Section 3. The blocking object is designed to fit inside the
cloak which is now simulated with a finite height of 6× 9.2 mm= 55.2 mm. One period of the
cloak structure in the vertical direction is equal to 9.2 mm. Since in the simulation model the
problem is cut in half by the used PEC boundary, the actual cloak height is 27.6 mm (the same as
that of the blocking structure, see Fig. 19). The resulting directivity patterns at 3 GHz, 3.1 GHz,
and 3.2 GHz are shown in Fig. 20, demonstrating that the optimal cloaking performance is
obtained around 3.1 GHz, as can be expected based on the results of Fig. 10. We see that with
the cloak almost ideal dipole pattern is achieved.
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(a)

(b)

Figure 19: HFSS model of the dipole antenna with a metallic cylindrical object blocking its
radiation (blocking object shown in red). (a) sideview. (b) topview. The cylindrical object
is the same as in the previous Subsection (two-dimensional array of cylinders), but now also
horizontal, cylindrical “discs” are embedded in it to demonstrate the volume that can be cloaked.
The simulation model is simplified by introducing a PEC boundary as shown in the figure, i.e.,
only half of the dipole and the blocking object (and cloak) need to be simulated.
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(a)

(b)

(c)

Figure 20: Simulated directivity patterns (linear scale) at 3 GHz, 3.1 GHz, and 3.2 GHz. The
object blocking the antenna is in the direction 1800.
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6.3 Impedance-matched lenses
In a conventional microwave or optical lens, there exists a problem of impedance mismatch,
meaning that the impedance of the lens material is different from that of the surrounding space
(usually free space). This introduces undesired reflections, which reduce the power transmitted
through the lens. In optics, this problem can be overcome (at lest in a certain frequency range)
using multi-coated lenses. However, in the design of microwave lenses the required thickness of
layered covering becomes prohibitively large. The only known theoretical possibility to match
the lens material with free space is to use magnetic materials, such that µr = εr, but there are
no materials with such properties in the microwave range.

Thus, it is highly desirable to find a way to create impedance-matched waveguiding struc-
tures with the propagation constant different from that of free space. The use of such artificial
materials would allow to realize reflection-free microwave lenses. Analyzing our results on the
transmission-line cloak (Section 3) one can note that the artificial material developed there is
actually of the type needed for a better design of microwave lenses. Indeed, unloaded meshes
of transmission lines can be designed so that their impedance is the same as that of free space,
while the propagation constant is different, providing necessary means for refraction while elim-
inating reflections.

Although this application is nothing like a cloak (in this case we actually want to enhance
the difference in the wavenumbers inside the TL network and the surrounding space), it is based
on the idea of cloaking. The principle is that with the TL cloak approach, we can in an easy way
control the wavenumber and the impedance of the TL structure. In the cloaking application, we
would like to have exactly the same wavenumber in the TL cloak as in the surrounding medium
while tuning the impedance of the cloak to match the surrounding medium’s wave impedance
in a certain frequency band.

(a) (b)

Figure 21: HFSS-simulated electric field phase distributions at 2.4 GHz for (a) a transmission-
line lens, and (b) a reference dielectric lens with εr = 4.66. In both cases a plane wave travelling
to the +x-direction, with electric field parallel to the z-axis, illuminates the lenses [51].

For the lens applications, the requirement is that the wavenumber must be different than in
the medium surrounding the lens, in order to have a refraction effect. This is easily implemented
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in our case just by filling the transmission lines with a dielectric. By filling the transmission lines
with a dielectric, we naturally change also the impedance, but as explained earlier, it can always
be tuned to match a certain impedance by changing the physical dimensions of the TLs. In gen-
eral, this approach enables us to mitigate an important drawback of traditional dielectric lenses:
the inherent mismatch with free space (or some other medium surrounding the lens) [51]. See
Fig. 21 for a plot of the simulated electric field phase in the cases of two different lenses (one
lens is based on the TL-cloak approach and the other is a dielectric lens), demonstrating that
the impedance matching can be strongly improved using the proposed method (the phase front
on the side of incoming wave is preserved in the case of the TL-lens). The conducted full-wave
simulations [51] confirm that the reflectance (as compared to the dielectric lens) is lowered in
the best case (for this specific example) by more than 10 dB, and the relative bandwidth where
more than 4 dB reduction is obtained, is about 17 percent [51].
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7 Generalized field-transformations
Besides the concrete applications of transformation media for cloaking, fundamental aspects of
the idea of transformation optics were investigated during this study, which led to the formula-
tion of alternative approaches to transformation media. It should be noted that both methods do
not just apply to cloaking, but to much wider classes of transformations.

7.1 DRSE approach
The principle of the proposed approach for the analytical study of general type of field trans-
formations was first presented in [52]. Within this project we have extended this principle to
obtain expressions allowing more general field transformations [53, 54].

As basic idea of this approach the coordinate transformations are replaced by field transfor-
mations. In Refs. [53, 54] transformations of the type

E(r) = F (r, ω)E0(r) +

√
µ0

ε0

A(r, ω)H0(r), (15)

H(r) = G(r, ω)H0(r) +

√
ε0

µ0

C(r, ω)E0(r), (16)

are considered, with F (r, ω), G(r, ω) A(r, ω) and C(r, ω) being arbitrary differentiable func-
tions. Substituting Eqs. (15) and (16) into the Maxwell equations and demanding that the orig-
inal fields E0 and H0 satisfy the free-space Maxwell equations, one finds in a straightforward
way the necessary media properties and eventual sources (charges and currents) needed to es-
tablish the required transformation. In its most general form field transforming metamaterials
allow to design materials with arbitrary constitutive relation. The detailed derivations that relate
the set field transform to the required material parameters are presented in [53, 54].

7.2 ACT approach
This approach is a generalization of the idea of [10]. As the main observation it is found
that the Maxwell equations divide into two sets of equations with mutually excluding field
content, one set depending on E and B, the other one on D and H. Therefore, it is possible
to assign two different transformed spaces to these two sets, in other words the distortion in
Figure 1 can be different for the two sets E, B and D, H, respectively. In this way a wider
class of materials can be described than with [10]. In particular, it is possible to provide a
geometric interpretation of non-reciprocal and indefinite media. On the other hand, the basic
characteristics of the coordinate transformation approach are retained: the medium mimics a
transformed space and the transformation “do not generate sources”, i.e. if the original space
was source free the transformation medium will not include net charges or currents neither. The
explanation of this generalized approach is presented in [55, 56].

It should be noted that the two approaches, the coordinate transformation approach [10,
55, 56] and the field transformation approach [53, 54] should be seen as complementary. In
the former case the transformations are essentially non-local (the fields at a point (x, y, z) in
the transformed space relate to the original fields at a different point (x′, y′, z′) in the original
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space) but the fields cannot be rescaled freely. In the latter approach the different fields can be
rescaled and mixed arbitrarily, but the transformation remains strictly local. Therefore it should
even be possible to combine the two ideas.
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8 Conclusions
The principles and basic design guidelines of two cloaking approaches, namely, the chiral cloak
and the transmission-line cloak, have been explained. The potential of these approaches for
high-frequency operation (up to the visible) have been studied and the reasons for their limi-
tations have been explained. Other fundamental limitations of the previous two cloaking ap-
proaches (chiral cloak is a specific example of a more general approach, namely, the coordinate
transformation), have been also studied. These two cloaking approaches have been compared
with each other and a third approach, namely, invisibility. The benefits and drawbacks of all the
three approaches have been identified.

A few specific examples of possible applications (with emphasis on space applications) of
the transmission-line cloak have been identified and studied. The results show that the proposed
cloaks can improve the antenna performance in the presence of strong scatterers. This may find
numerous applications in space technology.

Two generalized analytical techniques for obtaining arbitrary field transformations have
been developed. One is based on a direct transformation of electromagnetic fields in a volume
filled by a material, and the other one is a generalization of the approach based on coordinate
transformations.
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Abstract

Principles, historical background and recent developments on the subject of electromagnetic cloaking are
discussed. The problems related to the propagation of energy inside some previously proposed cloak structures
are explained. One recently proposed approach to achieve cloaking, namely, the use of transmission-line networks,
is presented in more detail and the principles of this approach are compared to other cloaking methods.

1. Introduction

The subject of cloaking objects from arbitrary electromagnetic fields propagating e.g. in free space, has
aroused a lot of interest after the publication of the recent work by Greenleaf et al. [1], Leonhardt [2], Pendry
et al. [3] and the research groups of Engheta [4–6] and Smith [3,7]. In [1–7] two different methods aimed for
the reduction of an object’s total scattering cross section were discussed. In [4–6] a way of making objects in-
visible using a specific material cover to cancel the dipolar scattered fields of the object to be made invisible, is
presented. In [1–3,7] the cloak material cover is designed in such a way that the electromagnetic fields are zero in
the cloaked region, i.e., the fields are guided around the cloaked object. Although the method introduced in [4–6]
in principle differs significantly from cloaking (by cloaking we mean reduction of the scattering from an arbitrary
object), this method can also be used for similar cloaking purposes as in e.g. [2,3,7], if the object to be made
invisible is placed inside an enclosure made of a perfectly conducting material. The approach proposed in [2,3]
and designed for TE polarization in [7] has been developed also for TM polarization [8] and for operation for both
polarizations simultaneously [9]. In addition, there has been recently a lot of work done to estimate feasibility and
scattering properties of such cloaks, see, e.g., [10]. An alternative approach, as compared to [2,3], aimed to obtain
arbitrary field transforms by starting directly from the required field distributions, has been recently presented [11].

Although the subject of cloaking (or invisibility) has aroused huge amount of interest after the publication of
e.g. [1–4], it was, in fact, studied already a few decades ago [12,13], when a similar method as suggested in [4]
was used to cancel the scattering from spherical and ellipsoidal objects. Also in [14] the scattering properties of
multilayered spheres were studied. The use of hard surfaces for reducing the scattering from antenna struts was
thoroughly studied already some time ago, see, e.g., [15]. Although the design proposed in [15] is somewhat lim-
ited in view of the generality of the cloaking phenomenon (this approach is strongly anisotropic since scattering of
an object can be significantly reduced only for waves with a fixed direction of arrival), it is still to this date the only
approach to cloaking which has been shown to work in practice for a specific application. Recently, also other
alternative approaches to cloaking have been suggested. In [16] it is shown that line or dipole sources positioned
near to a so called superlens (a material slab with effectively negative permittivity and permeability) are cloaked
due to localized resonance effects. Although this approach is very interesting in the scientific sense, it seems to be
even more difficult in view of realization, as compared to e.g. [2–4].

Recently, the use of transmission-line networks matched with the surrounding medium (e.g., free space), has
been suggested for cloaking objects made of 2D or 3D meshes composed of an arbitrary material [17–19]. This
cloaking method differs significantly from the previously discussed methods since it is based on enabling the in-
coming electromagnetic wave to go through the object instead of going around it (or cancelling the induced dipole
moments) in a very simple way just by coupling the incoming wave to a network of transmission lines. This
approach has the clear drawback of limiting the object to be cloaked to a mesh or an array of small objects, but
the advantage obtained is a very simple structure and the ease of manufacturing. Also, as shown and discussed
in [18,19], in certain cases the operational relative bandwidth (where cloaking is achieved) can be up to 40 per-
cent or more, which is considerably more than what can be obtained by using materials composed of resonant
inclusions [7].

2. Energy velocity in cloaks composed of passive inclusions

One significant problem with the cloaking approach introduced in [2,3] is the fact that the electromagnetic
wave must go around the object (or the region which is supposed to be cloaked) in a way that the wave on both



sides of the cloak is left undisturbed by the cloak/cloaked object. This requires that the wave propagation velocity
inside the cloak is faster than outside the cloak. For the phase velocity at a single frequency point this is not a
problem, as it was demonstrated e.g. in [7], but for the energy propagation velocity (group velocity) this require-
ment is impossible to achieve when using cloaks composed of passive components and materials. The negative
effect of the inevitable phase and group velocity mismatch on the cloaking phenomenon strongly depends on the
type of the pulse (signal) that impinges on the cloak. If the pulse is very narrow in the frequency, it is clear that
the mismatch effect is not very strong and cloaking can be achieved, at least to some extent. On the other hand,
cloaking with realizations as suggested e.g. in [7,8] is inherently restricted to a very narrow frequency band since
the cloak materials are composed of strongly resonant inclusions. The cloaking methods based on the cancellation
of the dipole scattering [4–6,12–14] are also expected to have similar problems when the object to be cloaked is
placed inside a perfectly conducting enclosure, which in turn is made invisible by the cloak material cover, since
also in this case energy cannot go along a straight line but it must go around the cloaked object.

As discussed in [17,18], the transmission-line approach to cloaking has the benefit of fairly simple design
and manufacturing, and in certain cloak designs (unloaded networks), the group velocity is actually equal to the
phase velocity. On the other hand, when the group velocity equals the phase velocity, the problem is that they
obviously cannot be ideal when cloaking objects situated in free space [18]. It must also be noted that since inside
a transmission-line cloak only waves of voltages and currents propagate, the so called matching layer between the
network and the surrounding medium dictates for which polarization cloaking can be achieved. At the moment, no
feasible realization for a transmission-line cloak operating for two orthogonal polarizations has been suggested.

3. Operation of the transmission-line cloak

The principle of operation of the transmission-line cloak is thoroughly explained in [18]. The main idea is
that a network of transmission lines is designed in such a way that at the operating frequency the wave propa-
gation (voltages and currents) is isotropic or at least very close to isotropic. This means that the period of the
network must be much smaller than the wavelength at the operational frequency. If a wave in free space could
be coupled into this network, the space between the transmission lines of the network would be ideally cloaked
from this wave since in the network the wave travels only inside the sections of transmission line. In order to have
perfect cloaking effect, the wave propagation inside the network must be identical to the wave propagation in the
surrounding medium. As shown in [18], this is impossible to achieve with a simple (unloaded) transmission-line
network when the surrounding medium is free space. This is due to the fact that inside the network, the waves
propagate slightly slower than in the material which is filling the individual sections of transmission line. One
way to get past this problem is to use a loaded transmission-line network [17,18]. This choice has the drawback
of resulting in a difference between the phase (vp) and the group (vg) velocities (vp = c0, vg < c0, where c0 is
the speed of light). Thus, with the loaded transmission-line cloak we end up with a similar problem regarding
the energy propagation, as e.g. with the cloaks discussed in [2,3]. See Fig. 1 for the dispersion and impedance in
two example networks, a loaded and an unloaded one. The unloaded network has the same parameters as in [18],
but the loaded network is periodically loaded by series capacitors (C = 0.67 pF) and also by shunt inductors
(L = 101.3 nH), as opposed to the capacitively loaded network in [18]. The impedance of the lines in the loaded
network is 550 Ω. From Fig. 1a we see that the loaded network has the ideal phase velocity at two frequencies
(1.25 GHz and 3 GHz in the studied example case). Also, the impedance of both networks can be tuned to be very
close to the ideal value of 120π Ω on a relatively large bandwidth, as can be seen from Fig. 1b.

(a) (b)

Figure 1: (a) Dispersion and (b) impedance for the studied networks. The period d of both networks is equal to
8 mm [18]. The total wavenumber in the networks is k =

√
k2

x + k2
y .



4. Cloaking metal meshes with cylindrically shaped transmission-line networks
The most practical transmission-line cloak is clearly the simplest unloaded one, since in that case the phase

and group velocities are equal, and the obtainable operation bands are the largest [18]. The drawback in this
structure is that when cloaking objects in free space, the phase and group velocities differ slightly from c0. As was
discovered in [18,19], a cylindrical cloak like this still scatters very little (as compared to a metallic, uncloaked
object), when its diameter is small compared to the wavelength (e.g., smaller than a half wavelengths). Also, it was
found that for a cloak with a fixed diameter, there are other, higher frequency ranges, where the cloak scattering
is greatly reduced. These points occur at the frequencies where the cloak’s diameter is simultaneously close to a
multiple of the wavelength inside and outside the cloak [18].

Here we reproduce the results for a small cylindrical cloak presented in [19] (diameter equal to 0.32λ0 at the
design frequency of 2 GHz) and use the same network design for creating a cloak which is large compared to the
wavelength. To obtain an electrically large cloak, we simply increase the diameter of the small cylindrical cloak,
while keeping the period and other dimensions of the transmission lines similar to those used in [19]. With the
help of the scattering simulations done for a homogenized cloak in [18], we have estimated a suitable diameter of
the electrically large cloak to be 52d (d is the network period and here d = 8 mm) for a cloak operating around
2...3 GHz. For the simulation of the large cylindrical cloak, we cut the model in half with a PMC boundary
inserted in the middle of the cylinder. The transition layer, as in [19], is designed in such a way that basically
the whole surface around the cloak is covered by the “antennas” that are composed of gradually enlarging parallel
strip transmission lines (with equal width and separation). For the large cylindrical cloak, the separation between
the “antenna” strips and their width are both equal to 7.73 mm (at the interface with free space). The length of
the “antennas” is equal to 40 mm [19]. See Fig. 2 for the ratios of the simulated total scattering cross sections
of the both cloaks and the corresponding reference cases, and Fig. 3 for snapshots of the simulated electric field
distributions in the large cylindrical cloak (52d ≈ 4λ0 at 3 GHz) and its reference case. For both cloaks the
reference cases are cylindrically shaped arrays of PEC rods that fit inside the cloaks [17–19].

(a) (b)
Figure 2: Ratios of the HFSS-simulated total scattering cross sections. (a) Electrically small cylindrical cloak as
presented in [19]. (b) Electrically large cylindrical cloak. When the ratio is less than 1, the cloak’s (with reference
object inside) total scattering cross section is less than that of the uncloaked reference object’s.

Figure 3: Snapshots of the HFSS-simulated total electric field distributions at 3 GHz for (a) cloak (metal strips
illustrated as black) with the reference object inside and (b) bare reference object (the PEC rods illustrated as
white squares). A plane wave with electric field normal to the figure plane travels from left to right.

5. Conclusion
We have discussed the basic principles and problems of cloaking related to the various cloaking methods

presented in the literature. It is clear that regarding cloaking of pulses (waves carrying energy and information),
there are some problems that are bound to limit the applicability of some suggested cloak structures. The mismatch
of the phase and group velocities, inherent to certain types of (passive) cloaks, clearly needs more study before
the reduction of the cloaking effect can be fully understood. We have also discussed a recent alternative approach
to cloaking, namely, the use of transmission-line networks. This approach has some severe limitations regarding
the size and shape of the objects that can be cloaked, but on the other hand, it offers a very simple structure and
ease of manufacturing, as well as relatively large operation bandwidth.
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Abstract

In this paper we present the design and full-wave simulations of two cylindrical cloaks based on the
use of free-space-matched transmission-line networks. Because of the simple structure (no resonant
inclusions, no strong dispersion), these types of cloaks offer very wide bandwidths as compared to
other available cloaking techniques.

1. Introduction

Recent interest in electromagnetic cloaking has resulted in a variety of different techniques to reduce the
(total) scattering cross section (SCS) of different types of objects [1–8]. In this paper we concentrate
on a recently suggested cloaking technique, based on the use of transmission-line (TL) networks that
can be matched with electromagnetic fields travelling in, e.g., free space. If the cloaks are composed
of simple two- or three-dimensional unloaded TL networks (periodic in the 2-D case), the achievable
operation bandwidths are expected to be much wider than in any cloak composed of passive resonant
inclusions [8]. The clear drawback of this approach to cloak design is that there are severe limitations on
the size and shape of the objects that can be cloaked, since the cloaked object must fit inside the volume
that is surrounded by the TL networks. In the case of cloaks composed of 3-D or 2-D TL networks, the
cloaked object can occupy a volume restricted by a three-dimensional mesh as shown in Fig. 1a.

Recently, we have studied two different cylindrical cloaks capable of cloaking of 2-D TE-polarized elec-
tromagnetic waves (as, e.g., the cloak in [7]). One such cloak was designed to be electrically small
(diameter of the cloaked object was about one third of the wavelength) [9] and the other one was electri-
cally large (diameter of the cloaked object was about four wavelengths) [10]. In this paper we continue
the development of both of these cloaks in order to get more insight on the obtainable frequency band-
widths where effective cloaking is achieved.

(a) (b)
Fig. 1: (a) 3-D mesh composed of 8 unit cells, demonstrating the type of volume that can be cloaked
with the proposed approach. (b) HFSS-model of cloak no. 1 with the reference object inside.



2. Cloak designs

Two cloaks are studied: an electrically small cloak (cloak no. 1) with the diameter of the cloaked object
being in the order of 0.3λ0 at the design frequency, and an electrically large cloak (cloak no. 2) with
the diameter of the cloaked object being in the order of 4λ0 at the design frequency. In both cases the
design frequency (the frequency at which the optimal impedance matching with free space is obtained)
is chosen to be approximately 3 GHz.

Cloak no. 1 is based on the cloak presented in [9], which was designed to operate around 2 GHz. In order
to increase the operational frequency, we have decreased the period of the network from 8 mm to 5 mm,
and tuned the impedance of the TLs so that the optimal network impedance (377 Ω) is obtained around
3 GHz. Using full-wave simulations conducted with the Ansoft HFSS software (see Fig. 1b), we have
obtained the design parameters shown in Table 1, where d is the network period, kTL is the wavenumber
of the TLs, k0 is the free space wavenumber, wTL is the width of the TLs, hTL is the separation of the
parallel strips composing the TLs, and D is the diameter of the cylindrical cloak (without the “transition
layer” [8–10]). The diameter of the PEC rods that are cloaked, is 2 mm. The parallel strips of the
“transition layer” are shortened from 40 mm to 20 mm because of the increased frequency (note that
these strips are non-resonant) [9].

Cloak no. 2 is based on the electrically large cloak presented in [10], which was designed to operate
around 2 GHz, but for which the best cloaking performance was shown to be around 3 GHz. This is
clearly due to the mismatch between the optimal impedance matching frequency (2 GHz in [10]) and
the frequency where the optimal cloak electrical thickness is achieved (approximately 3 GHz in [10]).
In order to improve the impedance matching at the operation frequency of 3 GHz, we have tuned the
impedance of the TLs so that the optimal network impedance (377 Ω) is obtained around 3 GHz. Oth-
erwise the cloak and reference object structures are the same as in [10]. Using full-wave simulations
conducted with the Ansoft HFSS software, we have obtained the design parameters shown in Table 1.

Table 1: Design parameters for the studied cloaks.
d kTL wTL hTL D

Cloak no. 1 5 mm k0 1.04 mm 1.5 mm 6d = 30 mm
Cloak no. 2 8 mm k0 1.34 mm 2 mm 52d = 416 mm

3. Simulation results

We have carried out full-wave simulations (Ansoft HFSS) for both the cloaks described above, together
with the bare reference objects as in [9,10], i.e., we illuminate the structures with plane waves having the
electric field parallel to the z-axis. Both cloaks are modelled as being infinitely periodic along the z-axis.
In order to study the performance of the cloaks we plot the total SCS of the cloaked objects, normalized
to the total SCS of the uncloaked objects (SCStot,norm), see Fig. 2. The bandwidths where cloaking is
obtained (SCStot,norm < 1) are clearly very wide and for cloak no. 1 this bandwidth is actually wider
than the whole simulated frequency region. Therefore it is more informative to look at a specific limit
where certain reduction of the SCS is obtained. Here we choose this limit to be SCStot,norm < 0.5,
which corresponds to the reduction of the total SCS by 50 % or more. From Fig. 2 we can conclude that
the relative bandwidths corresponding to at least this amount of reduction of the SCS are approximately
73 % for cloak no. 1 and 11 % for cloak no. 2, with the center frequencies being 3.0 GHz and 2.925 GHz,
respectively.
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Fig. 2: HFSS-simulated total scattering cross sections of cloaked reference objects, normalized to the
total scattering cross sections of uncloaked reference objects. The dashed line illustrates the level of total
SCS reduction equal to 50 %.

4. Conclusion

By full-wave simulations of two electromagnetic cloaks, based on the recently proposed transmission-
line approach, we have demonstrated the large frequency bandwidths in which these cloaks significantly
reduce the total scattering cross sections of specific objects placed inside the cloaks. In this case the
cloaked objects are arrays of infinitely long perfectly conducting rods. The total SCS is reduced by
50 % or more in relative bandwidths of about 73 % and 11 % for an electrically small cloak (diameter
approximately 0.3λ0 at the center frequency) and for an electrically large cloak (diameter approximately
4λ0 at the center frequency), respectively.
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Abstract

We present measurements of a transmission-line
network, designed for cloaking applications in the
microwave region. The network is used for chan-
nelling microwave energy through an electrically
dense array of metal objects, which is basically im-
penetrable to the impinging electromagnetic radia-
tion. With the designed transmission-line network
the waves emitted by a source placed in an air-
filled waveguide, are coupled into the network and
guided through the array of metallic objects. Our
goal is to illustrate the simple manufacturing, as-
sembly, and the general feasibility of these types of
cloaking devices.

Keywords: Transmission-line network; scattering
cross section; electromagnetic cloak.

I. INTRODUCTION

The interest in different types of devices and ma-
terials for dramatic reduction of the total scatter-
ing cross sections of arbitrary or specific objects,
has gained a large amount of interest after the pub-
lication of recent papers [1–4]. Earlier, the subject
of hiding objects or particles from the surrounding
electromagnetic fields was studied over the recent
decades by many others as well, e.g., [5–9].

Recently, we have proposed an alternative ap-
proach to cloaking of objects composed of electri-
cally dense arrays of small inclusions (in princi-
ple, these inclusions can be composed of arbitrary
materials) [10, 11]. Since these objects can be
two-dimensional or even three-dimensional inter-
connected meshes of e.g. metallic rods, practical
applications of these types of cloaks include hiding
strongly scattering objects such as support struc-
tures situated close to antennas, creating filters (a
“wall” or a slab letting through only a part of the

spectrum of the incoming field), etc. Also, as it
has been recently proposed, these networks offer a
simple way of creating new types of matched lenses
especially for microwave applications [12].

The goal of this paper is to experimentally
demonstrate the simple manufacturing and assem-
bly of the previously proposed transmission-line
structure, where the transmission lines composing
the network are realized as parallel metal strips.
By measurements we confirm the previously pre-
dicted matching of the network with free space,
as well as a possibility of transmission of fields
through an electrically dense mesh of metal ob-
jects. These results demonstrate the benefits of
this simple approach to cloaking and present an
easy way to measure the performance of these
types of periodic structures.

II. TRANSMISSION-LINE NETWORK

The transmission-line network that is used here
is the same as designed in Ref. [10], with the opti-
mal impedance matching with free space observed
around the frequency of 5.5 GHz. For this de-
sign, the matching with free space and the cloaking
phenomenon were verified with full-wave simula-
tions [10]. In this paper we demonstrate the simple
manufacturing and assembly of this type of struc-
ture by choosing to use a two-dimensional periodic
transmission-line network with a square shape and
16 × 16 unit cells in the network. The edges of
the network are connected to a “transition layer”
(parallel metal strips gradually enlarging from the
ends of the network), as proposed in Ref. [10].

By inserting the designed network inside a
metallic parallel-plate waveguide (with the plates
lying in the xy-plane), we effectively realize the
same situation as would occur with an infinitely pe-
riodic array of networks with the periodicity along
the z-axis, since here the electric field is assumed
to be parallel to the z-axis (as in the example case
that was studied previously [10]). See Fig. 1 for an
illustration of the transmission-line network with
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(a)

(b)

FIG. 1: Color online. Illustration of the designed
transmission-line network. (a) Network in the xy-
plane. (b) Network in the yz-plane.

all the necessary dimensions of the structure in-
cluded.

The structure shown in Fig. 1 was manufactured
by etching from a thin copper plate. The network
can be simply assembled from two similar profiles
(each profile as shown in Fig. 1a) just by placing
them on top of each other, as shown in Fig. 1b.
Ideally, the volume between these two metal ob-
jects should be free space [10]. Here, due to prac-
tical reasons, we have placed small pieces of styro-
foam (with material properties very close to those
of free space) between the metal strips. For assem-
bly purposes, pieces of styrofoam are placed also on
top and below the metal strips for support. These
styrofoam pieces naturally do not affect the prop-
agation properties of the transmission lines since
the fields are mostly confined between the parallel
strips.

In Ref. [10] the reference object, i.e., the ob-
ject that we wanted to cloak (hide) from the sur-
rounding electromagnetic fields, was an array of
infinitely long perfectly conducting rods (that fit
inside the neighboring transmission lines of the
network). Here, we use a similar periodic struc-

ture as a reference object through which we want
to guide the fields. The individual inclusions of
this reference object are metal cylinders (parallel
to the z-axis) with the same height as the net-
work (∼13 mm). The diameter of these cylinders
is 4 mm and there are a total of 15× 15= 225 cylin-
ders in the array.

III. MEASUREMENT SETUP

The measurement setup that is used here is sim-
ilar to the one presented in Ref. [4]. With our
measurements we effectively simulate an infinitely
periodic structure with the periodicity in the ver-
tical (z-) direction, by introducing a measurement
cell consisting of a parallel-plate waveguide with
its metallic plates lying in the xy-plane. Because
of the image principle (the electric fields are as-
sumed to be mostly parallel to the z-axis inside the
waveguide), we can thus measure only one period
of the structure. The difference between the mea-
surement setup used here and the one in Ref. [4]
is that here the upper plate of the waveguide is
formed by a dense wire mesh, that lets through a
fraction of the field inside the waveguide, instead
of having a solid metallic upper plate with a hole
for the probe, as was used in Ref. [4]. The mesh
that we use here is the same as the one used in
Ref. [13], i.e., the mesh is a thin copper plate, in
which square holes of size 4 mm × 4 mm have been
etched with the period of the holes being 5 mm. A
small part of the field gets through this mesh and
we can measure that field with a probe placed on
top of the waveguide [13].

To simplify the measurement, we excite a cylin-
drical wave inside the waveguide with a feed probe
(a coaxial probe placed inside the waveguide) and
measure the transmission from this probe to the
other probe (“measurement probe”, placed on top
of the waveguide) with a vector network analyzer
(VNA, Agilent E8363A). The use of the metal
mesh as a part of the top plate of the waveguide
(rather than using a probe inside the waveguide)
ensures that the measurement probe does not dis-
turb the field inside the waveguide. The measure-
ment probe on top of the waveguide is stationary,
and the waveguide is moved with a PC-controlled
scanner, synchronized with the VNA for precise
measurements in the wanted coordinate positions.
These points where the measurement of the com-
plex S21-parameter are taken with the VNA, can
be arbitrarily chosen with the PC-program run-
ning the scanner. All the measurements presented
in this paper were done with the steps of 5 mm. As
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(a)

(b)

FIG. 2: Illustration of the measurement setup.
(a) Waveguide with a metal mesh in the upper plate.
(b) Measurement system with a VNA connected to the
feed and measurement probes (the measurement probe
is stationary) and a PC controlling the scanner which
moves the waveguide in x- and y-directions.

the measured area is 240 mm × 100 mm, we will
have the complex S21 measured at 49 × 21 = 1029
different points in the xy-plane.

The probe that we use here is a monopole ori-
ented along the z-axis and positioned approxi-
mately at 3 mm away from the metal mesh. The
probe is intentionally poorly matched at the fre-
quencies of interest (5 GHz – 6 GHz) in order to
make sure that the measurement probe does not
disturb the fields inside the waveguide. The high
dynamic range of the VNA makes sure that we can
measure the electric field distribution inside the
waveguide even with this poorly matched probe.

See Fig. 2 for an illustration of the measurement
setup. The parallel-plate waveguide that we use
here has the width and length of 1 m, and the
height h = 13 mm (ideally h should be equal to
12.73 mm [10]). A part of the upper plate is re-
moved from the center for the placing of the metal
mesh (the area above which we want to measure
the field distributions). The area of this mesh is
260 mm × 185 mm. The measurable area is fur-
ther restricted by the used scanners. We have used
two scanners, one with the movement limited to

(a)

(b)

FIG. 3: Color online. (a) Photograph of the mea-
surement setup, showing the aluminium parallel-plate
waveguide and a copper mesh placed in the center of
the top plate of the waveguide. (b) Photograph of the
lower half of the TL network together with one metallic
rod of the reference object.

300 mm (x-axis) and one with the movement lim-
ited to 100 mm (y-axis). The area to be mea-
sured has been decided to be 240 mm × 100 mm,
centered in the mesh area. The feed probe is po-
sitioned in the center of the mesh along the y-
direction and just outside the measured area in the
x-direction (to have more space between the mea-
sured area and the feed), i.e., the feed probe coor-
dinates are decided to be x = 250 mm, y = 50 mm,
with the origin of this coordinate system being in
one corner of the measured area. See Fig. 3 for a
photograph of the measurement setup, taken from
the direction of the positive z-axis, showing the
empty waveguide and the metal mesh inserted as
a part of the upper plate. The feed probe position
and the measured area are also illustrated in the
figure.

The volume between the waveguide plates, sur-
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rounding the metal mesh, is filled by a microwave
absorber. The large size of the waveguide ensures
that the reflections from the waveguide edges are
minimized (the absorber thickness in the x- and
y-directions is approximately five wavelengths or
more at the frequency of 5 GHz).

IV. MEASUREMENT RESULTS

Three different measurements were conducted:
1) an empty waveguide, 2) the reference object
(array of 15 × 15 metal cylinders) inside the
waveguide, and 3) the reference object and the
transmission-line network inside the waveguide
(with the inclusions of the reference object placed
in the space between the transmission lines of the
network). All the measurements were conducted in
the frequency range from 1 GHz to 10 GHz, with
the step of 0.025 GHz.

In the first case (empty waveguide), the results
showed an expected result: at higher frequencies,
i.e., at 5 GHz and up, the waveform inside the
waveguide is close to the waveform produced by a
line source. At lower frequencies, where the waveg-
uide is electrically smaller, the reflections from the
edges start to affect the field distributions, making
them more complicated. See Fig. 4a for a snapshot
of the measured time-harmonic electric field distri-
bution at the frequency 5.85 GHz. Some reflections
naturally still occur (mainly from the absorbers),
but it is clear that the wave inside the waveguide
resembles a cylindrical wave emanating from the
point x = 250 mm, y = 50 mm.

In the second case (reference object inside the
waveguide), the results were again as expected:
at the higher frequencies, where it makes sense
to compare the field distributions, the wavefronts
emanating from the source are strongly reflected
at the front boundary of the reference object. The
field is seen to “split” in the center and move up or
down along the reference object side. See Fig. 4b
for a snapshot of the measured time-harmonic elec-
tric field distribution at the frequency 5.85 GHz.

In the third case (the reference object and the
transmission-line network inside the waveguide)
the field pattern on the source side is seen to be
well preserved (as compared to Fig. 4a) in a cer-
tain frequency band around 5.85 GHz. Also, at the
backside of the network, some field is propagat-
ing. At the position of the network (which encom-
passes the reference object), no field is measured,
since the fields are confined inside the transmission

(a)

(b)

(c)

FIG. 4: Color online. Snapshots of the measured
time-harmonic electric field distributions at 5.85 GHz.
(a) empty waveguide, (b) reference object inside the
waveguide, (c) reference object and the transmission-
line network inside the waveguide. The “transition
layer” connected to the network is not shown in (c)
for clarity.

lines. See Fig. 4c for a snapshot of the measured
time-harmonic electric field distribution at the fre-
quency 5.85 GHz.

To further study the differences between the sit-
uations with and without the network, the phase
distributions, calculated from the measured com-
plex field data, are shown in Fig. 5, plotted only in
the area between the reference object/network and
the feed probe, i.e., in the area x = 175 mm ... x =
240 mm. As compared to the empty waveguide
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(a)

(b)

(c)

FIG. 5: Color online. Phase of the measured electric
field distribution at 5.85 GHz. (a) empty waveguide,
(b) reference object inside the waveguide, (c) refer-
ence object and the transmission-line network inside
the waveguide. The phase distributions in each figure
are interpolated from the corresponding measurement
data for clarity.

(Fig. 5a), the case with the bare reference object,
Fig. 5b, looks very different. This is due to the
strong reflections from the front edge of the refer-
ence object. When the transmission-line network
is placed inside the waveguide, together with the
reference object, we see that the resulting phase
distribution again is close to the one in Fig. 5a.

A more illustrative measure for the operation
of the network is to compare the absolute value
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(b)

FIG. 6: Color online. Absolute value of the measured
electric field distribution at 5.85 GHz, normalized to
the maximum field value measured in front of the refer-
ence object/network (in the region x = 175 mm ... x =
240 mm). (a) reference object inside the waveguide,
(b) reference object and the transmission-line network
inside the waveguide.

of the field behind the reference object with and
without the network in place (i.e, in the area
x = 0 mm ... x = 50 mm). These results are
shown in Fig. 6a and Fig. 6b, for the case without
the network and with the network, respectively.
As demonstrated by Fig. 6, the field amplitude be-
hind the reference object is strongly suppressed
(as compared to the field amplitude in front of
this object). With the transmission-line network
in place, the field amplitude behind the reference
object/network is practically the same as in front.

The size of the network in this example case is
comparable to the wavelength, so the inherent dif-
ference of the phase velocities between the wave
propagating inside the network and the wave in
free space, results in a change, or distortion of
the impinging cylindrical waveform, as can be seen
from Fig. 6b. The reasons for this difference in the
phase velocity are discussed in Ref. [10]. Also, as
the sharp edges of the square-shaped network are
close to the measured area, scattering from these
edges distorts the waveform. Note that the previ-
ously simulated “cloak slab” [10] was much wider
than the network measured here.

To obtain efficient cloaking, i.e., to preserve the
waveform of the incident wave both in front and
behind the object (to reduce the total scattering
cross section), one clearly needs to use a cloak
which is electrically small enough and which does
not have strong irregularities in its shape, not to
cause significant forward scattering. It is also pos-
sible to use an electrically large cloak, dimensions
of which are properly designed for a specific fre-



6

quency range so that the desired reduction of the
forward scattering is achieved [10]. When the in-
cidence angle of the impinging radiation is not
known, the cloak naturally needs to be symmet-
ric, i.e., cylindrical in the two-dimensional case or
spherical in the three-dimensional case [10, 11].
Also, what is important in the case when the an-
gle of the incident radiation is not known, the
transmission-line network needs to be isotropic in
the frequency range where most efficient cloaking
is needed, i.e., the network period must be small
enough as compared to the wavelength, as e.g. in
the cylindrical cloak studied in Ref. [11].

V. CONCLUSIONS

We have presented a prototype of a previ-
ously proposed and designed transmission-line net-
work for cloaking purposes. In this paper we
have demonstrated the benefits of this approach,
such as the simple manufacturing, and confirm by
measurements the predicted impedance matching
with free space and the resulting field propagation

through such a network (with a periodic array of
metallic rods placed between the transmission lines
of the network). The results are compared with
a measurement of an empty measurement cell and
with a measurement of the periodic array of metal-
lic rods, effectively behaving as an impenetrable
wall at the frequencies of interest.
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Abstract

In this paper we generalize the concept of field-transforming metamaterials (introduced at the first
edition of this Congress) and show that one can design bi-anisotropic metamaterials which “perform"
the most general linear mapping of fields E0(r), H0(r) into a new set of fields E(r), H(r). We show
what electromagnetic properties of the transforming medium are required if the transformed fields
are arbitrary linear functions of the original fields, and analyse the basic properties of these media
(reciprocity and passivity). The coefficients of these linear functions can be arbitrary functions of
position and frequency, which opens a possibility to realize various unusual devices.

1. Introduction

It has been recently realized that metamaterials – artificial electromagnetic materials with engineered
properties – can be designed to control electromagnetic fields in rather general ways. For example, it has
been shown that transformation of spatial coordinates (accompanied by the corresponding transforma-
tion of electromagnetic fields) can be mimicked by introducing electromagnetic materials with specific
electromagnetic properties into the domain where the coordinates have been transformed [1, 2]. Not
only spatial coordinates can be transformed and the result simulated by some metamaterial, but also the
time coordinate can be transformed with a similar interpretation. It has been known for a long time that
the material relations of an isotropic magnetodielectric transform into certain bi-anisotropic relations if
the medium is moving with a constant velocity (e.g., [3]). It was suggested that also this effect of time
transformation can possibly be mimicked by a metamaterial [4, 5, 6].

Recently we have introduced the concept of field-transforming metamaterials [7]. In this concept we start
directly from a desired transformation of electromagnetic fields and find the material properties that are
necessary to realize this transformation. In this paper we extend this concept to arbitrary (bi-anisotropic)
field transformations.

2. Field transformations with metamaterials

Let us assume that in a certain volume V of free space there exist electromagnetic fields E0(r), H0(r)
created by sources located outside volume V (we work in the frequency domain, and these vectors are
complex amplitudes of the fields). We fill volume V with a metamaterial in such a way that after the
volume is filled, the original fields E0 and H0 are transformed to new fields E and H according to the
following rule:

E(r) = F (r, ω)E0(r) +
√

µ0

ε0
A(r, ω)H0(r)

H(r) = G(r, ω)H0(r) +
√

ε0
µ0

C(r, ω)E0(r).
(1)



Here, scalar functions F (r, ω), G(r, ω), A(r, ω) and C(r, ω) are arbitrary differentiable functions. Sub-
stituting (1) into the Maxwell equations and demanding that the “original” fields E0 and H0 satisfy the
free-space equations, one finds that the “transformed” fields satisfy the Maxwell equations in a medium
with the following constitutive relations between the induction vectors B and D and the fields E and H:

B =
√

µ0

ε0

j

ω

1
FG−AC

(F∇A−A∇F )×H + µ0
1

FG−AC

(
F 2 + A2

)
H

+
j

ω

1
FG−AC

(G∇F − C∇A)×E−√ε0µ0
1

FG−AC
(AG + CF )E, (2)

D =
√

ε0

µ0

j

ω

1
FG−AC

(C∇G−G∇C)×E + ε0
1

FG−AC

(
G2 + C2

)
E

+
j

ω

1
FG−AC

(A∇C − F∇G)×H−√ε0µ0
1

FG−AC
(AG + CF )H. (3)

Using the notations of [4], we write the equations for D and B in the following form:

D = ε ·E +
√

ε0µ0(χ− jκ) ·H,

B = µ ·H +
√

ε0µ0(χ + jκ)T ·E.
(4)

From (2) and (3) we obtain the following expressions for the required material parameters ε, µ, χ and κ
in terms of the transformation coefficients:

ε = ε0
1

FG−AC

(
G2 + C2

)
I +

√
ε0

µ0

j

ω

1
FG−AC

(C∇G−G∇C)× I, (5)

µ = µ0
1

FG−AC

(
F 2 + A2

)
I +

√
µ0

ε0

j

ω

1
FG−AC

(F∇A−A∇F )× I, (6)

χ = − 1
FG−AC

(AG+CF )I+
1√
ε0µ0

j

2ω

1
FG−AC

[(A∇C − F∇G)− (G∇F − C∇A)]×I, (7)

κ =
1√
ε0µ0

1
2ω

1
FG−AC

[−(A∇C − F∇G)− (G∇F − C∇A)]× I. (8)

Here I is the unit dyadic.

Relations (2) and (3) describe a bi-anisotropic medium. Parameters ε and µ are, apparently, effective
permittivity and permeability. In the theory of bi-anisotropic media κ is called the chirality dyadic, and
χ is the nonreciprocity dyadic [4].

The effective permittivity and permeability contain both symmetric and antisymmetric parts, which in-
dicates that in the most general case the required metamaterial is nonreciprocal (these dyadics are sym-
metric in reciprocal media). More specifically, the material cannot be reciprocal if C∇G − G∇C 6= 0
and F∇A−A∇F 6= 0.

Furthermore, in reciprocal media χ = 0 (that is why χ is called the nonreciprocity dyadic). We see that
except some very special cases (like position-independent transformation coefficients satisfying AG =
−CF ), the material is nonreciprocal due to its magnetoelectric coupling properties. The symmetric
part of χ is called the Tellegen parameter [4]. This kind of magnetoelectric coupling exists in some
natural crystals and in metamaterials which contain natural magnetic inclusions under external bias field
(like small ferrite spheres) coupled to electrically polarizable objects (like metal strips) [8, 9]. The
nonreciprocal part of χ describes the effects in moving media. In metamaterials (of course, at rest),
such magnetoelectric coupling emulating moving media can be realized by coupling magnetized ferrite



spheres with specially shaped metal strips [6]. The chirality dyadic κ is antisymmetric. This means that
the medium is nonchiral (its structure is symmetric with respect to reflections in 3D space). This type
of reciprocal magnetoelectric coupling can be realized by inclusions in the form of letter Ω arranged in
pairs as “hats" [10].

According to the classification of linear materials developed in [4, 11], the most general field-transforming
materials belong to the class of moving Tellegen omega media. In the most general case, some sources
must be distributed inside the field-transforming metamaterial designed to realize particular field trans-
formations, since calculation of ∇ ·D and ∇ ·B show that they may be nonzero in some situations.

3. Conclusion

We have introduced a general relation between the desired linear field transformations in a certain volume
and the properties of metamaterials which “perform” the desired modification of fields. This approach to
field transformations is not based on the transformation of spatial or time coordinates and directly links
the desired field transformation with the required metamaterial properties.
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Abstract.
In this paper we introduce a generalized concept of field-transforming

metamaterials, which perform field transformations defined as linear relations between
the original and transformed fields. These artificial media change the fields in
a prescribed fashion in the volume occupied by the medium. We show what
electromagnetic properties of transforming medium are required. The coefficients of
these linear functions can be arbitrary scalar functions of position and frequency, which
makes the approach quite general and opens a possibility to realize various unusual
devices.
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1. Introduction

It has been recently realized that metamaterials – artificial electromagnetic materials

with engineered properties – can be designed to control electromagnetic fields in rather

general ways. The concept of “transformation optics”, which is based on finding

artificial materials that create the desired configuration of electromagnetic fields, has

been developed by several research teams, see e.g., [1, 2, 3]

In the known approaches one starts from a certain transformation of spatial

coordinates and possibly also time, which corresponds to a desired transformation of

electromagnetic fields. It has been shown that transformation of spatial coordinates

(accompanied by the corresponding transformation of electromagnetic fields) can

be mimicked by introducing electromagnetic materials with specific electromagnetic

properties into the domain where the coordinates have been transformed [1, 2, 4]. As

an example of such “coordinate-transforming” device an “invisibility cloak” has been

suggested [1, 4]. In addition to perfect invisibility devices, similar approaches were

applied to perfect lenses, description of the Aharonov-Bohm effect and artificial black

holes. It has been known for a long time that the material relations of an isotropic

magnetodielectric transform into certain bi-anisotropic relations if the medium is moving

with a constant velocity (e.g., [5]). It was suggested that also this effect of time

transformation can possibly be mimicked by a metamaterial [2, 6, 7].

We have recently introduced an alternative paradigm of transformation optics,

where the required material properties are defined directly from the desired

transformation of electromagnetic fields. This concept of field-transforming

metamaterials was proposed in [8], where it was shown what metamaterial properties are

required in order to perform the field transformation of the form E0 → E = F (r, ω)E0,

H0 → H = G(r, ω)H0, where F and G are arbitrary differentiable functions of position

and frequency. In this concept we start directly from a desired transformation of

electromagnetic fields and do not involve any space nor time transforms. A special case

of similar transformations was proposed earlier as a numerical technique for termination

of computational domain by modulating fields with a function decaying to zero at the

termination [9]. The physical interpretation of this numerical technique in terms of a

slab of a material with the moving-medium material relations was presented in [6], and

the pulse propagation in a slab of this medium backed by a boundary was studied in

[10].

In this paper we generalize the concept of field-transforming metamaterials

introducing methods to perform general bi-anisotropic field transformations, where the

desired fields depend, in the general linear fashion, on both electric and magnetic fields

of the original field distribution. Due to generality of the approach, the concept can be

applied to a great variety of field transformations, not limited to cloaking devices.
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2. Field transformations with metamaterials

Let us assume that in a certain volume V of free space there exist electromagnetic fields

E0(r), H0(r) created by sources located outside volume V (we work in the frequency

domain, and these vectors are complex amplitudes of the fields). The main idea is to fill

volume V with a material in such a way that after the volume is filled, the original fields

E0 and H0 would be transformed to other fields, according to the design goals. Here we

consider metamaterials performing the general linear field transformation defined as

E(r) = F (r, ω)E0(r) +

√
µ0

ε0

A(r, ω)H0(r) (1)

H(r) = G(r, ω)H0(r) +

√
ε0

µ0

C(r, ω)E0(r). (2)

Here, scalar functions F (r, ω), G(r, ω) A(r, ω) and C(r, ω) are arbitrary differentiable

functions. In this paper we consider only the case of scalar coefficients in the above

relations, although the method can be extended to the most general linear relations

between original and transformed fields by replacing scalar coefficients by arbitrary

dyadics.

2.1. Required constitutive parameters

Substituting (1),(2) into the Maxwell equations and demanding that the original fields

E0 and H0 satisfy the free-space Maxwell equations, one finds that the transformed

fields E and H satisfy Maxwell equations ∇×E = −jωB, ∇×H = jωD in a medium

with the following material relations:

B =

√
µ0

ε0

j

ω

1

FG− AC
(F∇A− A∇F )×H + µ0

1

FG− AC

(
F 2 + A2

)
H

+
j

ω

1

FG− AC
(G∇F − C∇A)× E−√ε0µ0

1

FG− AC
(AG + CF )E, (3)

D =

√
ε0

µ0

j

ω

1

FG− AC
(C∇G−G∇C)× E + ε0

1

FG− AC

(
G2 + C2

)
E

+
j

ω

1

FG− AC
(A∇C − F∇G)×H−√ε0µ0

1

FG− AC
(AG + CF )H. (4)

Relations (3) and (4) describe a bi-anisotropic medium, whose constitutive relations can

be conveniently written as [7]

B = µ ·H +
√

ε0µ0(χ + jκ)T · E, (5)

D = ε · E +
√

ε0µ0(χ− jκ) ·H. (6)



Generalized field-transforming metamaterials 4

Comparing with (3) and (4) we can identify the required material parameters of the

field-transforming medium:

The permittivity dyadic

ε = ε0
1

FG− AC

(
G2 + C2

)
I +

√
ε0

µ0

j

ω

1

FG− AC
(C∇G−G∇C)× I, (7)

the permeability dyadic

µ = µ0
1

FG− AC

(
F 2 + A2

)
I +

√
µ0

ε0

j

ω

1

FG− AC
(F∇A− A∇F )× I,(8)

the nonreciprocity dyadic χ

χ = − 1

FG− AC
(AG + CF )I+

+
1√
ε0µ0

j

2ω

1

FG− AC
[(A∇C − F∇G)− (G∇F − C∇A)]× I, (9)

and the reciprocal magneto-electric coupling dyadic (also called chirality dyadic) κ

κ =
1√
ε0µ0

1

2ω

1

FG− AC
[−(A∇C − F∇G)− (G∇F − C∇A)]× I. (10)

In the above equations I is the unit dyadic.

3. Classification of generalized field-transforming metamaterials

In this Section we classify the various cases of different materials that may need to be

obtained depending on the required transformation (1), (2).

3.1. Reciprocity and nonreciprocity

Considering the required permittivity and permeability we see that in the general case

they both contain symmetric and anti-symmetric parts, so the material is nonreciprocal.

The nonreciprocal parts of permittivity and permeability vanish, if coefficients A and C

in (1) and (2) equal zero, meaning that the desired field transformation does not involve

magnetoelectric coupling, as in [8]. Note that in this case the medium can be still

nonreciprocal due to its magnetoelectric properties, see below. The other important case

when the permittivity and permeability are symmetric (actually scalar in the present

case) is when the coefficients F and G vanish. These transformations define new electric

field as a function of the original magnetic field and vice versa. Furthermore, we notice

that if A = C = 0 and, in addition, G = F , the wave impedance of the medium does

not change. This is expected, because this is the case when the electric and magnetic

fields are transformed in the same way.

Next, let us consider what types of magnetoelectric coupling in field-transforming

metamaterials are required for various transformations of fields. Here we will use the

general classification of bi-anisotropic media according to [7, 11]. This classification is
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based on splitting the coupling dyadics χ and κ into three components, e.g. for κ we

write

κ = κI + N + J, (11)

where N and J denote the symmetric and antisymmetric parts, respectively. The

scalar coefficient κ equals to the trace of κ, and it is the chirality parameter. In our

case it is identically zero, meaning that field-transforming metamaterials (with scalar

transformation coefficients) are nonchiral (their microstructure is mirror-symmetric).

Also, the symmetric part N is identically zero, and only the antisymmetric part

κ =
1√
ε0µ0

1

2ω

1

FG− AC
[−(A∇C − F∇G)− (G∇F − C∇A)]× I (12)

remains.

Table 1. Classification of reciprocal bi-anisotropic media.
Coupling parameters Class

κ 6= 0, N = 0, J = 0 Isotropic chiral medium

κ 6= 0, N 6= 0, J = 0 Anisotropic chiral medium

κ = 0, N 6= 0, J = 0 Pseudochiral medium

κ = 0, N = 0, J 6= 0 Omega medium

κ 6= 0, N = 0, J 6= 0 Chiral omega medium

κ = 0, N 6= 0, J 6= 0 Pseudochiral omega medium

κ 6= 0, N 6= 0, J 6= 0 General reciprocal bi-anisotropic medium

Classification of reciprocal bi-anisotropic media is given by Table 1 [7]. Field-

transforming metamaterials possess reciprocal magneto-electric coupling as in omega

media. The required effects can be realized by introducing inclusions in form of pairs of

the letter Ω, arranging them in pairs forming “hats” [11, 12].

Similarly, we split the nonreciprocity dyadic χ as

χ = χI + Q + S, (13)

where Q and S denote the symmetric and antisymmetric parts, respectively, and χ is

the trace of dyadic χ. From (9) we can identify the parts of χ as

χ = − 1

FG− AC
(AG + CF ), (14)

Q = 0, (15)

S =
1√
ε0µ0

j

2ω

1

FG− AC
[(A∇C − F∇G)− (G∇F − C∇A)]× I. (16)

In contrast to the reciprocal magneto-electric coupling, in this case the trace of the

dyadic χ is generally non-zero. Looking at Table 2 [7], we see that the transformation
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Table 2. Classification of nonreciprocal bi-anisotropic media.
Coupling parameters Class

χ 6= 0, Q = 0, S = 0 Tellegen medium

χ 6= 0, Q 6= 0, S = 0 Anisotropic Tellegen medium

χ = 0, Q 6= 0, S = 0 pseudoTellegen medium

χ = 0, Q = 0, S 6= 0 Moving medium

χ 6= 0, Q = 0, S 6= 0 Moving Tellegen medium

χ = 0, Q 6= 0, S 6= 0 Moving pseudoTellegen medium

χ 6= 0, Q 6= 0, S 6= 0 Nonreciprocal (nonchiral) medium

medium can be either a Tellegen medium, a moving medium, or a moving Tellegen

medium.

If all the transformation coefficients do not depend on the spatial coordinates,

the field-transforming metamaterial is the Tellegen medium [7, 11], except the special

case when AG = −CF . Tellegen media can be synthesized as composites containing

magnetized ferrite inclusions coupled with small metal strips or wires [13] or as

mechanically bound particles having permanent electric and magnetic moments [14, 15].

3.2. Losses and gain

A bi-anisotropic medium is lossless if the permittivity and permeability dyadics are

hermittian:

ε = ε
†
, µ = µ

† (17)

In addition, the magneto-electric dyadics for lossless media satisfy

χ + jκ = (χ− jκ)∗ (18)

where ∗ denotes complex conjugate [7].

Analysing formulas (7)–(10) for the required material parameters we see that if the

transformation coefficients are complex numbers, in general the required material can

be a lossy or gain-medium. For real-valued coefficients F,G, A, and C the permittivity,

permeability, and reciprocal magnetoelectric coupling coefficient correspond to lossless

media. However, the antisymmetric part of the nonreciprocity dyadic (describing effects

of “moving” media) may correspond to lossy or gain media, depending on how the

transformation coefficients depend on the position.

3.3. Presence or absence of sources

In the derivation of the material relations in field-transforming metamaterials (3), (4)

we have assumed that in the medium there are no source currents, that is, the field

equations are ∇× E = −jωB, ∇×H = jωD. In addition, conditions

∇ ·D = 0, ∇ ·B = 0 (19)
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should be also satisfied in source-free media. For the general case we have no proof

that conditions (19) always hold. However, we have checked that they are satisfied

in many important special cases, which include, for example, position-independent

transformation coefficients and exponential dependence of the coefficients on the position

vector.

4. Particular cases

Let us next consider some particular cases of field-transforming metamaterials to reveal

the physical meaning of such transformations of fields.

4.1. Backward-wave medium

Consider the case of the field transformation E0 →
√

µ0

ε0
H, H0 →

√
ε0

µ0
E, which

corresponds to F = G = 0 and A = C = 1 in (1),(2). Transforming electric field

into magnetic field and vice versa, we reverse the propagation direction of plane waves

in the transformation volume, so we expect that this would correspond to a backward-

wave material filling the volume. And indeed we see that the material relations (3) and

(4) reduce to

B = −µ0H, (20)

D = −ε0E, (21)

which are the material relations of the Veselago medium [16].

4.2. Field rotation

Consider the case of the field transformation E0 →
√

µ0

ε0
H, H0 → −

√
ε0

µ0
E, which

corresponds to F = G = 0 and A = −1, C = 1 in (1),(2). This kind of transformation

relates to changing the polarization of the field: fields of a plane wave are rotated by

−90 degrees around the propagation axis. The material relations (3) and (4) reduce to

B = µ0H, (22)

D = ε0E, (23)

which are the material relations of free space. The reason why we do not see the change

of polarization here is simply due to the fact that we wanted to consider F , G, A and

C as scalars. The media (original or transformed) do not “feel” the polarization of the

fields, so the rotation does not have any influence on the material relations. For instance,

unpolarized light is obviously invariant under this transformation. We want to remind

the reader that by considering the transformation coefficients F,G, A, C as dyadics, one

can obtain more general transformations, which tailor also the field polarization in the

general way.
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4.3. Isotropic Tellegen medium

Consider next a more general case when all the transformation coefficients do not depend

on the position vector inside the transformation domain. In this case, gradients of these

functions vanish, and we see that the material relations are that of an isotropic Tellegen

material:

B = µ0
1

FG− AC

(
F 2 + A2

)
H−√ε0µ0

AG + CF

FG− AC
E, (24)

D = ε0
1

FG− AC

(
G2 + C2

)
E−√ε0µ0

AG + CF

FG− AC
H. (25)

The medium is reciprocal only if χ = −AG+CF
FG−AC

= 0. We can note that if

the transformation coefficients vary within the transformation volume, this generally

requires simulation of a moving medium with the transformation metamaterial.

4.4. Tellegen nihility

Let us consider again the case where all the coefficients are position-independent, that

is,

∇F = ∇G = ∇A = ∇C = 0 (26)

and also demand that the permittivity and permeability of the transforming medium

become zero. This takes place when either

A = jF, C = jG (27)

or

A = −jF, C = −jG (28)

The material relations of the medium become

B = −j
√

ε0µ0 E

D = −j
√

ε0µ0 H
(29)

for the case (27) or

B = j
√

ε0µ0 E

D = j
√

ε0µ0 H
(30)

for the case (28).

These constitutive relations look similar to that of chiral nihility [17], but in this

case the only non-zero material parameter is the Tellegen parameter. The Maxwell

equations corresponding to relations (30) take the form

∇×H = −k0H, ∇× E = k0E, (31)
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where k0 = ω
√

ε0µ0 is the free-space wavenumber. Thus, solutions of Eq. (31) are

eigenfunctions of operator rot=∇ × I. If ∂/∂x = ∂/∂y = 0 then for the waves

propagating in z-direction

Ex = −e0 exp (−jk0z) Hx = e0η
−1 exp (−jk0z)

Ey = je0 exp (−jk0z) Hy = je0η
−1 exp (−jk0z)

Ez = 0 Hx = 0

(32)

where η is the wave impedance. Substituting expressions (27) or (28) for A and C into

the original definitions (1),(2), we obtain the following formula for the wave impedance:

η =
F

G
η0 (33)

where η0 is the wave impedance of vacuum.

As in the case of chiral nihility [17] and the Beltrami fields in chiral media [14, 18],

the fields (32) correspond to circularly-polarized waves. However, in contrast to those

two cases, where the phase shift between electric and magnetic fields equals exactly to

π/2, in the considered case it depends on relation between F and G according to (33).

If F = G, the electric and magnetic fields oscillate in phase.

4.5. Position-independent transformation coefficients

An interesting general conclusion can be drawn with regard to field transformations

with all the coefficients being position-independent. In this case the wavenumber in the

field-transforming metamaterial is the same as in the original medium (free space in our

case). This can be shown by using the equation for the wavenumber k in a Tellegen

medium [14]

k = k0

√
εrµr − χ2, (34)

where εr and µr are the relative permittivity and permeability. Since

εrµr − χ2 =
(G2 + C2)(F 2 + A2)

(FG− AC)2
− (AG + CF )2

(FG− AC)2
= 1, (35)

(34) simplifies to

k = k0. (36)

This means that for transformations of this class only the wave impedance of the

transforming medium needs to be changed, but not the wavenumber. One can notice

that this property indeed holds in all of the above special cases where the coefficients

are position-independent.

4.6. Moving omega medium

Next we consider another class of field-transforming media assuming A(r, ω) =

C(r, ω) = 0. Transformations of this type correspond to moving omega materials with

the constitutive relations of the form:

D = ε0
G
F
E− j

ωG
∇G×H, B = µ0

F
G
H + j

ωF
∇F × E. (37)
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Both the nonreciprocity dyadic χ and the reciprocal magnetoelectric coupling dyadic κ

are antisymmetric:

χ = − j

2k0

(∇F

F
+
∇G

G

)
× I, κ = − 1

2k0

(∇F

F
− ∇G

G

)
× I, (38)

where the first quantity describes moving-media effects and the second one corresponds

to omega-medium properties. If the two transformation coefficients are equal (F = G),

the omega coupling vanishes.

The Maxwell equation for the transformed fields read:

∇× E(r) = −jωµ0
F (r)
G(r)

H(r) + 1
F (r)

∇F (r)× E(r),

∇×H(r) = jωε0
G(r)
F (r)

E(r) + 1
G(r)

∇G(r)×H(r).
(39)

4.7. Artificial moving medium

Let us consider a more special case when the transformation preserves the wave

impedance of the medium [F (r) = G(r)] [8]. Material relations (37) take the form

of material relations of slowly moving media (velocity v ¿ c, where c is the speed of

light in vacuum), see, e.g., [19]:

D = 1√
1−v2/c2

(
ε0E + 1

c2
v ×H

)
≈ ε0E + 1

c2
v ×H

B = 1√
1−v2/c2

(
µ0H− 1

c2
v × E

)
≈ µ0H− 1

c2
v × E

(40)

In the last relation we have neglected the second-order terms v2/c2. The “velocity” of

the transforming medium can be identified by comparing with (37) as

v = −j
c2

ω

∇F

F
(41)

To get more insight, let us analyze the one-dimensional case considering

transformation functions depending only on one coordinate z and assuming that

F (z) = G(z) is an exponential function of z. Two cases should be distinguished:

• ∇F/F is imaginary, e.g., F (z) = e−jαz with a real parameter α. In this case the

effective “velocity” is real. This metamaterial simulates moving media. Note that

the required material relations have the form of the relations for slowly moving

media even if the equivalent velocity is not small.

• F (z) is a purely real function, e.g., F (z) = e−αz, where α is real. In this case the

effective “velocity” of the medium is imaginary. Note that the material relations of

a medium traveling faster than light formally have an imaginary vector coefficient in

the second term of (40). However, one cannot say that this metamaterial simulates

media moving faster than light, because in that case also the effective permittivity

and permeability would be imaginary quantities.

Let us examine the source-free conditions ∇ ·D = 0 and ∇ ·B = 0 for this special

case of F = G = e−αz. Actually, ∇F (r)
F (r)

= ∇G(r)
G(r)

= −α z0. Then it follows from (37)

∇ ·D = ∇ · [F (r)ε0E0(r)] +
j

ω
∇ · [αz0 × F (r)H0] (42)
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Simple calculation using the free-space Maxwell equations relating E0 and H0 shows

that ∇ ·D = 0. Condition ∇ ·B = 0 can be checked similarly.

Let us check the passivity condition for this medium. The period-average of the

time derivative of the field energy is expressed as [7]:
〈

dW

dt

〉

t

=
jω

4
f∗ · (M−M†) · f (43)

where

f =

(
E

H

)
, M =


 ε0I

√
ε0µ0 χ†√

ε0µ0 χ µ0I


 . (44)

For real transformation coefficients we take as an example F (z) = e−αz, where α > 0.

For a plane wave propagating along z, calculation leads to
〈

dW

dt

〉

t

=
α

η
e−2αz > 0 (45)

This implies that the medium possesses losses. However, for a plane wave traveling in the

opposite direction (along −z), the sign in the above expression is reversed, corresponding

to a gain medium. This is expected because in the last case the field amplitude grows

along the propagation direction. In the case of imaginary α this value is equal to zero

and the medium is lossless.

5. Transmission through a slab of a field-transforming medium

Let us consider an infinite slab of a field-transforming metamaterial in vacuum, which

is excited by a normally incident plane wave. Here we continue studying the case of

moving-medium transformations, that is, F = G and A = C = 0. Let the thickness

of the slab be d, and the field-transforming properties be defined by a function of one

variable z — the coordinate in the direction normal to the interfaces: F (z) = G(z).

The general solution for the eigenwaves in the slab is, obviously,

E(z) = F (z)(ae−jk0z + bejk0z) (46)

where E is the electric field amplitude, and a and b are constants, because this is how

the free-space solution is transformed in this metamaterial slab. If F = G, the wave

impedance in the transforming medium does not change.

Writing the boundary conditions on two interfaces, reflection and transmission

coefficients can be found in the usual way. As a result, we have found that the

reflection coefficient does not depend on function F (z) at all, and it is given by the

standard formula for a reflection coefficient from an isotropic slab at normal incidence.

In particular, if the permittivity and permeability of the slab equal to that of free space,

the reflection coefficient R = 0. The transmission coefficient in this matched case reads

T =
F (d)

F (0)
e−jk0d (47)
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where F (d) and F (0) are the values of the transformation function at the two sides of

the slab.

The non-reciprocal nature of field-transforming metamaterials is clearly visible here.

If function F (z) is real and it decays with z, then fields of waves traveling in the positive

direction of z decay, while fields of waves traveling in the opposite directions grow.

Obviously, such performance cannot be realized by passive media (see the calculation of

the absorbed power in Section 4.7). If F (d) = F (0) = 1, the slab is “invisible”, although

inside the slab the field distribution can be pretty arbitrary, as dictated by the given

function F (z).

6. Conclusions

Two different approaches to design of metamaterials which transform fields in a desired

way are known. The first one has been proposed and developed in [1, 2], and it is

based on coordinate transformations. The second one has been introduced in [8] and

developed here, and it transforms the fields directly, according to a desired prescription.

This technique can be potentially applied to a very wide variety of engineering problems,

where a certain field transformation is required. One of the most important property of

the field transformation approach is that a medium with prescribed parameters turns

out to be nonreciprocal with except of some special cases. Most often, a metamaterial

simulating moving media is required. Potential physical realizations of metamaterials

with the properties required for general linear field transformations (such as artificial

moving media) are discussed in [6, 7, 13, 15, 20].
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Abstract
In this paper an extension of the coordinate transformation approach to artificial media as introduced
by Pendry and Leonhardt is presented. It is based upon the fact that a separate transformation of the
two pairs ( ~E, ~B) and ( ~D, ~H) is a symmetry of Maxwell’s equations, but changes the constitutive
relation. This allows a geometric interpretation of non-reciprocal and indefinite media.

1. Introduction

The concept of Metamaterials mimicking coordinate transformations [1, 2, 3] has been very successful
to design and understand novel types of media, such as invisibility cloaks [1, 2], perfect lenses, artificial
black holes [3] or magnification devices [4]. Nevertheless, the class of constitutive relations available
in this way is rather limited as the medium must be reciprocal and have equal permittivity and perme-
ability, a complementary approach not making use of symmetries and geometric interpretations has been
proposed in [5]. In this paper we provide a generalization of [3], which in terms of accessible media
is less general than [5], but allows an immediate geometric interpretation and is based on symmetry
transformations.

2. Triple-spacetime Metamaterials

When written in terms an arbitrary (not necessarily flat) metric gµν the constitutive relations of electro-
magnetism resemble those of a reciprocal medium [6]. Therefore, if empty space can look as a medium, a
medium could also look as empty space. This is indeed possible [3]: one starts from laboratory space xµ

with metric gµν and applies a (eventually singular) symmetry transformation (diffeomorphism), which
locally is expressed by a coordinate transformation xµ → x̄µ. The new space with metric ḡµν describes
the behavior of the electromagnetic fields, but the equations are re-interpreted in terms of the original
coordinates xµ. This leads to the constitutive relations [3]

D̃i = ± ḡij

√
−ḡ00

√
γ̄

√
γ

Ẽj −
ḡ0j

ḡ00
εjilH̃l , B̃i = ± ḡij

√
−ḡ00

√
γ̄

√
γ

H̃j +
ḡ0j

ḡ00
εjilẼl , (1)

where the sign ambiguity refers to the fact that the transformation can change the orientation. One can
extend this approach by realizing that the equations of motion may exhibit invariant transformations that
are not symmetries of the action. Indeed, Maxwell’s equations divide into two sets of equations,

∇iB
i = 0 , ∇0B

i + εijk∂jEk = 0 , and ∇iD
i = ρ , εijk∂jHk −∇0D

i = ji , (2)

which have mutually excluding field content and do not depend on the media properties. Therefore, two
different diffeomorphisms applied to the two sets leave Maxwell’s equations invariant, i.e. any source-
free solution thereof is mapped upon another source-free solution. Still, the action as well as the con-
stitutive relation are not invariant and thus the two situations are physically inequivalent. Nonetheless,
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Fig. 1: Illustration and notation of the generalized “triple spacetime Metamaterials”. Notice that the
diffeomorphism I only acts on the fields ~E and ~B, while diffeomorphism II acts on ~D and ~H .

this deformation allows an immediate geometric interpretation, as it simply states that we can deform
independently from each others the spaces for ( ~E, ~B) and ( ~D, ~H) (cf. Fig. 1.)

To arrive at the constitutive relations we proceed analogously to Ref. [3]: all equations are rewritten in
terms of the laboratory metric gµν , whereby the field strength tensor F̄µν , the excitation tensor H̄µν and
the four-current J̄µ must be rescaled as

F̃µν = ±F̄µν , H̃µν =
√
−¯̄g√
−g

¯̄Hµν , J̃µ =
√
−¯̄g√
−g

¯̄Jµ . (3)

From this, the relativistically covariant formulation of the constitutive relation follows immediately. Af-
ter rewriting everything in terms of space vectors one finds

D̃i = −s̄

√
−¯̄g

√
γg0̄¯̄0

g
¯̄ij̄Ẽj − s̄¯̄s

√
−ḡ
√
−¯̄g

γg0̄¯̄0

g
¯̄ik̄g

¯̄0l̄εklmgm̄¯̄jH̃j , (4)

B̃i = −¯̄s
√
−ḡ

√
γg0̄¯̄0

gī¯̄jH̃j + s̄¯̄s
√
−ḡ
√
−¯̄g

γg0̄¯̄0

gī¯̄kεklmg
¯̄l0̄g

¯̄mj̄Ẽj , (5)

where s̄ and ¯̄s are the respective signs from possible changes of orientation in the mappings xµ → x̄µ

and xµ → ¯̄xµ and the symbol gµ̄¯̄ν is defined as

g
¯̄µν̄ =

∂ ¯̄xµ

∂xρ

∂x̄ν

∂xσ
gρσ = ¯̄gµρ ∂x̄ν

∂ ¯̄xρ
=

∂ ¯̄xµ

∂x̄ρ
ḡρν . (6)

The result (4) and (5) reduces to the relations (1) if gµ̄¯̄ν is a symmetric matrix of signature (3, 1). This
does not imply x̄µ = ¯̄xµ but rather that there exists yet a different space which describes the same media
properties in terms of a single transformation. Our generalization exhibits the following features:

• As g
¯̄ij̄ = (gj̄¯̄i)T it follows that permittivity and permeability are related as ¯̄s

√
−¯̄gµij = s̄

√
−ḡεji.

It should not come as a surprise that permittivity and permeability cannot be independent as by
virtue of the definition of the relativistically covariant tensors Fµν and Hµν no invariant transfor-
mation can act independently on ~E and ~B or ~D and ~H , resp.

• Permittivity and permeability need no longer be symmetric. Therefore it is possible to describe
non-reciprocal materials. This happens if the mapping between the two electromagnetic spaces,
∂x̄µ/∂ ¯̄xν , is not symmetric in µ and ν, e.g. for a material with mapping x̄ = x− z, ¯̄x = x + z.



• The generalized transformations yield many more possibilities considering the signs of the eigen-
values of permittivity and permeability. Within the method of Ref. [3], µ and ε are determined by
the spatial metric of the deformed space, which by definition must have three positive eigenvalues.
Thus in any medium of this type the eigenvalues of ε and µ are all of the same sign.

Within the generalized setup of “triple space Metamaterials”, however, the signs of the eigenvalues
in ε can be chosen freely as no restrictions of this type exist for the transformation matrices.
Such indefinite media [7, 8] emerge if certain space directions are inverted differently in the two
mappings, e.g. x̄ = −x, ¯̄x = x. Furthermore the relative sign between the eigenvalues of ε and
those of µ can be chosen as is seen from (4) and (5). This allows media exhibiting evanescent
waves as a consequence of different time directions, t̄ = −t but ¯̄t = t. We note that all eight
classes of materials discussed in Ref. [7] allow a geometric interpretation within the setup of
“triple spacetime Metamaterials.”

• More complicated than permittivity and permeability are the bi-anisotropic couplings. From

ξij = −s̄¯̄s
√
−ḡ
√
−¯̄g

γg0̄¯̄0

g
¯̄ik̄g

¯̄0l̄εklmgm̄¯̄j , κij = s̄¯̄s
√
−ḡ
√
−¯̄g

γg0̄¯̄0

gī¯̄kεklmg
¯̄l0̄g

¯̄mj̄ , (7)

it follows similarly to Eq. (1) that all electric-magnetic couplings vanish if x0 = x̄0 = ¯̄x0. Indeed,
in this case the expressions g

¯̄0l̄ = ḡµl∂ ¯̄x0/∂x̄µ and g0̄¯̄l = ¯̄gµl∂x̄0/∂ ¯̄xµ vanish. Thus again we find
that electric-magnetic couplings are the result of non-trivial transformations of time.

4. Conclusion

We have introduced in this paper a generalization of the concept of coordinate transformations to design
artificial materials. Similar to the standard coordinate transformations this technique offers a geometric
interpretation, but in contrast to the former it allows to design a wider class of media, including non-
reciprocal media, indefinite media and materials exhibiting evanescent waves. We mention that that
the most general class of media from invariant transformations of the equations of motion is slightly
more general than the class presented here: indeed a continuous version of electric-magnetic duality
leaves Eqs. (2) invariant, however a geometric interpretation thereof is less immediate. Besides practical
applications also theoretical questions remain open, such as impedance matching with the vacuum and
the behavior of the Poynting vector under the suggested transformations.
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In this paper various extensions of the design strategy of transformation media are proposed. We
show that it is possible to assign different transformed spaces to the field strength tensor (electric field
and magnetic induction) and to the excitation tensor (displacement field and magnetic field), resp.
In this way, several limitations of standard transformation media can be overcome. In particular
it is possible to provide a geometric interpretation of non-reciprocal as well as indefinite materials.
We show that these transformations can be complemented by a continuous version of electric-
magnetic duality and comment on the relation to the complementary approach of field-transforming
metamaterials.

I. INTRODUCTION

In the field of metamaterials, artificial electromagnetic
materials, the use of spacetime transformations as a de-
sign tool for new materials has been proved very success-
ful recently [1–3]. As basic idea of this concept a meta-
material mimics a transformed, but empty space. The
light rays follow the trajectories according to Fermat’s
principle in this transformed (electromagnetic) space in-
stead of laboratory space. This allows to design in an
efficient way materials with various characteristics such
as invisibility cloaks [1, 2, 4], perfect lenses [3], magnifi-
cation devices [5], an optical analogue of the Aharonov-
Bohm effect or even artificial black holes [3]. Still the
media relations accessible in this way are rather limited,
in particular non-reciprocal or indefinite media (mate-
rials exhibiting strong anisotropy) are not covered. But
this type of materials also have been linked to some of the
mentioned concepts, in particular perfect lenses [6, 7] and
hyperlenses [8]. This raises the question whether there
exists an extension of the concept of transformation me-
dia such as to cover those materials as well and to provide
a geometric interpretation thereof.

In this paper we propose an extension of this type. As
in Refs. [1–3] our concept is based on diffeomorphisms lo-
cally represented as coordinate transformations. There-
fore many of our result allow a geometric interpretation
similar to the one of Refs. [3, 9] as opposed to another
recently suggested route to overcome the restrictions of
diffeomorphism transforming media [10, 11]. The start-
ing point of our considerations are Maxwell’s equations
in possibly curved, but vacuous space [23]:

∇iBi = 0 , ∇0B
i + εijk∂jEk = 0 , (1)

∇iDi = ρ , εijk∂jHk −∇0Di = ji . (2)

Here, ∇i is the covariant derivative in three dimensions

∇iAi = (∂i + Γiij)A
j =

1
√
γ
∂i(
√
γAi) , (3)

∗Electronic address: Luzi.Bergamin@esa.int

with the space metric γij and its determinant γ.
For many manipulations it will be advantageous to use

relativistically covariant quantities. Therefore, Eqs. (1)
and (2) are rewritten in terms of the field strength tensor
Fµν , the excitation tensor Hµν and a four current Jµ (cf.
Appendix):

εµνρσ∂νFρσ = 0 , DνH
µν = −Jµ , DµJ

µ = 0 . (4)

The four dimensional covariant derivative Dµ is defined
analogously to (3), whereby the space metric is replaced
by the spacetime metric gµν and its volume element

√
−g.

We wish to analyze these equations of motion from
the point of view of transformation media. All transfor-
mation materials have in common that they follow as a
transformation from a (not necessarily source-free) vac-
uum solution of the equations of motion, which maps
this solution onto a solution of the equations of motion
of the transformation material [24]. The crucial ingre-
dient in the definition of transformation media then is
the class of transformations to be considered. As space
of all transformations we restrict to all linear transfor-
mations in four-dimensional spacetime. Consequently all
media exhibit linear constitutive relations, which may be
written within the covariant formulation as [12]

Hµν =
1
2
χµνρσFρσ . (5)

In vacuum one obtains [25]

χµνρσ =
1
2

(gµρgνσ − gµσgνρ) , (6)

such that the standard result ~E = ~D and ~B = ~H emerges.
These transformations and the ensuing media proper-

ties (5) have the advantage to be relativistically invariant
and thus very easy to handle. However, they do not in-
clude any frequency dependence and remain strictly real,
which perhaps is the most severe restriction that follows
from the coordinate transformation approach. As long
as the linear transformations are seen as transformations
of spacetime (rather than of the fields) this restriction is
not surprising, though. Indeed, from energy conservation
it follows that a process of absorption by the medium is
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not possible to model as a local transformation of space-
time (notice that the spacetime itself is not dynamical
and thus cannot contribute to the energy).

II. DIFFEOMORPHISM TRANSFORMING
METAMATERIALS

Obviously, the concept of transformation materials as
sketched above is related to symmetry transformations,
as those are by definition linear transformations that map
a solution of the equations of motion onto another one.
Therefore it is worth to work out this relation a little bit
more in detail.

A symmetry is a transformation which leaves the
source-free [26] action of the theory, here

S =
∫
d4x
√
−gFµνHµν , (7)

invariant, whereby surface terms are dropped. It
straightforwardly follows that a symmetry transforma-
tion applied on a solution of the equations of motion still
solves the latter. In the above action a general, not nec-
essarily flat spacetime is considered. The symmetries of
this action are well known: these are the U(1) gauge
symmetry of electromagnetism and the symmetries of
spacetime (diffeomorphisms). The gauge symmetry can-
not help to design materials as the media relations are
formulated exclusively in terms of gauge invariant quan-
tities. However, diffeomorphisms change the media re-
lations, as is pointed out e.g. in Ref. [13] and as it has
been applied to metamaterials in Ref. [3]. Thus one way
to define transformation media is:

Definition 1. A transformation material follows from
a symmetry transformation applied to a vacuum solution
of Maxwell’s equations. This vacuum solution need not
be source free.

The space of all possible transformation materials of
this kind has been derived in Ref. [3], here we shortly
want to summarize the result of that paper. The starting
point is the observation that a curved space in Maxwell’s
equations looks like a medium. Indeed, in empty but
possibly curved space the constitutive relation among the
electromagnetic fields is found by exploiting

F0i = (g00gij − g0jgi0)H0j + g0kgilH
kl , (8)

Hij = 2gi0gjkF0k + gikgjlFkl , (9)

which in terms of the space vectors reads

Di =
gij√
−g00

Ej −
g0j

g00
εjilHl , (10)

Bi =
gij√
−g00

Hj +
g0j

g00
εjilEl . (11)

Thus empty space can appear like a medium with per-
meability and permittivity εij = µij = gij/

√
−g00 and

with bi-anisotropic couplings ξij = −κij = εlijg0l/g00.

FIG. 1: Diffeomorphism transforming metamaterials accord-
ing to Ref. [3].

Now, as basic idea of Ref. [3], if empty space can appear
like a medium, a medium should also be able to appear as
empty space. One starts with electrodynamics in vacuo,
we call these fields Fµν and Hµν with flat metric gµν .
Now we apply a diffeomorphism, locally represented as a
coordinate transformation xµ → x̄µ(x). As the equations
of motion by definition are invariant under diffeomor-
phisms, all relations remain the same with the fields F ,
H and the metric gµν replaced by the new barred quan-
tities. As a last step one re-interprets in the dynamical
equations (1) and (2) the coordinates x̄µ as the original
ones xµ, while keeping ḡµν in the constitutive relation.
To make this possible some fields must be rescaled in or-
der to transform barred covariant derivatives (containing
ḡ) into unbarred (containing g.) The situation of dif-
feomorphism transforming metamaterials is illustrated in
Figure 1, which also summarizes our notation. As a more
technical remark it should be noted that this manipula-
tion is possible as we consider just Maxwell’s theory on
a curved background rather than Einstein-Maxwell the-
ory (general relativity coupled to electrodynamics.) In
the former case the metric is an external parameter and
thus this manipulation is possible as long as none of the
involved quantities depends explicitly on the metric.

To keep the whole discussion fully covariant the fields
are transformed at the level of the field strength and exci-
tation tensor (rather than at the level of space vectors as
done in Ref. [3]). To transform the covariant derivatives
D̄µ into the original Dµ we have to apply the rescalings

H̃µν =
√
−ḡ√
−g

H̄µν J̃µ =
√
−ḡ√
−g

J̄µ . (12)

In addition the transformation xµ → x̄µ(x) may not pre-
serve the orientation of the manifold, which technically
means that the Levi-Civita tensor changes sign [3]. This
is corrected by introducing the sign ambiguity

F̃µν = ±F̄µν (13)

with the plus sign for orientation preserving, the mi-
nus for non-preserving transformations. These new fields
again live in the original space with metric gµν , but now
the space is filled with a medium with

χ̃µνρσ = ±1
2

√
−ḡ√
−g

(ḡµρḡνσ − ḡµσ ḡνρ) , (14)
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or, in terms of space vectors,

D̃i = s
ḡij√
−ḡ00

√
γ̄
√
γ
Ẽj −

ḡ0j

ḡ00
εjilH̃l , (15)

B̃i = s
ḡij√
−ḡ00

√
γ̄
√
γ
H̃j +

ḡ0j

ḡ00
εjilẼl , (16)

with s = ±1 being the sign in (13) and (14). As can
be seen the media properties are restricted to reciprocal
materials (ε = εT , µ = µT , κ = χT ), which, in addi-
tion, obey ε = µ. This result has been obtained in Ref.
[3] in a slightly different way and encompasses the trans-
formations in Refs. [1, 14]. We do not want to go into
further details of this approach but refer to the review
[9], where its geometric optics interpretation is discussed
in detail. Indeed, light travels in transformation media
of this type along null geodesics of the electromagnetic
space x̄µ, which allows (with some restrictions to be dis-
cussed in Section IV) a simple and intuitive interpreta-
tion of the transformation.

III. TRIPLE SPACETIME METAMATERIALS

Despite the variety of applications of diffeomorphism
transforming metamaterials some results suggest to
search for extensions. Indeed, there exist e.g. designs of
super- and hyperlenses that make use of indefinite mate-
rials (strong anisotropy) [6–8]. Though both concepts
should be perfectly understandable in terms of trans-
formation media, the specific material relations used in
these works do not fall under the class of diffeomorphism
transforming metamaterials.

To understand a possible route to generalize the con-
cept of diffeomorphism transforming media we have to
consider again their basis, namely symmetry transfor-
mation. The concept of symmetries is used to identify
different solutions of the equations of motion that effec-
tively describe the same physics. By means of the re-
interpretation in the last step of Figure 1, such symme-
try transformations can be used as a simple tool to derive
within a restricted class of constitutive relations new me-
dia properties in a geometrically intuitive and completely
algebraic way.

Nonetheless, within the concept of metamaterials it is
not important that the transformed solution in principle
describes the same physics as the original one. Still, one
may want to keep the possibility of mapping source free
solutions onto other source free solutions in a straight-
forward way, as only in this way we have an effective
control over passive media and do not risk to introduce
exotic sources such as magnetic monopoles. Furthermore
a geometric interpretation of the transformations is kept,
which is advantageous in many applications. To weaken
the conditions on transformation materials while keep-
ing the advantages of symmetry transformations we thus
propose the following definition:

Definition 2. Consider the set of all transformations
T which map a source free solution of the equations of
motion (1) and (2) onto another source free solution. A
transformation material is a material obtained by apply-
ing a transformation T onto a (not necessarily source
free) vacuum solution.

There are two types of extensions contained in this
definition compared to the previous section:

1. There exist transformations that leave the equa-
tions of motion invariant, but change the action by
a constant and thus are not symmetry transforma-
tions. A transformation of this type is the so-called
electric-magnetic duality. Its effect will shortly be
discussed in Section III A.

2. We do allow for transformations which leave all
Maxwell’s equations (1) and (2) invariant, but
change the media relations (5). This indeed gen-
eralizes the concept in an important way.

To see the origin of the second extension it is important
to realize that the equations of motion of electrodynamics
separate into two different sets (Eqs. (1) and (2), resp.)
with mutually exclusive field content. This characteristic
is not just an effect of our notation, but as has been shown
e.g. in Refs. [15, 16], the equations of motion of electro-
dynamics can be derived from first principles without
using explicitly the constitutive relation H = H(F ). As
the two sets of equations are separately invariant under
diffeomorphisms it should be possible to assign different
transformed spaces to H = ( ~D, ~H) and F = ( ~E, ~B). In
other words, it must be possible to distort the spaces (or
the coordinates) of the field strength tensor and the exci-
tation tensor separately, whereby the resulting transfor-
mation material per constructionem fulfills all conditions
of the Definition 2. The ensuing constitutive relation as
well as the solutions of the equations of motion still follow
(almost) as simple as in the case of Ref. [3].

To prove the potential of this method we have to ex-
tend the notation compared to the previous section: as
before laboratory space has metric gµν , its fields in vacuo
are H = ( ~D, ~H) and F = ( ~E, ~B); the fields of the trans-
formation material (living in the space with metric gµν)
are again labeled with a tilde. The transformed space
of the field strength tensor has metric ḡµν and fields
F̄ = ( ~̄E, ~̄B), the one of the excitation tensor ¯̄gµν and
¯̄H = ( ~̄̄D, ~̄̄H). This new transformation is illustrated in
Figure 2. Applying the two transformations

x̄µ = x̄µ(x) , ¯̄xµ = ¯̄xµ(x) (17)

to the constitutive relation (5) with χ being the vacuum
relation (6) yields

¯̄Hµν =
1
2
∂ ¯̄xµ

∂xλ
∂ ¯̄xν

∂xτ
(
gλαgτβ − gλβgτα

) ∂x̄ρ
∂xα

∂x̄σ

∂xβ
F̄ρσ .

(18)
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FIG. 2: Illustration and notation of the generalized “triple
spacetime metamaterials”. Notice that the diffeomorphism I
only acts on the fields ~E and ~B, while diffeomorphism II acts
on ~D and ~H.

Introducing the notation

g
¯̄µν̄ =

∂ ¯̄xµ

∂xρ
∂x̄ν

∂xσ
gρσ = ¯̄gµρ

∂x̄ν

∂ ¯̄xρ
=
∂ ¯̄xµ

∂x̄ρ
ḡρν (19)

the relation may be written as

¯̄Hµν =
1
2
(
g

¯̄µρ̄g
¯̄νσ̄ − g ¯̄µσ̄g

¯̄νρ̄
)
F̄ρσ . (20)

It should be noted that g ¯̄µν̄ in Eq. (19) is no longer a met-
ric, in particular it need not be symmetric in its indices
and it need not have signature (3, 1).

To derive the new constitutive relations in the original
(laboratory) space we proceed analogously to the previ-
ous section. All fields have to be rescaled in order to obey
the equations of motion in the original space with metric
gµν , which implies

F̃µν = ±F̄µν , H̃µν =
√
−¯̄g√
−g

¯̄Hµν , J̃µ =
√
−¯̄g√
−g

¯̄Jµ .

(21)

Thus the constitutive relation becomes

H̃µν = χ̃µνρσF̃ρσ = ±1
2

√
−¯̄g√
−g
(
g

¯̄µρ̄g
¯̄νσ̄ − g ¯̄µσ̄g

¯̄νρ̄
)
F̃ρσ ,

(22)
where the sign refers to the possible change of orienta-
tion in the transformation xµ → x̄µ. For the equivalent
relation in terms of space vectors the notation

εµνρσ = s̄

√
−g√
−ḡ

ε̄µνρσ = ¯̄s
√
−g√
−¯̄g

¯̄εµνρσ (23)

is used, where s̄ and ¯̄s are the respective signs due to
the change of orientation in the transformations to lab-
oratory space. Now it easily follows from (A.16)–(A.19)

that

Aij = −s̄
√
−¯̄g
√
γ

(g
¯̄00̄g

¯̄ij̄ − g¯̄0j̄g
¯̄i0̄) , (24)

Bij = −¯̄s
√
γ

√
−ḡ

(g¯̄00̄g¯̄ij̄ − g¯̄0j̄g¯̄i0̄) , (25)

Ci
j = − s̄

2

√
−¯̄g
√
γ
εikl(g

¯̄k0̄g
¯̄lj̄ − g

¯̄kj̄g
¯̄l0̄) , (26)

Di
j =

s̄

2

√
−¯̄g
√
γ
εjkl(g

¯̄0k̄g
¯̄il̄ − g¯̄0l̄g

¯̄ik̄) , (27)

which are the defining tensors of the Boys-Post relation.
After some algebra the Tellegen relation

D̃i = −s̄
√
−¯̄g

√
γg0̄¯̄0

g
¯̄ij̄Ẽj − s̄¯̄s

√
−ḡ
√
−¯̄g

γg0̄¯̄0

g
¯̄ik̄g

¯̄0l̄εklmg
m̄¯̄jH̃j ,

(28)

B̃i = −¯̄s
√
−ḡ

√
γg0̄¯̄0

gī
¯̄jH̃j + s̄¯̄s

√
−ḡ
√
−¯̄g

γg0̄¯̄0

gī
¯̄kεklmg

¯̄l0̄g
¯̄mj̄Ẽj

(29)

is found, which in the limit of ¯̄gµν = ḡµν is equivalent to
Eqs. (15) and (16). An important comment is in order:
due to the different transformations applied to Hµν and
Fµν , resp., the constitutive relation (22), or (28) and (29),
relates fields from different spacetime points in the orig-
inal space, e.g. Ẽi (x̃ = x̄(x)) refers the field Ei(x) at a
different point xµ in the original space than D̃i (x̃ = ¯̄x(x))
does.

Let us comment on the more technical parts of this
result. In Section II we saw that transformation materials
derived from symmetry transformations are restricted to
reciprocal materials with ε = µ. These restrictions can
be overcome partially with the above result:

• As g
¯̄ij̄ = (gj̄

¯̄i)T it follows that permittivity and
permeability are related as

¯̄s
√
−¯̄gµij = s̄

√
−ḡεji . (30)

It should not come as a surprise that permittiv-
ity and permeability cannot be independent, as by
virtue of the definition of the relativistically covari-
ant tensors Fµν and Hµν such transformations can-
not act independently on ~E and ~B or ~D and ~H,
resp. A possible route to relax this restriction is
discussed in Section V.

• Permittivity and permeability need no longer be
symmetric. Therefore it is possible to describe
non-reciprocal materials, or, in the language of Eq.
(A.22), the skewon part need not vanish. This hap-
pens if the mapping between the two electromag-
netic spaces, ∂x̄µ/∂ ¯̄xν , is not symmetric in µ and
ν, e.g. for a material with mapping x̄ = x − z,
¯̄x = x+ z.
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• The generalized transformations yield many more
possibilities considering the signs of the eigenval-
ues of permittivity and permeability. Within the
method of Ref. [3], µ and ε are essentially deter-
mined by the spatial metric of the electromagnetic
space (cf. Eqs. (15) and (16) and recall the relation
gij = γij .) However, a spatial metric by definition
must have three positive eigenvalues, a characteris-
tic that cannot be changed by any diffeomorphism.
Thus it follows that in any medium of this type the
eigenvalues of ε and µ are all of the same sign.

– Within the generalized setup of “triple space-
time metamaterials”, however, the signs of the
eigenvalues in ε can be chosen freely, as the
metric is multiplied by a transformation ma-
trix,

g
¯̄ij̄ = ¯̄giµ

∂x̄j

∂ ¯̄xµ
, (31)

and no restrictions on the signs of the eigen-
values of the transformation matrix exist. In
this way indefinite materials [6, 7] can be de-
signed as a result of different space inversions
in the two different mappings. As an ex-
ample the mapping z̄ = −z, ¯̄z = z (with
all other directions mapped trivially) yields
εij = diag(−1,−1, 1), µij = diag(1, 1,−1).

– Furthermore the relative sign between the
eigenvalues of ε and those of µ can be chosen
as a consequence of the factor ¯̄s in Eq. (30).
This change in the relative sign may be inter-
preted as a partial reversal of time as can be
seen in the following list (space maps trivially
here and all media are assumed to be homo-
geneous):

t̄ ¯̄t ε µ

I t t 1 1
II t −t −1 1
III −t t 1 −1
IV −t −t −1 −1

We note that all eight classes of materials discussed
in Ref. [6] allow a geometric interpretation within
the setup of “triple spacetime metamaterials.”

• More complicated than permittivity and perme-
ability are the bi-anisotropic couplings. With the
standard assumption of g0i = 0 in laboratory space
it follows from

ξij = −s̄¯̄s
√
−ḡ
√
−¯̄g

γg0̄¯̄0

g
¯̄ik̄g

¯̄0l̄εklmg
m̄¯̄j , (32)

κij = s̄¯̄s
√
−ḡ
√
−¯̄g

γg0̄¯̄0

gī
¯̄kεklmg

¯̄l0̄g
¯̄mj̄ , (33)

similarly to Eq. (15) that all electric-magnetic cou-
plings vanish if the transformation does not mix
space and time. In this case the crucial compo-
nents g0̄¯̄l and g

¯̄0l̄ may be written as

g0̄¯̄l =
∂x̄0

∂x0
g00 ∂ ¯̄xl

∂x0
+
∂x̄0

∂xi
gij

∂ ¯̄xl

∂xj
, (34)

g
¯̄0l̄ =

∂ ¯̄x0

∂x0
g00 ∂x̄

l

∂x0
+
∂ ¯̄x0

∂xi
gij

∂x̄l

∂xj
. (35)

Most importantly it is found from these expres-
sions that one of the two bi-anisotropic couplings
may vanish while the other one is non-vanishing,
which is impossible within the context of diffeomor-
phism transforming media. Moreover, in the latter
case the bi-anisotropic couplings must be symmet-
ric matrices, which need no longer be the case in
the present context.

• Finally, the result (28) and (29) reduces to the re-
lations (15), (16) if gµ̄¯̄ν is a symmetric matrix of
signature (3, 1). This does not necessarily imply
x̄µ = ¯̄xµ but rather that there exists yet a different
space which describes the same media properties in
terms of the transformations of Section (II).

A. Electric-magnetic duality and rotation

Finally we should ask, whether Eqs. (28), (29) indeed
describe the most general media fulfilling Definition 2.
Taken separately, the two sets of equations in (1) and (2)
do not exhibit more symmetries than diffeomorphisms.
However, there exists the possibility of transformations
that mix Fµν and Hµν . Indeed a transformation of this
type is known as electric-magnetic duality, which has im-
portant implications in modern theoretical high-energy
physics [17]. It represents the fact that under the ex-
change

Fµν ↔ ∗Hµν (36)

or in terms of space vectors

Bi → −Di , Hi → −Ei , (37)

Ei → Hi , Di → Bi , (38)

the source-free equations of motion do not change (the
action changes by an overall sign.) Of course, this duality
transformation is problematic when applied to a solution
with sources, as it transforms electric charges and cur-
rents into magnetic charges and currents and vice versa.
In the remainder of this section we thus restrict to source-
free solutions or should allow the possibility of artificial
magnetic monopoles. Then it can be checked straight-
forwardly that electric-magnetic duality applied to the
result (20), or (28) and (29), does not yield media rela-
tions not yet covered by diffeomorphisms alone.
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FIG. 3: Illustration and notation of the generalized “triple
spacetime metamaterials” complemented by electric-magnetic
rotation. The electric-magnetic rotation must act after the
transformation of spacetime as these two steps do not com-
mute.

However, as far as the equations of motion (1) and (2)
are concerned, electric-magnetic duality can be promoted
to a continuous U(1) symmetry with transformation [27]

B̃i = cosαBi − sinαDi , D̃i = cosαDi + sinαBi ,
(39)

Ẽi = cosαEi + sinαHi , H̃i = cosαHi − sinαEi .
(40)

These transformations comply with Definition 2 and thus
their action onto a medium with general constitutive re-
lation (A.12) should be studied. The result

D̃i =
(
cos2 αε+ sin2 αµ+ sinα cosα(κ+ ξ)

)ij
Ẽj

+
(
cos2 ακ− sin2 αξ + sinα cosα(µ− ε)

)ij H̃j ,
(41)

B̃i =
(
cos2 αµ+ sin2 αε− sinα cosα(κ+ ξ)

)ij H̃j
+
(
cos2 αξ − sin2 ακ+ sinα cosα(µ− ε)

)ij
Ẽj

(42)

shows that the transformation acts trivially if ε = µ and
ξ = −κ, in particular in vacuo and consequently for all
diffeomorphism transforming media (15). However, they
yield new media relations when acting on a solution of
the type (28) and (29). Therefore these new relations
are part of the materials covered by Definition 2. They
are derived here for completeness, though their geomet-
ric interpretation is not immediate. The coordinate lines
x̄µ(x) and ¯̄xµ(x) could be understood as the electromag-

netic spaces of the linear combinations ( ~̃E, ~̃B) and ( ~̃D, ~̃H)
as given in (39) and (40), resp. Still, one should be careful
with this interpretation: as the transformation of space-
time does not commute with the electric-magnetic rota-
tion one cannot modify the situation in Figure 3 in such a
way that the two electromagnetic spaces, x̄µ and ¯̄xµ, are
identified with certain linear combinations of ( ~E, ~B) and
( ~D, ~H), resp.; rather the electric-magnetic rotation acts
upon the fields after the transformation of spacetime.

IV. ENERGY, MOMENTUM AND WAVE
VECTOR

So far we studied solutions of Maxwell’s equations
which—up to rescalings—are equivalent to certain vac-
uum solutions. Still we did not ask up to which point
these transformation materials really are “media that
look as empty space.” To do so it is not sufficient to con-
sider the transformation of the fields and sources, but
equally well we should look at the conservation laws,
summarized in the conservation of the stress-energy-
momentum tensor (SEM tensor.) While in the generic
situation of electrodynamics in media, the definition
of the “SEM tensor of electrodynamics” is not unique
[18, 19], we do not have to deal with these subtleties in
the present situation as our (idealized) media are loss-
less and dispersion free and thus allow for a definition of
a complete action (cf. Eq. (7)) without any reference to
“matter.” Therefrom we immediately derive the covari-
ant SEM tensor

Tµν = − 1
4π

(
Fρσg

σ{µHν}ρ +
1
4
gµνFρσH

ρσ

)
, (43)

DµT
µν = 0 . (44)

The advantage of this tensor over the canonical SEM ten-
sor is the simple behavior under diffeomorphisms: being
a real tensor field, Tµν transforms exactly in the same
way as the metric.

Let us now look at the materials as described in Sec-
tion II. Thanks to its transformation properties the SEM
tensor in the electromagnetic space follows immediately
as

T̄µν = − 1
4π

(
F̄ρσ ḡ

σ{µH̄ν}ρ +
1
4
ḡµν F̄ρσH̄

ρσ

)
. (45)

But how about T̃µν? Of course one could define an “in-
duced SEM tensor” from the electromagnetic space as
(cf. Eqs. (12) and (13))

T̃µνI = ∓
√
−g√
−ḡ

1
4π

(
F̃ρσ ḡ

σ{µH̃ν}ρ +
1
4
ḡµν F̃ρσH̃

ρσ

)
,

(46)
but obviously this tensor is not conserved in laboratory
space, DµT

µν
I 6= 0, since it depends explicitly on the met-

ric ḡµν . In other words, the crucial trick to re-interpret in
the dynamical equations the coordinates in electromag-
netic space, x̄µ, as those in laboratory space, xµ, works
in the equations of motion (1) and (2), but does not work
for the SEM tensor and its conservation.

Of course, the correct SEM tensor in laboratory space
immediately follows from (43) as

T̃µν = − 1
4π

(
F̃ρσg

σ{µH̃ν}ρ +
1
4
gµν F̃ρσH̃

ρσ

)
. (47)

Clearly, requiring equivalence of the two tensors would
not even allow for conformal transformations. But even
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when looking at integrated quantities (total energy and
momentum flux in the material),

Pµ =
∫
d3x
√
γ T 0µ , (48)

the induced tensor does not yield the correct quantity in
laboratory space. Of course, the situation is even more
complicated for triple spacetime metamaterials: since the
transformation of the explicit metrics appearing in Eq.
(43) is not defined, an “induced SEM tensor” cannot even
be defined.

Instead of the correct, directly evaluated SEM tensor
(47) a slightly different tensor is considered in the follow-
ing. To see its advantage we make the standard assump-
tion that our laboratory space metric has g00 = −1 (x0

is our laboratory time) and g0i = 0 (the measure of dis-
tances is time independent.) Then it is straightforward
that the quantity

Mµν = −gµρFρσHσν (49)

contains the Poynting vector and the direction of the
wave vector,

Si = M0i = εijkEjHk , (50)

ni = M i0 = γijεjklDkBl ‖ ki . (51)

We recall that the original fields obey the constitutive
relations of vacuous space and thus trivially M0i = M i0.
From the transformation rules (21) the transformed ten-
sor is found as

M̃µν = −s̄
√
−¯̄g√
−g

gµρF̄ρσ
¯̄Hσν

= −s̄
√
−¯̄g√
−g

gµρ
∂xλ

∂x̄ρ
Fλτ

∂xτ

∂x̄σ
∂ ¯̄xσ

∂xα
Hαβ ∂ ¯̄xν

∂xβ
.

(52)

The transformation law of Mµν encodes in a geometric
language how energy flux and phase velocity behave in a
medium. For simplicity let us now concentrate on media
without bi-anisotropic couplings, in other words we allow
for general spatial transformations as well as stretchings
and reversal of time, but keep ḡ0i = ¯̄g0i = 0. Then we
find for the transformed space vectors (cf. Eqs. (A.8)–
(A.11)):

S̃i = M̃0i = −s̄¯̄s
√
−¯̄g00

g00

∂x0

∂x̄0
εijk

∂xm

∂x̄j
Em

∂xn

∂ ¯̄xk
Hn (53)

ñi = M̃ i0 =
√
−¯̄g
√
γ̄

√
γ

∂ ¯̄x0

∂x0
γijεjkl

∂ ¯̄xk

∂xm
Dm ∂x̄l

∂xn
Bn (54)

The transformation of the Poynting vector may be ab-
breviated as

S̃i = T ijkEjHk , (55)

and it is then easily seen that ni transforms as

ñi = s̄¯̄s
√

¯̄γγ̄
2γ

g00
∂ ¯̄x0

∂x0

∂x̄0

∂x0
UikjD

jBk , (56)

where Uijk is the inverse of T ijk in the sense of

UijkT
ljk = δli . (57)

While these formulae might look cumbersome, their geo-
metric interpretation actually is quite straightforward.
In the case of diffeomorphism transforming materials,
ḡµν = ¯̄gµν , Eq. (53) states that Si behaves under purely
spatial transformations as a covector [1], while ni from
Eq. (54) behaves as a vector:

S̃i = s̄

√
−ḡ√

−g00
√
−g

∂x0

∂x̄0

∂x̄i

∂xj
Sj , (58)

ñi = s̄
√
−ḡ ∂x̄

0

∂x0

∂xj

∂x̄i
nj . (59)

Of course, the relative orientation of Si and ni is pre-
served under the diffeomorphisms, but this is no longer
true for S̃i and ñi, since indices are raised/lowered by the
space metric γij in laboratory space as opposed to γ̄ij in
electromagnetic space.

For triple spacetime metamaterials no linear transfor-
mation S̃i = T ijS

j exists. This makes the interpretation
a little bit more complicated, but at the same time is the
source of the numerous additional possibilities within this
generalized setup. In general, the value of the element
T ijk defines the component of the Poynting vector in di-
rection xi as generated by electric and magnetic fields
that point in the original space in the directions xj and
xk, resp. In this way it is easy to engineer the direction
of the Poynting vector in the medium for a given polar-
ization of the incoming wave in vacuum. Similar conclu-
sions apply for the transformation matrix Uijk, with the
notable restriction that ñi can be parallel or anti-parallel
to ki. Whether (D̃i, Bj , kl) form a right- or left-handed
triple can be deduced from

εijkD̃jB̃k =
k̃i
ω̃
Ẽjε

jkẼk = −s̄
√
−¯̄g

√
γg0̄¯̄0

k̃i
ω̃
Ẽjγ

¯̄jk̄Ẽk . (60)

A. Wave vector and dispersion relations

While the above relations correctly reproduce the di-
rection of the Poynting and the wave vector, they cannot
distinguish between propagating and evanescent modes.
Consider as an example the following transformation:

x̄0 = x0 , x̄i = xi , ¯̄x0 = −x0 , ¯̄xi = xi . (61)

From Eqs. (15) and (16) it is found that this is a homo-
geneous material with ε = −1 and µ = 1. As fields in
vacuo, ~E = ~D and ~B = ~H, we consider a monochromatic
wave

~E = ~eei(
~k~x−ωt) + c.c. , ~k · ~e = 0 , (62)

~B = ~bei(
~k~x−ωt) + c.c. , ~b =

1
ω
~k × ~e . (63)
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After the transformation the fields ~̃E, ~̃B and ~̃D, ~̃H refer
to the original fields at different time instances:

~̃E (x̃µ = x̄µ(x)) = ~E(~x, t) , (64)
~̃B (x̃µ = x̄µ(x)) = ~B(~x, t) , (65)
~̃D (x̃µ = ¯̄xµ(x)) = − ~D(~x,−t) , (66)
~̃H (x̃µ = ¯̄xµ(x)) = ~H(~x,−t) . (67)

Of course, Maxwell’s equations are satisfied by the new
fields by construction. Still, the partial exchange of pos-
itive and negative angular frequencies has important im-
plications in the dispersion relation as any propagating
wave in vacuo becomes evanescent in the medium and
vice versa.

Though this behavior may not appear immediate when
transforming the monochromatic wave (62) and (63) with
(64)–(67), it can be made explicit from geometric quan-
tities as well. Indeed, from the relativistic wave equation
[12]

Dνχ
µνρσDρAσ = −Jν (68)

it follows straightforwardly that “triple-space metamate-
rials” in the absence of charges and currents and in the
limit of approximate homogeneity obey the dispersion re-
lation

g
¯̄µν̄kµkν = 0 , kµ = (ω,~k) . (69)

In our example the partial reversal of time yields g
¯̄00̄ = 1

and thus ω2 + ~k2 = 0.

V. NON-INVARIANT TRANSFORMATIONS

Within the approaches to transformation media dis-
cussed so far invariant transformations of the equations
of motions were used exclusively. This means that the
transformations “do not introduce charges or currents”,
in other words the transformation medium based on a
source free vacuum solution will be source free as well.
What happens if this restriction is abandoned? Still in-
sisting on a constitutive relation of the form (5) this sug-
gests the definition:

Definition 3. A transformation medium is defined by
an arbitrary linear transformation applied to a (not nec-
essarily source free) vacuum solution of Maxwell’s equa-
tions. The linear transformation constitutes the media
properties as well as charges and currents of the trans-
formation medium.

Though not in its most general form, this approach was
proposed in [10, 11]. Starting from the vacuum relation
(6) the most general linear relation can be achieved by
the field transformations [28]

H̄µν = ΩµνρσHρσ , Fµν = Ψµν
ρσF̄ρσ , (70)

with the transformed χ̄,

χ̄µνρσ = (ΩχΨ)µνρσ . (71)

The original fields Fµν and Hµν by assumption are solu-
tions to the equations of motion. If we allow besides the
standard electric four-current Jµ also a magnetic four-
current JµM , any transformation of the type (70) can be
mapped on a solution of the new equations (Ψ̂µν

ρσ is the
inverse matrix Ψ̂µν

λτΨλτ
ρσ = (δρµδ

σ
ν − δσµδρν)/2)

DµH̄
µν = J̄ν = Dµ(ΩµνρσHρσ) , (72)

εµνρσ∂ν F̄ρσ = J̄µM = εµνρσ∂ν(Ψ̂ρσ
τλFτλ) , (73)

provided appropriate currents are introduced. These
transformations in general are not symmetry transforma-
tions and accordingly a source free solution is no longer
mapped on another source free solution. The transfor-
mations (70) and the ensuing equations of motion (72)
and (73) are the relativistic form of the transformations
proposed in Refs. [10, 11].

We recover the invariant transformations of Section
(III) by introducing the restrictions

Ωµνρσ = SµρS
ν
σ , Ψµν

ρσ = Tµ
ρTν

σ . (74)

Let us first count the degrees of freedom in the transfor-
mations. χµνρσ is a rank four tensor, anti-symmetric in
(µ, ν) and (ρ, σ) and thus has 36 independent components
(20 components of the principle part, 15 of the skewon
part and one axion coupling). The same applies to the
transformation matrices Ω and Ψ. Restricting to diffeo-
morphisms according to Eq. (74) reduces this number to
6 parameters for each, Ω and Ψ, the electric-magnetic
rotation of Section III A adds another parameter in form
of a rotation angle. Here, another important difference
between a transformation material according to Defini-
tion 2 and 3 emerges. In both cases the transforma-
tion yielding certain media properties is not unique. In
the former case, however, different transformations are
physically equivalent as they are connected by symme-
try transformations (isometries of the laboratory metric
gµν). In the more general case of Eq. (70) the different
transformations need not be physically equivalent. As
is immediate from Eq. (70) a certain medium exhibit-
ing sources due to non-invariant transformations can be
designed using electric charges and currents, magnetic
charges and currents or both, which clearly character-
izes physically different situations with the same media
properties χ.

Does there exist the possibility of a geometric interpre-
tation of Eq. (70)? If this shall be possible space must be
transformed differently for different components of Fµν
and Hµν . In fact, the most general linear transforma-
tion can be interpreted as a separate transformation of
spacetime for each component of the two tensors. Let us
provide a simplified example, where independent spatial
transformations are applied to ~E, ~B, ~D and ~H. Labora-
tory space is denoted by xi, the electromagnetic spaces
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by xiE , xiB , xiD and xiH , resp. Under time-independent
spatial transformations all four fields transform as (co-
)vectors and thus Eqs. (A.8)–(A.11) suggest the inter-
pretations

Ẽi = sE
∂xj

∂xiE
Ej , B̃i =

√
γB√
γ

∂xiB
∂xj

Bj , (75)

D̃i =
√
γD√
γ

∂xiD
∂xj
Dj , H̃i = sH

∂xj

∂xiH
Hj , (76)

yielding for permittivity and permeability

εij = sE

√
γD√
γ

∂xiD
∂xk

γkl
∂xjE
∂xl

, (77)

µij = sH

√
γB√
γ

∂xiB
∂xk

γkl
∂xjH
∂xl

. (78)

As is seen from (1) and (2) Gauss’ law for B̃i and D̃i
remain unchanged, while Faraday’s and Ampère’s law are
changed according to

√
γE√
γB

∂xiE
∂xjB
∇0B̃

j + εijk∂jẼk = 0 , (79)

εijk∂jH̃k −
√
γH√
γD

∂xiH
∂xjD

∇0D̃j = 0 , (80)

making the electric and magnetic currents

ji = −

(
δij −

√
γH√
γD

∂xiH
∂xjD

)
∇0D̃j , (81)

jiM =

(
δij −

√
γE√
γB

∂xiE
∂xjB

)
∇0B̃

j (82)

necessary. For completeness it should be mentioned that
the transformations (75) and (76) allow a straightforward
interpretation since each of the four Maxwell’s equations
still can be transformed as a whole. Taking even more
general transformations, e.g. transforming each compo-
nent of the electric and magnetic fields separately, does
no longer allow this manipulation in a simple way and
thus will make the derivation of the necessary media pa-
rameters more complicated.

VI. CONCLUSIONS

In this paper we have introduced a generalization of the
concept of diffeomorphism transforming media, the ba-
sis of transformation optics [1–3]. As basic idea we have
found that spacetime can be transformed differently for
the field strength tensor (containing ~E and ~B) and the
excitation tensor (encompassing ~D and ~H). This exten-
sion allows to design non-reciprocal media, in particular
permittivity and permeability need not longer be sym-
metric. Furthermore this approach permits a geometric
interpretation of indefinite media [6, 7].

Diffeomorphism transforming media are motivated by
the wish to produce a medium that looks as a trans-
formed but empty space. The basis of this interpreta-
tion is Fermat’s principle applied to these media [9]: in-
deed it is found that in a transformation medium the
light rays travel along trajectories as if the medium was
a transformed, empty space. Still, the transformation
medium in general is quite different from transformed
empty space, if the conservation laws from the stress-
energy-momentum tensor are considered. This aspect is
even more important within the extension proposed here,
as there exist two different transformed (electromagnetic)
spaces and light rays don’t follow the geodesics of any of
them. We have shown that one can make a virtue out
of necessity: the geometric approach does not just pro-
vide a tool to design the path of light in a medium, but
equally well it may be used to design the behavior of
(parts of) the stress-energy-momentum tensor, e.g. the
direction of the Poynting vector, and/or the behavior of
the wave vector. Here the proposed generalization of-
fers many more possibilities compared to the known dif-
feomorphism transforming media. In particular we have
derived the geometric relations that describe the trans-
formation of the Poynting vector, of the direction of the
wave vector as well as the dispersion relation.

Finally we have commented on a different route to
generalize the notion of transformation media [10, 11].
These field-transforming media are not based on invari-
ant transformations of the equations of motion and con-
sequently source free solutions of the original configura-
tion are not mapped onto source free solutions of the
new medium. We have shown that also this approach
may be covered by a generalized concept of coordinate
transformations. Still, there remains a fundamental dif-
ference between the approach of Refs. [10, 11] and the
one discussed here: While in the former case the trans-
formations are ultra-local (the transformed fields at the
point xµ are defined in terms of the original fields at this
point), in the latter they are essentially non-local, as the
transformed fields at x̃µ are related to the original fields
at some xµ 6= x̃µ. The preferable approach depends on
the specific problem at hand, also a combination of the
two is conceivable.
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APPENDIX: COVARIANT FORMULATION

In this Appendix we present our notations and conven-
tions regarding the covariant formulation of Maxwell’s
equations on a possibly curved manifold. For a detailed
introduction to the topic we refer to the relevant litera-
ture, e.g. [12, 13]. Throughout the whole paper natural
units with ε0 = µ0 = c = 1 are used.

Greek indices µ, ν, ρ, . . . are spacetime indices and run
from 0 to 3, Latin indices i, j, k, . . . space indices with
values from 1 to 3. For the metric we use the “mostly
plus” convention, so the standard flat metric is gµν =
diag(−1, 1, 1, 1). If we interpret x0 = t with (laboratory)
time the space metric can be obtained as [13]

γij = gij , γij = glk −
g0ig0j

g00
, γijγjk = δik .

(A.1)
This implies as relation between the determinant of the
spacetime metric, g, and the one of the space metric, γ,

−g = −g00γ (A.2)

The four dimensional Levi-Civita tensor is defined as

εµνρσ =
√
−g[µνρσ] , εµνρσ = − 1√

−g
[µνρσ] , (A.3)

with [0123] = 1. Therefore the reduction of the four
dimensional to the three dimensional tensor reads

ε0ijk =
√
−g00εijk , ε0ijk = − 1√

−g00
εijk . (A.4)

The field strength tensor Fµν encompasses the electric
field and the magnetic induction, the excitation tensor
Hµν the displacement vector and the magnetic field with
the identification:

Ei = F0i , Bi = −1
2
εijkFjk , (A.5)

Di = −
√
−g00H

0i , Hi = −
√
−g00

2
εijkH

jk . (A.6)

Finally, electric charge and current are combined into a
four-current Jµ = (ρ/

√
−g00, j

i/
√
−g00). Fµν and Hµν

are tensors, thus under the transformations of Section III
they behave as

F̄µν =
∂xρ

∂x̄µ
Fρσ

∂xσ

∂x̄ν
, ¯̄Hµν =

∂ ¯̄xµ

∂xρ
Hρσ ∂ ¯̄xν

∂xσ
. (A.7)

This implies for the transformed space vectors in labora-

tory space

Ẽi = s̄

((
∂x0

∂x̄0

∂xj

∂x̄i
− ∂x0

∂x̄i
∂xj

∂x̄0

)
Ej

− ∂xj

∂x̄0

∂xk

∂x̄i
εjklB

l

)
,

(A.8)

B̃i =
√
γ̄
√
γ

∂x̄i

∂xn
Bn − s̄εijk ∂x

0

∂x̄j
∂xl

∂x̄k
El , (A.9)

D̃i =
√
−¯̄g√
−g

((
∂ ¯̄x0

∂x0

∂ ¯̄xi

∂xj
− ∂ ¯̄x0

∂xj
∂ ¯̄xi

∂x0

)
Dj

+
∂ ¯̄x0

∂xj
∂ ¯̄xi

∂xk
εjklHl

)
,

(A.10)

H̃i = ¯̄s
√
−¯̄g00√
−g00

∂xj

∂ ¯̄xi
Hj +

√
−¯̄g√
−g

εijk
∂ ¯̄xj

∂x0

∂ ¯̄xk

∂xl
Dl . (A.11)

We characterize the general linear, lossless media usu-
ally by means of the Tellegen relations

Di = εijEj + κijHj , Bi = µijHj + ξijEj . (A.12)

In terms of field strength and excitation tensor the media
relations become the Boys-Post relation

Hµν =
1
2
χµνρσFρσ , (A.13)

where χ must be invertible with inverse

χ̂µνλτχ
λτρσ = (δρµδ

σ
ν − δσµδρν) . (A.14)

By virtue of Eqs. (A.5) and (A.6) Eq. (A.13) may be
written as (

Hi
Di

)
=

(
Ci
j Bij

Aij Di
j

)(
Ej
Bj

)
, (A.15)

with

Aij = −
√
−g00χ

0i0j , (A.16)

Bij =
1
8
√
−g00εiklεjmnχ

klmn , (A.17)

Ci
j = −1

2
√
−g00εiklχ

kl0j , (A.18)

Di
j =

1
2
√
−g00εjklχ

0ikl . (A.19)

The Tellegen and Boys-Post formulations are related by

εij =
(
A−DB−1C

)ij
κij =

(
DB−1

)ij
(A.20)

µij = (B−1)ij ξij = −
(
B−1C

)ij
(A.21)

Finally, we mention that the rank 4 tensor χµνρσ may be
decomposed as [15, 16]

χµνρσ = (1)χµνρσ + εµνλ[ρSλ
σ] − ερσλ[µSλ

ν] + αεµνρσ ,
(A.22)

where the principal part (1)χµνρσ has no part completely
anti-symmetric in its indices and is symmetric under the
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exchange (µ, ν) ↔ (ρ, σ). The principle part has been
discussed extensively in [12]. Sµ

ν was introduced in
Refs. [15, 16] as skewon part (related to chiral proper-

ties of the material [16, 20]), while α represents the well-
known axion coupling [21].
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