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Relativistically invariant description of the

Feigel process for the extraction of momentum

from the vacuum

Friedrich W. Hehl,� Yuri N. Obukhovy, and Ch. Heinicke

Institute for Theoretical Physics, University of Cologne, 50923 K�oln, Germany

Abstract

We analyze the e�ect predicted by Feigel. The covariant consti-

tutive relation for a moving magnetoelectric medium is derived. The

latter is then applied to the analysis of the wave propagation in such a

medium. Speci�cally, we study the reection and refraction of waves

at the boundary. Finally, we construct the energy and momentum of

waves in a moving magnetoelectric medium and critically re-evaluate

the feasibility of the Feigel e�ect.

1 Introduction

The structure of classical electrodynamics is well established. In particular, in
the generally covariant pre-metric approach to electrodynamics [1, 2, 3, 4, 5],
the axioms of electric charge and of magnetic ux conservation manifest
themselves in the Maxwell equations for the excitation H = (D;H) and the
�eld strength F = (E;B), namely dH = J; dF = 0. These equations should
be supplemented by a constitutive law H = H(F ). The latter relation con-
tains the crucial information about the underlying physical continuum (i.e.,
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spacetime and/or material medium). Mathematically, this constitutive law
arises either from a suitable phenomenological theory of a medium or from
the electromagnetic �eld Lagrangian. It can be a nonlinear or even nonlocal
relation between the electromagnetic excitation and the �eld strength. The
constitutive law is called a spacetime relation if it applies to spacetime (\the
vacuum") itself.

Among many physical applications of classical electrodynamics, the prob-
lem of the interaction of the electromagnetic �eld with matter occupies a
central position. The fundamental question, which arises in this context,
is about the de�nition of the energy and momentum in the possibly mov-
ing medium. The discussion of the energy-momentum tensor in macroscopic
electrodynamics is quite old. The beginning of this dispute goes back to
Minkowski [6], Abraham [7], and Einstein and Laub [8]. Nevertheless, up to
now the question was not settled and there is an on-going exchange of con-
icting opinions concerning the validity of the Minkowski versus the Abraham
energy-momentum tensor. Even experiments were not quite able to make a
de�nite and decisive choice of electromagnetic energy and momentum in ma-
terial media. A consistent solution of this problem has been recently proposed
in [20, 3] in the context of a new axiomatic approach to electrodynamics.

Recently Feigel [9] has studied the dynamics of a dielectric magneto-
electric medium in an external electromagnetic �eld and predicted that the
contributions of the quantum vacuum waves (or \virtual photons") could
transfer a nontrivial momentum of matter. In our work, we will reconsider
this problem in a covariant framework as developed earlier in [3, 20].

The plan of the study is as follows. In Sec. 2 we give an introduction
and a short overview of the Feigel e�ect. The corresponding theoretical
input, which is needed for the discussion and evaluation of this e�ect, is
listed in Sec. 3. Then, in Sec. 4, we construct the relativistic local and linear
constitutive relation for a magnetoelectric medium at rest and in motion.
Next, in Sec. 5, a general analysis of the wave propagation in magnetoelectric
media is given specifying the typical birefringence e�ects. In Sec. 6, we
consider the propagation of vacuum uctuations in the form of the plane
waves through a �nite magnetoelectric sample and compute the energy and
momentum outside the matter. Our conclusions are formulated in Sec. 7.
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2 Preliminaries: the Feigel e�ect

The Feigel e�ect [9] can be explained in simple terms as follows: Let us
consider an isotropic homogeneous medium with the electric and magnetic
constants "; �. Electromagnetic waves are propagating in such a medium
absolutely symmetrically, with the Fresnel equation describing the unique
light cone. This is easily derived from the constitutive relations D = ""0E
and H = (��0)

�1B.
However, if a medium is placed in crossed constant external electric and

magnetic �elds, then it acquires magnetoelectric properties. As a result, we
have the anisotropicmagnetoelectric medium with "; �, plus the magnetoelec-
tric (matrix) parameter � (determined by the external �elds) which modi�es
the constitutive relations to D = ""0E + �B and H = (��0)

�1B � �TE;
here T denotes the transposed matrix.

Accordingly, the wave propagation in such a medium also becomes an-
isotropic and birefringent, with the wave covectors now belonging to two
light cones. Applying this to vacuum waves (or, perhaps, better to say to
the \vacuum uctuations" or \virtual photons") propagating in the mag-
netoelectric body, Feigel [9] computed the total momentum carried by these
waves and concluded that it is non-vanishing. In accordance with this deriva-
tion, a body should move with a small but non-negligeable velocity. Earlier
the Feigel process was discussed in [10, 11, 12, 13].

The purpose of our study is to re-evaluate the feasibility of the Feigel
e�ect. We will do this on the basis of the covariant premetric formulation of
classical electrodynamics [3].

3 Theoretical input

In order to critically evaluate the feasibility of the Feigel process, let us recall
what theoretical input is needed for its computation.

� Quantum theory

Feigel assumed that \virtual photons" or \vacuum waves" of electro-
magnetic �eld are moving inside matter. This is an elementary pic-
ture which was used previously for the analysis of various classical and
quantum e�ects of the electromagnetic �eld (such as, for example, the
Lamb shift and the Casimir e�ect). Following Feigel, we will use this
assumption in our discussion.
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� Constitutive relation for moving media

The covariant premetric formulation of classical electrodynamics [3]
provides a general approach for the derivation of the constitutive rela-
tion for an arbitrarily moving material medium. Feigel used the Lorentz
(or, more exactly, Galilei) transformation to derive the constitutive law
for the moving magnetoelectric matter. However, classical electrody-
namics is not, in fact, related to the Lorentz group. Instead, the �eld
equations are generally covariant. The technical tool which speci�es
the motion of matter is the so called foliation structure. By carefully
distinguishing the laboratory foliation from the material one and by
establishing the link between them, it is possible to derive the correct
constitutive relation for any medium moving arbitrarily in spacetime.
We will assume that the excitation (H;D) = H = Hij dx

idxj=2 is a
local linear function of �eld strength (E;B) = F = Fij dx

idxj=2:

H = �(F ) ; Hij =
1

2
�ij

kl Fkl : (1)

We will derive the corresponding constitutive tensor � for moving mag-
netoelectric matter.

� Relativistic uid dynamics

Since the process under consideration predicts a nontrivial dynamics
for matter, it is necessary to establish the equations of motion for the
magnetoelectric medium. Feigel [9] used a non-relativistic approach.
However, the relativistic theory of a moving ideal uid would be a
more robust framework. We develop the consistent variational theory
of a relativistic uid and compare it with the Feigel's derivations.

� Energy-momentum of the electromagnetic �eld

Since the Feigel process is about \extracting momentum from vacuum",
it is important to know how exactly the electromagnetic �eld momen-
tum is expressed in terms of the �eld components and the material
parameters. The generally covariant approach provides the momen-
tum as a part of the energy-momentum tensor Ti

j, with energy density
u = T0

0, energy ux density sa = T0
a, momentum density pa = �Ta0,

and stress Ta
b.
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4 Constitutive relation

Within the axiomatic premetric generally covariant framework [3], the pro-
jection technique is used to de�ne the electric and magnetic phenomena in
an arbitrarily moving medium. As in [3], we assume that the spacetime is
foliated into spatial slices with time � and transverse vector �eld n. Then
we decompose any form 	 into a part longitudinal with respect to n,

?	 := d� ^ 	? ; 	? := nc	 ; (2)

and a part transversal with respect to n:

	 := (1 � ?)	 = nc(d� ^	) ; nc	 � 0 : (3)

Thus, we have a general decomposition 	 = ?	+	 = d� ^ 	? +	.
When applying this to the 2-forms H and F , we obtain the magnetic H

and electric D excitations as longitudinal and transversal parts of H, and,
similarly, electric E and magnetic B �elds as longitudinal and transversal
parts of F , namely

H = �H ^ d� +D; and F = E ^ d� +B: (4)

This foliation is called the laboratory foliation.
Along with the original �-tensor (1), it is convenient to introduce an

alternative representation of the constitutive tensor:

�ijkl :=
1

2
�ijmn �mn

kl: (5)

Performing a (1 + 3)-decomposition of covariant electrodynamics, as de-
scribed above, we can write H and F as column 6-vectors with the compo-
nents built from the magnetic and electric excitation 3-vectors Ha;Da, and
the electric and magnetic �eld strengths Ea; B

a, respectively. Then the linear
spacetime relation (1) reads:� Ha

Da

�
=

� Cba Bba

Aba Db
a

�� �Eb

Bb

�
: (6)

Here the constitutive tensor is conveniently represented by the 6� 6-matrix

�I
K =

� Cba Bba

Aba Db
a

�
; �IK =

� Bab Da
b

Cab Aab

�
: (7)

5



The constitutive 3� 3 matrices A;B; C;D are constructed from the compo-
nents of the original constitutive tensor as

Aba := �0a0b ; Bba :=
1

4
�̂acd �̂bef �

cdef ; (8)

Cab :=
1

2
�̂bcd �

cd0a ; Da
b :=

1

2
�̂acd �

0bcd : (9)

If we resolve with respect to �, we �nd the inverse formulas

�0a0b = Aba ; �abcd = �abe �cdf Bfe ; (10)

�0abc = �bcdD a
d ; �ab0c = �abd Ccd : (11)

In this study, we assume that the skewon and the axion are absent so
that the constitutive matrices satisfy Aab = Aba, Bab = Bba, and D a

b = Cab,
with Caa = 0.

4.1 Magnetoelectric medium at rest

We begin the discussion of magnetoelectric media by recalling that the line
element with respect to the laboratory foliation coframe reads

ds2 = N2 d�2 + gab dx
a dxb = N2 d�2 � (3)gab dx

a dxb: (12)

HereN2 = g(n; n) is the length of the foliation vector �eld n, and dxa = dxa�
na d� is the transversal 3-covector basis, in accordance with the de�nitions
above. The 3-metric (3)gab is the positive de�nite Riemannian metric on the
spatial 3-dimensional slices corresponding to �xed values of the time �. This
metric de�nes the 3-dimensional Hodge duality operator ?.

A conventional magnetoelectric medium is characterized by the traceless
matrix Cab with 8 independent components, cf. [14]. Its symmetric and
antisymmetric pieces C(ab) and C [ab] have 5 and 3 independent components,
respectively. Since in the setup of the Feigel e�ect, the magnetoelectric prop-
erties are \excited" by means of the external crossed electric and magnetic
�elds, we expect that C[ab] = �abcmc with the 3-vector mc proportional to
the vector product of external crossed �elds, see the experimental results
[15]. Hence we introduce the covector (1-form) m which is purely transver-
sal, ncm = 0, i.e., m = madx

a. This modi�es the constitutive relation as
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follows:

D = ""0"g
?E + ?B ^m; (13)

H =
1

��0�g
?B + ?(E ^m): (14)

Here "g = �g = c=N are e�ective electric and magnetic permeabilities of the
spacetime. When m = 0, we have the isotropic medium with the electric and
magnetic constants " and �.

It is straightforward to see that the covector m has the dimension of a
conductance (inverse resistance), i.e., [m] = [�0].

4.2 Magnetoelectric medium in motion

The dynamics of a material medium is encoded in the structure of another
foliation (�; u) which is determined by the four-vector �eld of the velocity u of
matter and the proper time coordinate � . Accordingly, we have to formulate
the constitutive law with respect to this, so called material foliation. As
a �rst step, we observe that the relation between the two coframe bases,
namely those of the laboratory foliation (d�; dxa) and of the material foliation
(d�; dx

f

a) is as follows

�
d�
dxa

�
=

�
c=N vb=(cN)
va Æab

� 
d�
dx
f

b

!
: (15)

Here, for the relative velocity 3-vector, we introduced the notation

va :=
c

N

�
ua

u(�)
� na

�
; with  :=

1q
1� v2

c2

: (16)

Substituting (15) into (12), we �nd for the line element in terms of the new
variables

ds2 = c2 d� 2 � bgab dx
f

a dx
f

b; where bgab = (3)gab � 1

c2
vavb: (17)

The metric bgab of the material foliation has the inverse

bgab = (3)gab +
2

c2
vavb: (18)
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For its determinant one �nds (det bgab) = (det gab) 
�2. We will denote the

3-dimensional Hodge star de�ned by this metric as b�.
In order to �nd the constitutive relation for the for the magnetoelectric

moving medium with respect to the laboratory reference frame, we start with
the constitutive law with respect to the material foliation

D0 = ""0
b�E 0 + b�B0 ^m; (19)

H0 =
1

��0

b�B0 + b�(E 0 ^m): (20)

The primes denote the quantities taken with respect to the moving frame.
The magnetoelectric covector reads m = madx

f

a.

The constitutive relation (19),(20) can be presented in the equivalent
matrix form � H0

a

D0a

�
= �

�
C 0b

a B0
ab

A0ab C 0a
b

�� �E 0
b

B0b

�
(21)

The components of the constitutive matrices read explicitly

A0ab = � n

c

p
g


bgab; B0

ab =
c

n

p
g
bgab; (22)

C 0a
b = b�acd bgbcmd=�; (23)

with � =
q

""0
��0

, n :=
p
�", and b�abc = �abc=

p
det bg = �abc=

p
det g.

In order to �nd the constitutive law in the laboratory frame, we have
to perform some very straightforward manipulations in matrix algebra along
the lines described in Hehl and Obukhov [3], Sec. D.5.4. Given is the linear
transformation of the coframes (15). The corresponding transformation of
the 2-form basis (A.1.95) of [3] turns out to be

P a
b =

c

N

�
Æab �

1

c2
vavb

�
; Qb

a = Æab ;

Zab = � �̂abc v
c; W ab =

1

Nc
�abc vc: (24)

We use these results in (D.5.27){(D.5.30) of [3]. Then, after a lengthy ma-
trix computation, we obtain from (22)-(23) the constitutive matrices in the
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laboratory foliation:

Aab =
1

1� v2

c2

p
(3)g

N

�
(3)gab

�
v2

c2n
� n

�
+

1

c2
vavb

�
n� 1

n

��
+

2q
1� v2

c2

p
(3)g

Nc�

�
(3)gab (mv)� v(amb)

�
; (25)

Bab =
1

1� v2

c2

Np
(3)g

�
(3)gab

�
1

n
� v2n

c2

�
+

1

c2
vavb

�
n� 1

n

��
+

2q
1� v2

c2

N

c�
p

(3)g

�
(3)gab (mv)� v(amb)

�
; (26)

Ca
b =

1

1� v2

c2

�
n� 1

n

�
(3)�acb

vc
c

� 1

�
q
1� v2

c2

(3)�acb
�
mc + vc(mv)=c

2
�
: (27)

Here we denote (mv) = mav
a (the raising and lowering of the indices is

performed with the help of the spatial metric (3)gab).
The resulting constitutive law for the moving magnetoelectric medium

reads � Ha

Da

�
= �

�
Cb

a Bab

Aab Ca
b

�� �Eb

Bb

�
(28)

This constitutive relation is valid on an arbitrary curved spacetime and
for an arbitrary motion of the medium. In other words, the constitutive
relation (28) is generally covariant (di�eomorphism covariant). Since Feigel
[9] studied the proposed e�ect in the Minkowski spacetime, we eventually
will also specify our derivations for this case. Then we have to put N = c
and (3)gab = Æab = diag(1; 1; 1). We will assume this from now on.

5 Wave propagation: birefringence in mag-

netoelectric media

The Fresnel approach (geometric optics) to the wave propagation in media
and in spacetime with the general linear constitutive law gives rise to the
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extended covariant Fresnel equation for the wave covector qi:

Gijkl(�) qiqjqkql = 0 : (29)

Here the fourth order Tamm-Rubilar (TR) tensor density of weight +1 is
de�ned by

Gijkl(�) :=
1

4!
�̂mnpq �̂rstu �

mnr(i �jjpsjk �l)qtu : (30)

Let us denote the independent components of the TR-tensor (30) as follows:

M := G0000 = detA ; (31)

Ma := 4G000a = ��̂bcd
�AbaAce Cde +AabAecD d

e

�
; (32)

Mab := 6G00ab =
1

2
A(ab)

�
(Cdd)2 + (Dc

c)2 � (Ccd +Dd
c)(Cdc +Dc

d)
�

+(Cdc +Dc
d)(Ac(aCb)d +Dd

(aAb)c)� CddAc(aCb)c
�Dc

(aAb)cDd
d �AdcC(a

cDd
b) +

�A(ab)Adc �Ad(aAb)c
�Bdc; (33)

Mabc := 4G0abc = �de(cj
�Bdf (Aab)D f

e �D a
e Ab)f )

+Bfd(Aab) Cfe �Af jaCb)e) + Caf D b)
e D f

d +D a
f Cb)e Cfd

i
; (34)

Mabcd := Gabcd = �ef(c�jghjd Bhf

�
1

2
Aab) Bge � CaeD b)

g

�
: (35)

Then, in (1+ 3)-decomposed form, the extended Fresnel equation (29) reads

q40M + q30qaM
a + q20qaqbM

ab + q0qaqbqcM
abc + qaqbqcqdM

abcd = 0 : (36)

5.1 Medium at rest

Using the constitutive relation (13), (14) in (31)-(35), we �nd explicitly:

M = �
�n
c

�3

; Ma = 4
�n
c

�2

ma; (37)

Mab =
n

c

�
Æab(2 +m2)� 5mamb

�
; (38)

Mabc = � 2Æ(abmc) (2 +m2) + 2mambmc; (39)

Mabcd =
c

n

��Æ(abÆcd)(1 +m2) + Æ(abmcmd)
�
: (40)

Here we introduced the dimensionless magnetoelectric vector ma := ma=�,
and we denote ma = Æabmb and m2 = mama.
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Substituting this into the Fresnel equation (29), (36), we �nd the bire-

fringence e�ect: the quartic wave surface is factorized into the product of
the two light cones,

Gijkl(�) qiqjqkql = � �gij1 qiqj� �gkl2 qkql� = 0: (41)

The two optical metrics depend explicitly on the magnetoelectric properties
according to

gij1 =

�
n2

c2
�n

c
mb

�n
c
ma �Æab

�
(42)

and

gij2 =

�
n2

c2
�n

c
mb

�n
c
ma �Æab(1 +m2) +mamb

�
; (43)

respectively. It is interesting that the magnetoelectric vector manifests it-
self as an e�ective \rotation" of the spacetime related to the o�-diagonal
components of the optical metric.

5.2 Medium in motion

In this case, we start from the constitutive relation (19), (20) and (31)-(35)
then yields

M 0 = �
p
g



�n
c

�3

; M 0a = 4

p
g



�n
c

�2

ma; (44)

M 0ab =

p
g



n

c

�bgab(2 +m2)� 5mamb
�
; (45)

M 0abc = � 2

p
g


bg(abmc) (2 +m2) + 2mambmc; (46)

M 0abcd =

p
g



c

n

��bg(abbgcd)(1 +m2) + bg(abmcmd)
�
: (47)

The primes are denoting the components with respect to the moving material
foliation. Moreover, ma = bgabmb and m2 = mama.

As a result, we �nd the Fresnel surface, similarly to (41), factorized into
the product of the two light cones

Gijkl(�) q0iq
0
jq

0
kq

0
l = �

p
g



�
g0ij1 q0iq

0
j

� �
g0kl2 q0kq

0
l

�
= 0; (48)
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with the optical metrics given (in the moving reference frame) by

g0ij1 =

�
n2

c2
�n

c
mb

�n
c
ma �bgab

�
; (49)

and

g0ij2 =

�
n2

c2
�n

c
mb

�n
c
ma �bgab(1 +m2) +mamb

�
: (50)

Finally, the components of the optical metrics with respect to the laboratory
foliation are obtained from

gij1;2 = Li
kL

j
l g

0kl
1;2; (51)

where the matrix L describes the transformation between the coframe bases
of the two foliations (15), namely

Li
j =

�
c=N vb=(cN)
va Æab

�
: (52)

The same result can be obtained from an alternative (somewhat longer) com-
putation by means of substituting the constitutive matrices (25)-(27) directly
into the formulas (31)-(35).

6 Plane waves

In order to clarify the possible Feigel e�ect, we need to analyse not only the
waves inside the sample (as was done originally in [9]) but also the waves
in the outside vacuum space. The appropriate qualitative picture is as fol-
lows: Let us put the magnetoelectric matter between the two parallel planes
S1 = fx = �`g and S2 = fx = +`g. Then the external crossed electric and
magnetic �elds with the �eld lines parallel to these boundaries will induce
the magnetoelectric covector m = mdx along the x-axis, i.e., orthogonally
to the surfaces S1 and S2. Outside of the matter, we have the \bath" of
the virtual photons some of which will penetrate the interior of the sample,
reecting and refracting at its boundaries. Obviously, the largest contribu-
tion to the possible e�ect should come from the electromagnetic waves which
travel along the x-axis, i.e., with the wave vectors normal to the boundaries.
Clearly, for each right-moving wave, falling on the left boundary S1, there
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exists an equal but opposite left-moving wave, falling on the right boundary
S2. The contributions of these ingoing waves to the momentum density of
the electromagnetic �eld are equal with the opposite sign, thus providing a
balance of the light pressures in the left and in the right vacuum regions.
However, we have to �nd the contributions of the outgoing waves. If they
turn out to be di�erent in the left and in the right vacuum regions, this would
seemingly yield a violation of the momentum balance and would encompass
a nontrivial Feigel e�ect.

There are three regions: 1) the left vacuum space (for x < �`), 2) the
right vacuum space (for x > `), and 3) the interior region �lled with the
magnetoelectric matter (for �` < x < `). The con�gurations of the electro-
magnetic �eld in these three domains read, respectively, as follows.

1) In the �rst region (x < �`):

E = (R1 + L1)dy; B =
k

!
(R1 � L1)dx ^ dy; (53)

D = � "0(R1 + L1)dx ^ dz; H =
k

�0!
(R1 � L1)dz: (54)

Here R1 = R1(!t � kx) and L1 = L1(!t + kx) describe the right- and left-
moving waves, respectively. With k = !=c one can straightforwardly check
that this con�guration is a solution of the Maxwell equations.

2) In the second region (x > `):

E = (R2 + L2)dy; B =
k

!
(R2 � L2)dx ^ dy; (55)

D = � "0(R2 + L2)dx ^ dz; H =
k

�0!
(R2 � L2)dz: (56)

Now R2 = R2(!t � kx) and L2 = L2(!t + kx) describe the right- and left-
moving wave, respectively, and again k = !=c.

3) In the third, the interior region (�` < x < `):

E = (R3 + L3)dy; B =
1

!
(k+R3 � k�L3)dx ^ dy; (57)

D = �
��

""0 +
mk+
!

�
R3 +

�
""0 � mk�

!

�
L3

�
dx ^ dz; (58)

H =

��
k+
��0!

�m

�
R3 +

� �k�
��0!

�m

�
L3

�
dz: (59)
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The matter is characterized by the electric, the magnetic, and the magne-
toelectric constants "; �;m (the latter is determined by the external crossed
�elds applied to the sample). The right- and left-movers are now described by
R3 = R3(!t�k+x) and L3 = L3(!t+k�x). The birefringence, encoded in the
optical metrics (42), (43), is manifest in the inequality k+ 6= k�. Explicitly,
we �nd

k� =
n!

c

�p
m2 + 1�m

�
: (60)

As before, we use here the dimensionless magnetoelectric variablem := m=�.
Now, we assume that the ingoing waves, falling on the surfaces of the

sample, are harmonic and have equivalent structure, i.e., that

R1(!t� kx) = a1 cos(!t� kx) + a2 sin(!t� kx); (61)

L2(!t+ kx) = a1 cos(!t+ kx) + a2 sin(!t+ kx); (62)

with the prescribed constant a1; a2. Then, the outgoing waves will also be
harmonic,

L1(!t+ kx) = b1 cos(!t+ kx) + b2 sin(!t+ kx); (63)

R2(!t� kx) = c1 cos(!t� kx) + c2 sin(!t� kx); (64)

as well as the transmitted waves inside the sample,

R3(!t� k+x) = p1 cos(!t� k+x) + p2 sin(!t� k+x); (65)

L3(!t+ k�x) = q1 cos(!t+ k�x) + q2 sin(!t+ k�x): (66)

The unknown coeÆcients b1; b2; c1; c2; p1; p2; q1; q2 are then uniquely deter-
mined from the jump conditions for the electromagnetic �eld strength and
excitations at the boundaries S1 and S2. There are twelve jump conditions
{ six for every boundary surface, as usual. They read:�D(1) �D(3)

�
S1
^ � = 0; �Ac

�H(1) �H(3)

�
S1
= 0; (67)�

B(1) �B(3)

�
S1
^ � = 0; �Ac

�
E(1) � E(3)

�
S1
= 0: (68)�D(3) �D(2)

�
S2
^ � = 0; �Ac

�H(3) �H(2)

�
S2
= 0; (69)�

B(3) �B(2)

�
S2
^ � = 0; �Ac

�
E(3) � E(2)

�
S2
= 0: (70)

Here � = dx is the 1-form density normal to the surfaces and �1 = @y; �2 = @z
(A = 1; 2) are the two vectors tangential to the boundaries.
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Substituting (53)-(59), we �nd that half of the jump conditions are triv-
ially satis�ed since B ^ � = 0 and D ^ � = 0 in all the three regions.
Moreover, �1cH = 0 and �2cE = 0 everywhere, too. Accordingly, we are
left with only four conditions which result from the continuity of �2cH
and �1cE at the two boundaries. For the harmonic waves under consid-
eration, these conditions yield the system of algebraic equations on the
coeÆcients b1; b2; c1; c2; p1; p2; q1; q2. After some algebra, we can bring this
system into the form of the four matrix equations relating the 2-vectors

~b =

�
b1
b2

�
; ~c =

�
c1
c2

�
; ~p =

�
p1
p2

�
; ~q =

�
q1
q2

�
to ~a =

�
a1
a2

�
:

T (k`)~a� T (�k`)~b� �T (k+`)~p+ �T (�k�`)~q = 0; (71)

T (k`)~a� T (�k`)~c+ �T (�k+`)~p� �T (k�`)~q = 0; (72)

�T (k`)~a� T (�k`)~b + T (k+`)~p+ T (�k�`)~q = 0; (73)

�T (k`)~a� T (�k`)~c+ T (�k+`)~p+ T (k�`)~q = 0: (74)

Here we abbreviated

� :=

r
"

�
(1 +m2); (75)

and the matrix of the 2-dimensional rotation (and element of the SO(2; R)
group) is denoted

T (') :=

�
cos' sin'

� sin' cos'

�
: (76)

Evidently T ('1)T ('2) = T ('2)T ('1) = T ('1 + '2).
The solution of the system (71)-(74) reads:

~p =
1

2�
K [(1 + �)T (k�`)� (1� �)T (�k�`)]T (k`)~a; (77)

~q =
1

2�
K [(1 + �)T (k+`)� (1� �)T (�k+`)]T (k`)~a; (78)

~b =
1

4�
K
�
(1� �2) [T ((k+ + k�)`)� T (�(k+ + k�)`)]

+ 4�T ((k+ � k�)`)
	
T (2k`)~a; (79)

~c =
1

4�
K
n
(1� �2) [T ((k+ + k�)`)� T (�(k+ + k�)`)]

+ 4�T ((k� � k+)`)
o
T (2k`)~a: (80)
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Here we introduced the positive scalar function

� := 4�2 cos2[(k+ + k�)`] + (1 + �2)2 sin2[(k+ + k�)`] (81)

and the operator represented by the 2� 2 matrix

K := (1 + �)2T [�(k+ + k�)`]� (1� �)2T [(k+ + k�)`]: (82)

Both these quantities depend on the sum

k+ + k� =
2n!

c

p
m2 + 1: (83)

However, since for the magnetoelectric matter the di�erence

k+ � k� =
2n!

c
m (84)

is nontrivial, the amplitudes of the left-moving waves in matter are clearly
distinct from that of the right-moving waves, cf. (77), (78). The same applies
to the outgoing waves in the two vacuum regions: The amplitudes of these
waves are di�erent in the �rst and in the second regions, cf. (79), (80). We
have to check now if such a di�erence can yield di�erent �eld momentum
densities in these regions.

6.1 Energy-momentum density

In vacuum, the energy-momentum of the electromagnetic is consists of four
pieces: The energy density 3-form

u :=
1

2
(E ^ D +B ^ H) ; (85)

the energy ux density (or Poynting) 2-form

s := E ^ H ; (86)

the momentum density 3-form

pa := �B ^ (eacD) ; (87)
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and the Maxwell stress (or momentum ux density) 2-form of the electro-
magnetic �eld

Sa :=
1

2

�
(eacE) ^ D � (eacD) ^ E

+(eacH) ^B � (eacB) ^ H
�
: (88)

Accordingly, using (53), (54), we �nd for the �rst vacuum region:

u = "0 (R
2
1 + L2

1) dx ^ dy ^ dz; (89)

s =
1

�0c
(R2

1 � L2
1) dy ^ dz; (90)

pa =
"0
c

0@ (R2
1 � L2

1) dx ^ dy ^ dz
0
0

1A ; (91)

Sa = � "0

0@ (R2
1 + L2

1) dy ^ dz
�2R1L1 dz ^ dx
2R1L1d x ^ dy

1A : (92)

In the second vacuum region we have to replace R1 ! R2 and L1 ! L2.
Only the mean averaged (over a time period) quantities have a direct

physical meaning. We �nd for the averaged quantities in the �rst region

<u> =
"0
2
(jaj2 + jbj2) dx ^ dy ^ dz; (93)

<s> =
1

2�0c
(jaj2 � jbj2) dy ^ dz; (94)

<pa> =
"0
2c

0@ (jaj2 � jbj2)dx ^ dy ^ dz
0
0

1A ; (95)

<Sa> = � "0
2

0@ (jaj2 + jbj2) dy ^ dz
0
0

1A ; (96)
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and in the second region

<u> =
"0
2
(jcj2 + jaj2) dx ^ dy ^ dz; (97)

<s> =
1

2�0c
(jcj2 � jaj2) dy ^ dz; (98)

<pa> =
"0
2c

0@ (jcj2 � jaj2)dx ^ dy ^ dz
0
0

1A ; (99)

<Sa> = � "0
2

0@ (jcj2 + jaj2) dy ^ dz
0
0

1A : (100)

Consequently, it remains to calculate jbj2, which contains the data about the
left-outgoing waves, and compare it with jcj2, which contains the data about
the right-outgoing waves. Using (79) and (80), we �nd explicitly

jbj2 = jaj2
�
1 +

4�

�
(1� �2) sin(k+ + k�)` sin(k+ � k�)`

�
; (101)

jcj2 = jaj2
�
1� 4�

�
(1� �2) sin(k+ + k�)` sin(k+ � k�)`

�
: (102)

In the computation, we used the identity (~aT T (')~a) = jaj2 cos', which can
be straightforwardly demonstrated.

As we can see, the contributions of the outgoing waves to the �eld mo-
mentum are clearly di�erent in the two vacuum regions. The di�erence reads
explicitly

jbj2 � jcj2 = 8jaj2�(1� �2)

�
sin(k+ + k�)` sin(k+ � k�)`: (103)

Whenm = 0, in view of (84) the \bath" of virtual waves around the sample is
in equilibrium since then (103) vanishes. The total momentum of the waves in
both vacuum regions is obviously equal to zero. However, for magnetoelectric
matter, the mentioned \bath" is still balanced in the sense that the �eld
momentum carried by the waves in the left vacuum region is the same as
that of the waves in the right vacuum region. Namely, substituting (101)
and (102) into (95) and (99), we �nd that the momentum density of the
electromagnetic �eld in both regions is equal

<px>= � 2"0�

c�
(1� �2) sin(k+ + k�)` sin(k+ � k�)` dx ^ dy ^ dz: (104)
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At the same time, the stress is di�erent in the two regions. When we compute
the corresponding force Fx =

R
<Sx>, acting on the boundary of the sample,

the resulting expressions will read for the �rst (left) and for the second (right)
surfaces, respectively:

F left
x = "0jaj2A

�
1 +

2�

�
(1� �2) sin(k+ + k�)` sin(k+ � k�)`

�
; (105)

F right
x = � "0jaj2A

�
1� 2�

�
(1� �2) sin(k+ + k�)` sin(k+ � k�)`

�
:(106)

Here A is the area of the boundary surface (we assume the left and right
surfaces to be equal). Thus, there will be a nontrivial resulting force acting
on the sample in the direction of the magnetoelectric vector:

F left
x + F right

x =
4"0jaj2A�

�
(1� �2) sin(k+ + k�)` sin(k+ � k�)`: (107)

At �rst sight, the results obtained, namely (104) and (107), provide a
theoretical support for the possible Feigel e�ect. For completeness, however,
it is necessary to analyse also the situation when the directions of all waves
are reversed, i.e., instead of assuming equal incoming waves, we should also
consider the case of equal outgoing waves. Fortunately, it is not necessary to
perform a new computation. All we need is to put k ! �k in (53)-(66) and
then notice that in the jump equations (71)-(74) we have to change the sign

of � ! ��. Then repeating the computations of the amplitudes ~p; ~q;~b;~c,
we arrive again to the solution (77)-(80) with the replacements k! �k and
� ! ��. As a result, the total momentum density turns out to be again
(104). [It is important to note that here we do not have to replace �! ��,
since (jaj2�jbj2) is changed to (jbj2�jaj2) in (95), and similarly, (jcj2�jaj2) is
changed to (jaj2� jcj2) in (95)]. However, the resulting force computed from
the stress on the left and right boundary surfaces will have the opposite sign
(and equal magnitude) to that of (107). Correspondingly, when we consider
both contributions together, the total force will be found to be equal to
zero. In other words, the magnetoelectric body will not move, despite the
presence of a certain asymmetry between the left- and right-moving waves in
the matter.

This conclusion is based on the evident symmetry which characterizes the
\bath" of the virtual photons (\vacuum uctuations") in the regions 1 and
2: for each left-moving virtual photon there is an equal right-moving virtual
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photon. But actually, a di�erent conclusion is derived for real electromag-
netic waves and it would be interesting to verify experimentally whether a
magnetoelectric sample would have a nontrivial momentum and thus would
move, being inserted between the oppositely directed but otherwise equal
beams of photons.

6.2 Discussion: choice of the modes

One may ask a question: Are the modes of the uctuating (vacuum) waves
counted correctly in our analysis? In particular, isn't there a possible \over-
counting" which somehow a�ects the �nal conclusion? In order to check this
point, let us consider a more general setting, when the incoming and the
outcoming modes are not speci�ed from the very beginning.

The wave �eld con�gurations are given, in the three regions, by the for-
mulas (53),(54), and (55),(56), and (57)-(59), respectively. However, we now
assume, that whereas the wave components for the uctuations in the �rst
region are given by (61) and (63), and for the waves inside matter by (65)
and (66) (as before), in the second region (left vacuum half-space), instead
of (62) and (64) we use a more general ansatz

R2(!t� kx) = ea1 cos(!t� kx) + ea2 sin(!t� kx); (108)

L2(!t+ kx) = eb1 cos(!t+ kx) +eb2 sin(!t+ kx): (109)

By putting ea1;2 = c1;2 and eb1;2 = a1;2, we recover the previous choice of the
modes (62) and (64), i.e., the equal incoming waves from the both (left and
right) sides.

With the ansatz (108), (109), we can choose any other possible modes. We
can straightforwardly generalize our earlier computations now. In particular,
by using (108), (109) in the jump conditions (67)-(70), we �nd instead of the
system (71)-(74) the following set of algebraic conditions:

T (k`)~a� T (�k`)~b� �T (k+`)~p+ �T (�k�`)~q = 0; (110)

�T (�k`)~ea + T (k`)
~eb+ �T (�k+`)~p� �T (k�`)~q = 0; (111)

�T (k`)~a� T (�k`)~b + T (k+`)~p+ T (�k�`)~q = 0; (112)

�T (�k`)~ea� T (k`)
~eb+ T (�k+`)~p+ T (k�`)~q = 0: (113)

The equations (110) and (112) provide the relation between ~a;~b and ~p; ~q,

whereas the equations (111) and (113) provide the relation between ~ea;~eb and
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~p; ~q. By excluding the pair ~p; ~q, we eventually �nd the direct relation between
the amplitudes in the left and in the right vacuum regions:

~ea =
1

4�
T [(k� � k+)`]

n
KT (2k`)~a

+(1� �2)(T [(k+ + k�)`]� T [�(k+ + k�)`]~b
o
; (114)

~eb =
1

4�
T [(k� � k+)`]

n
K 0T (�2k`)~b

+(1� �2)(T [�(k+ + k�)`]� T [(k+ + k�)`]~a
o
: (115)

Here, cf. with (82), we introduced the operator

K 0 := (1 + �)2T [(k+ + k�)`]� (1� �)2T [�(k+ + k�)`]: (116)

As a check, we can easily verify that by choosing the modes as ea1;2 = c1;2
and eb1;2 = a1;2, the formulas (114) and (115) reduce to the old results (79)
and (80).

Now, however, let us make a di�erent choice of the modes. Namely, let
us assume that ~b = ~a. In other words, we select in the \bath" of the vacuum
uctuations in the �rst (left) region a pair of modes with the equal intensities,
one of which is a left-mover, and another is a right-mover. Clearly, we can
always select in the spectrum of all uctuations (which contains any possible
modes) such pairs of the equal intensities. When we compute the contribution
of these modes to the total momentum, we evidently �nd the zero net result,
since jaj2 = jbj2, see eq. (95). Summing over all such pairs, we then certainly
obtain that the total net momentum of the vacuum uctuations in the left
half-space is equal zero. Now, let us look to the waves which correspond to
any such pair in the second (right) vacuum half-space. The corresponding

amplitudes are given by (114) and (115), where we have to put ~b = ~a. It thus
remains to calculate the intensities of these waves. The direct calculation
yields

jeaj2 = jebj2 = jaj2
n
1 +

1� �2

2�
sin[2(k+ + k�)`] sin(2k`)

+
1� �2

2�2
sin2[(k+ + k�)`]

�
(1� �2)� (1 + �2) cos(2k`)

�o
:(117)

Accordingly, we �nd that the corresponding pairs of waves in the right region
also have equal intensities and thus they cancel each other in the expression of
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the net momentum! The latter is easily seen from (99), properly generalized

by replacing jcj2�jaj2 with jeaj2�jebj2. The sum over all pairs then yields the
total trivial momentum for the vacuum waves in the second region.

In other words, our previous conclusion is completely con�rmed for a
di�erent choice of the modes: The total �eld momentum is equal on the
both sides of the sample, and thus there is no any physical reason for the
sample to move in any direction.

In fact, one can check that the same conclusion remains valid for any

other choice of the vacuum modes, in the sense that the total momentum in
the left vacuum region is always balanced by the same total momentum in
the right vacuum region.

For completeness, let us also analyse the the stress and the corresponding
force which can be computed along the same lines as in the previous section.
The stress in the �rst (left) region is again given by the formula (96), whereas
the in the expression (100) for the stress in the second (right) region we have

to replace jcj2 + jaj2 with jeaj2 + jebj2. Now, a straightforward computation
yields for the resulting force

F left
x + F right

x =
"0jaj2A (�2 � 1)

2�2

n
� sin[2(k+ + k�)`] sin(2k`)

+ sin2[(k+ + k�)`]
�
(1� �2)� (1 + �2) cos(2k`)

�o
:(118)

Although this, like (107) above, seem to describe a nontrivial force acting
on the material sample, we have to take into account that the two wave
\baths" in the left and in the right regions are actually on the equal footing.
Thus, in order to treat them equally, we have to consider the symmetric
situation when the original vacuum uctuations with the equal amplitudes
are in the second (right) region, whereas the secondary vacuum waves, which
arise due to the refraction and transition through the medium of the original
uctuations, are in the �rst (left) region. No new computations are actually
needed since this situation is easily obtained from the previous one by the
interchange of the quantities with and without the tildes. Then, for such a
symmetric situation, the momentum is again the same (and equal zero) in
both regions, whereas the resulting force if given by (118) with an opposite

sign. Consequently, when we put together both pieces of the picture, we �nd
the total force equal zero.

One may wonder if in the above analysis we do not make an \overcount-
ing". There are several arguments which demonstrate that the answer is
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negative. Firstly, when thinking about the classical electromagnetic waves
which were used by Feigel (and, following him, by us) to model the \vacuum
uctuations", we have to recall that the very notion of uctuation means
that this is an uncontrollable process. In this sense, it is unreasonable to
assume that the original vacuum uctuations may occur only in the �rst
(left) region, whereas the second region is merely an \arena" for the sec-
ondary waves. The original waves may (and should) emerge in the second
(right) region and produce the secondary waves in the �rst region. This is
precisely what we described above. Secondly, as we see from the formulas
(114) and (115) which relate the original and the secondary waves, the latter
always have a di�erent polarization as compared to that of the former (in
simple terms, the electric vector in the wave is rotated, as clearly shown by
the above formulas). Since the waves with di�erent polarizations obviously
are linearly independent, we come to the conclusion that the contribution
of the original waves, say, in the �rst region, are not overcounted by the
contribution of the secondary waves in the same region.

7 Conclusion

Our axiomatic covariant approach to electrodynamics provides tools to check
the theoretical input of the Feigel e�ect. In our study, we have performed
the following steps needed for the re-evaluation of the possibility of the Feigel
process:

� We constructed the correct constitutive relation for an arbitrarily mov-
ing medium with magnetoelectric properties.

� We derived the relativistic dynamics of such a medium.

� We directly computed forces and momenta with the help of the energy-
momentum of electromagnetic �eld in vacuum by investigating the
\bath" of the vacuum waves in the two vacuum regions outside of the
magnetoelectric medium.

� We obtained the generally covariant expression for the �eld momen-
tum as a part of the total energy-momentum of the physical system
(matter+�eld).
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Concerning the last point, it is worthwhile to mention that the properties
of the resulting energy-momentum are compatible with all theoretical and
experimental criteria [20]. In particular: 1) the energy-momentum is derived
from �rst principles: the Lorentz force acting on the free and bound charges
and currents. 2) This tensor is explicitly symmetric (without the ad hoc

Abraham term). 3) It provides Planck's �eld-theoretic p = s=c2 general-
ization of the relation �m = �E=c2. 4) It is compatible with experiment,
including wave phenomena in dielectrics (Jones et al [26]), the measurement
the torque in crossed �elds (Walker & Walker [27]), and the measurement of
an axial force in crossed �elds (James [28]).

On the basis of our study, we come to the following conclusions: The
derivation of the generally covariant relativistic constitutive relations for a
moving magnetoelectric medium, together with the subsequent analysis of
the vacuum waves travelling through the sample of a �nite size shows that
the magnetoelectric body will not move, despite the presence of a certain
asymmetry between the left- and right-moving waves in the matter. However,
this only refers to the case of waves due to vacuum uctuations.

For the real waves falling symmetrically from the two sides on a mag-
netoelectric body, we expect a nontrivial e�ect of the Feigel type. Thus,
we cannot con�rm the possibility of \extracting momentum from nothing".
This conclusion can be further supported by the investigation of the energy-
momentum of the system (matter+�eld) which reveals the non-relativistic
expressions for the momentum and energy that are di�erent from those used
by Feigel in his work. Certainly, it is worthwhile to recall that in our study, we
applied classical electrodynamics to a dielectric medium by well-established
methods. This is exactly the same type of approach that was used by Feigel
himself.

A deeper analysis, using quantum �eld theoretical methods, could be
desirable. The application of the methods of quantum �eld theory could
possibly improve the understanding of the relevant physics, in particular,
might clarify the mechanism of the counting of the uctuating modes. As
concerns the nontrivial Feigel-type e�ect for the real (non-vacuum) electro-
magnetic waves, the corresponding experimental scheme can be as follows:
The original beam (say, of a laser) can be split into two beams by a simple
mirror system and then both beams can be directed (from the two sides)
on a magnetoelectric sample, bringing the latter into a motion. The corre-
sponding velocity can be estimated using the results of Sec. 6.1; for the thin
samples the e�ect should be proportional to the value of the magnetoelectric
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parameter m.
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