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Abstract

The work of Ariadne study reference 11-1301 is described. Focus
was given to developing a formal theory of transformation acoustics
that analogued the exact theory of transformation electromagnetics.
This was developed both for simple isotropic media and for so-called
pentamode acoustic media. In addition a generalised ray-based trans-
formation theory that provided a simple, but highly flexible, recipe
for making transformation-based devices, such as an acoustic cloak.
Finally, an analogue acoustic theory that mimics the structure of co-
variant electromagnetism is discussed.



1 Introduction

The programme of actualizing point deformations in media [1],[2] has opened
up many avenues of research, particularly in electromagnetics. Conceptually,
the idea is beautiful: think of a deformation that maps points in space to
new points in space!. For a given domain of physics (electromagnetism,
acoustics, etc.), enquire as to how the relevant medium properties should
be modified (anisotropy and inhomogeneity) so as to reposition the field
quantities in question (e.g. electromagnetic fields) to ones located at the
new points. If this question is answered, then we have a recipe for ‘designer’
deformation, the most celebrated example of which is the electromagnetic
cloak [3].

For electromagnetism, the prescription is known to be exact, i.e. all prop-
erties of Maxwell’s equations, including both near- and far-field attributes,
are inherited by the transformed fields, irrespective of wavelength, obstacle
sizes and shapes. Whatever the technological challenges in producing the re-
quired electromagnetic medium, if it can be made, then Maxwell’s equations
are mapped exactly onto the new domain. The linear rays of geometrical
optics in a homogeneous medium are then mapped precisely to the curved
paths defined by the mapping.

Why the programme is so outstandingly successful in electromagnetism,
and not in other areas of physics, is still a matter of debate and ongoing re-
search. The fact that Maxwell’s equations admit a covariant, or co-ordinate
independent formulation is undoubtedly significant. Notably, the most con-
certed mathematical studies of transformation electromagnetics has been
carried out by Thompson et al [4, 5]. Acoustics, the focus of this current
report, has been the most explored area for transformation theory besides
electromagnetism. Milton et al [6] have shown that in general an anisotropic
mass density is required for elastodynamic equations that are the natural
counterparts of Maxwell’s equations to remain invariant under spatial trans-
formation. However, the equations Milton uses as acoustic counterparts of
Maxwell are posed in terms of ordinary, rather than covariant, derivatives.
As a consequence, Milton’s equations of motion are not inherently form
invariant and thus do not admit the full range of transformation-type so-
lutions that are possible in electromagnetism. Omne of our key objectives
in this report is to provide a properly covariant framework for acoustics.
In two-dimensions, the acoustic equations in a fluid are isomorphic to the

We draw a distinction between deformations that reposition points in a space, to
coordinate transformations that merely relabel points in the space. Although deformations
can be related to a coordinate relabelling, the converse is not true in general.



single polarization Maxwell equations in a way that also preserves bound-
ary conditions as was shown by Cummer et al [7]. The form invariance of
Helmholz equations under general curvilinear transformations was studied
by Greenleaf et al [8] who showed in particular that the scalar wave equation
for the pressure in an inviscid (i.e. non-viscous) medium can be cast as

2
e (Vi 2 ) = 5. 0
\/E (91'1 al'j ot
where g;; is a metric induced by the proposed transformation. Acoustic
cloaking in inviscid media for which the mass density is anisotropic and
the bulk modulus varies, have become known as Inertial Cloaks [9]. Norris
showed that inertial cloaking requires the cloaking medium to have a locally
infinite mass density. If instead more general anisotropic media are consid-
ered in which the bulk modulus is also anisotropic, then the infinite mass
constraint can be avoided [10]. The simplest such media are known as penta-
mode media which represents a limiting class of anisotropic media in which
five modes (hence ‘penta’) of shear combine with one mode of stress and
strain. Generalizing further, Norris also showed how utilizing ‘pentamode-
to-pentamode’ transformation media allowed the resultant medium to be
inertially isotropic.

Another reason why transformation electromagnetics is so natural is that
electromagnetism is pre-metric [11]. By contrast acoustics is not pre-metric,
and another of our aims in this work was to examine carefully how the metric
should be interpreted in any transformational acoustics scheme (cf. Section
6, point 2).

We endevoured in this project to examine the above literature carefully
and attempt to formulate transformation acoustics more formally, focus-
ing specifically on purely spatial transformations. Several approaches were
adopted and described in the sections below. We commence in Section 2
by summarizing linearized acoustics theory from the most general covari-
ant perspective. Then, in Section 3 we derive covariant second order wave
equations for the fluid displacement, pressure and stress tensor. In Section 4
we generalize the linearized theory to include anisotropic mass and thereby
obtain generalized second order equations for the pressure and the stress.
These appear to be quite new. Likewise, we derive the relevant second or-
der equations for pentamode media in Section 5. In Section 6 we return to
first order equations that retain the conceptual clarity of the original equa-
tions set out in sections 3 and 4, and derive a key theorem, which, for the
first time, gives a precise covariant recipe for inertial acoustic cloaking, in



which the elasticity tensor takes its simplest form. In Section 7 we extend
the theory to pentamodes and show in particular, via another key theorem
(Theorem 2 of Section 7.1), how the technical requirement that the tensor
defining the pentamode medium (S%) be divergence free can be manufac-
tured. In Section 8 we apply the developed formalism to a specific and novel
example in acoustic cloaking, giving the explicit medium cloaking recipes for
pentamode media in the two limits of inertial cloaking and for isotropic mass
density. Some commentary of how the formalism might be extended beyond
pentamodes is provided in Section 9.

In Section 10 we take a different tack in which we attempt to produce a
geometric transformation theory, i.e. a method that retains only directions of
energy transport (i.e. rays), and then defines how the rate of transport must
be modified to produce a given ray deformation. Although such an approach
is necessarily imperfect, it did yield a very general recipe (Equation (127))
for transformation media that can be applied across multiple disciplines,
including acoustics. An explicit cloaking recipe is discussed.

Finally, in Section 11 we present some analysis in which first order acous-
tic equations are tied as closely as possible to their electromagnetic coun-
terparts. The formalism is applied specifically to the design of an acoustic
carpet cloak.

2 Linearised Acoustics Theory

We here summarize the linear theory of elasticity, expressed in an arbitrary
spatial coordinate system. This form invariance is essential in discussing
transformation acoustics.

Firstly we have the equation of motion for a mass element of the fluid:

Dkanlf = pgmnan ) (2)

(see [13] §2). Here Dy is a spatial covariant derivative, o,* is the stress
tensor (i.e. Ty, = o0,Fny, is the stress (= force per unit area) vector acting
through a unit area specified by the normal ny), p is the (isotropic) mass
density, gmn is the spatial metric (expressed in arbitrary coordinates), and
4 represents the acceleration of the mass element in question.

Next, we have the strain tensor given by
1

(see [13] §3). It represents the deformation of the line element that occurs
when the body is deformed from an initial configuration S to a deformed



configuration S, i.e.
ds? — ds?® = 2e,pda"dz® . (4)

In the linearized theory we assume that stress and strain are linearly related,
ie.
j jkl
Ui] — Cij €Ll - (5)

see |13| §4). For any linear medium one can decompose the stress tensor
p
as:

: o , 1 4
o) = (Uij - 3Jkk6z‘j) + g%k@] : (6)
= (0 +p3’) = p0; (7)
= ¢ij _péij ) (8)
where p := —10," and ¢ =07 - %Ukkéij = o, +p6,” (see [14] §2). Note

that the pressure is related in a trivial way to the trace of the stress, whereas
#,7 is the trace-free part of the stress (i.e. the shear stresses). If a body
undergoes hydrostatic compression a uniform, isotropic pressure p, acts on
every unit surface area of the body, directed normally inwards. In that case
the shear stresses vanish and aij = —péij .

3 Equations of Motion for Linearized Acoustics

We now proceed to derive equations of motion for a linearized medium. We
do this in various ways:

1. by deriving a set of coupled equations for the displacement u’.

2. by deriving an equation of motion for the (isotropic) pressure p coupled
to the stresses

3. by deriving an equation of motion for the stress tensor aij coupled to
the pressure.

3.1 Equation of Motion for the Displacement
Combining Eq. (2) with Egs. (5) and (3)

DkC'nfijDigjaua = PGmnt" . (9)



Now compatibility between the metric and the covariant derivative? requires
that D;g;r = 0 so that the last equation can be written as

DkC'nfijgjaDiua = pgmnt" . (10)

This equation is three coupled equations for the displacement u’. Although
building a successful transformation acoustics scheme based on Eq. (10) is
technically challenging, the compactness and generality of Eq. (10) make
this idea very tempting for future investigation.

3.2 Equation of Motion for the Pressure

Combining Eq. (2) with Eq. (8)
D¢’ — Dip = pgiii* . (11)
Combining p = —%0,* with Eq. (5) and Eq. (3) we obtain
__10 ikl ——10 ikl 1) m 12
p=—3C"en =~ 0" Drgimu™ . (12)
Now since C’ij kl, D; and g;; are time independent
" Lo ik m
p=—3C" Degimi™ - (13)

Combining Eq. (11) with Eq. (13)

1 . 1
P

1

; 1
p= 7Ci2le |:Dm m:| ) 14
3 ap 71 (14)

Note the last term couples the equation of motion for pressure to the shear
stresses.
3.3 Equation of Motion for the Stress Tensor

Similarly, we can obtain equations of motion for the shear stresses of any
linearized medium. Combining Eq. (8) with Eq. (5) and Eq. (3) yields

¢ = CMep §Cmmkl€kl5i] ; (15)
A 1.
= Ci]lekgmun - 562] (Cmmlekglnun> 3 (16)

2This is how a unique covariant derivative is determined from a metric g;;.



whence

ﬁ_i] _ Ci]lekgann . gdz] (Cmmlekglnun) ) (17)

Combining the last equation with Eq. (11)

- . 1 1
¢’ = My poﬁzm_lep]

1. Kl 1 1
_géijcnn Dy, [poﬂfzm - lep]

j 1 1_, 1
= ¢/"Dy pomm} = 307C Dy [pomm]

; 1 1. 1
—Cijlek |:le]7:| + gfszjcnnlek |:le1):| . (18)

Note that the last two terms couple the equation of motion for the stresses
to the pressure.

4 Linearized Acoustics with Anisotropic Mass

It was previously mentioned that the idea of building a transformation acous-
tics scheme based on Eq. (10) is tempting. However, Eq. (10) is somewhat
incomplete, in that it does not include an anisotropic mass. One is thus mo-
tivated to ask: what is the equivalent of Eq. (10) with an anisotropic mass?
One technical point is how the mass density tensor should be properly in-
dexed. This issue is dealt with in detail in Appendix A, and we here assume
the form of the mass density should be written as p' ;- With anisotropic
mass Eq. (2) generalizes to

Dyo,¥ = gmnp™yiil . (19)

We assume that there exists (p‘l)i. such that (p‘l)i . ,ojk = 5ik. Omitting
j J

algebraic details, the three equations of motion analogous to Egs. (10), (14)

and (18) are straightforwardly derived as

D;j [Cijmngmp} DyuP = giphiil (20)
.. Lo ik —1\™ _pq
po= 3G Dy [glm (b)), 9 }qu
1, _
—3C" Dy im (07)"2 67 Dot (21)

10



and

%i] = Cijlek [gln (P_l)np gpq} Drﬁqr

]. y n r
=30, C™ Dy [gln (v pgpq] D,#,
~C" Dy [gln (P, gpq] Dyp

g”q] Dgp - (22)

Relative to the extant literature [9, 13, 14|, these equations appear to be
new in their use of anisotropic mass.

1. _
+§6ijcmmlek |:gln (p 1)np

5 Pentamode Media

A pentamode medium [9] is characterized by the following form for the
elasticity tensor

G = AgimS™ SH (23)
where S¥ is symmetric and invertible. An equation for the pressure in terms
of the strain is obtained by combining p = —10,* with ¢;” = C;’ Mew (Eq.
(5)) and ex; = Dgpymu™ (Eq. (3)) to obtain

1 A

p=—3K (9imS™) (9" Drul”) . (24)
From this we can obtain the shear stress as
¢ij = Uij +p5ij )

. 1 . :
= KgimS™ S* Dygimu™ — gK (9imS™) (gpgST" DyuP) 5,7,

1 .
= K (gpgST" D,uP) gikSkJ ~3 (gmnS™") 6i] . (25)

We now introduce the so-called ‘pseudo-pressure’ [9]
p=—K (quSqTDrup) ) (26)

and proceed to express p, gfij and Uij in terms of p as
1

p = gﬁ(gmnsmn)v (27)
g7 = i [giks’“ﬂ'—;gmnsm”)éﬁ ) (28)
o) = —p [giks’fﬂ}. (29)

11



On the right hand sides of Egs. (27), (28) and (27), the only time de-
pendent quantity is the pseudo-pressure. Accordingly, the pressure, shear
stresses and stress tensor consist of a time-independent geometric struc-
ture modulated by a time-dependent scalar, namely the pseudo-pressure.
This observation is related to the fact that pentamodes are well-suited to
transformation acoustics. Now, combining Eqgs. (19) and (29) we obtain
straightforwardly

D; [~pgimS™ ] = gupii' - (30)
After multiplying through by (p‘l)p . ¢? and utilizing the fact that the co-
variant derivative commutes with the metric we obtain

i’ =—(p™")" Dy[pS™] . (31)

Differentiating Eq. (26) twice with respect to time and substituting for 4
from Eq. (31) yields

p = Kgp,ST D, (p—l)pm D, [pS™] . (32)

If S% is assumed to be divergence free, i.e. D;S% = 0 then the preceeding
equation is straightforwardly manipulated to

5= KD, [SZ‘J‘ gk (07" Slm} Do - (33)

6 Inertial Transformation Acoustics

In this section we aim to provide a general recipe for so-called ‘inertial trans-
formation acoustics’, i.e. a transformational scheme that maps a shear-free
medium with anisotropic inertial mass to another similar medium. Therefore
the only constitutive parameters altered by the transformation scheme are
the bulk modulus (\), and the (anisotropic) mass tensor p’ ;- In contrast to
other authors ([6], [8], [9]) who derive transformation algorithms for second
order wave equations, in this section we retain first order equations. This
choice provides better conceptual clarity, and keeps the methodology closer
to transformation optics. There are two requirements imposed to achieve
the recipe for transformation acoustics:

1. a simple conversion from covariant to ordinary derivatives.

2. we need to have (effective) constitutive quantities where the metric
can be hidden after it has been transformed.

12



We start with the force density f; given by

fi = gijp’ i* (34)
and the constitutive laws
jkl ikl
C7" = X6, g™ (35)
CMey =07, (36)

and finally the differential equations

1
eij = 3 (Digjkuk + ngikuk> , (38)

but avoid in the following using second covariant derivatives.
Substituting Eq. (36) into (37)

D; [CMew] = f; . (39)
and then using Eq. (35) we obtain
D; [z\éji (gklekl)} =f;. (40)
Finally substituting Eq. (34) into the above equation yields

Di[A(9"epq)] = gip’yil® . (41)

Now the strain equation, Eq. (38) can be decomposed into a traceless part
and an isotropic part:

eij = Gim |¢"; + (9"epq) 5| (42)

gzmﬁén; + (9" epq) Gij - (43)

This decomposition of the strain tensor is quite crucial, since it facilitates,
as we show subsequently, a simple conversion from covariant to ordinary
derivatives.? Note that the traceless part, ;éij does not couple with Egs.
(34), (35), (36) and (37). Furthermore,

(Dpggmu™ + Dygpyu”) = Dyu” (44)

N | —

Pq,  _ pq
9 €pg =9

3This decomposition of e;; is irreducible under GL(4,R).

13



the last equality arising because of the covariant compatibility of the metric.
Using the above, we express the differential equation Eq. (41) and the strain
equation Eq. (38) in the following way

D; (XE) = gijp’ii* (45)
§=Du' . (46)

Eqgs. (45) and (46) constitute four equations in four unknowns. Using well
known properties of the covariant derivative, these last two equations can
be written in terms of ordinary derivatives as

3 (A) = gijp’i* (47)

1 0
= 7det gz‘] @ |:\/ det gljup:| , (48)

which again is 4 equations in four unknowns (i.e. three unknown u® and
one unknown ). We are now ready to state the basic “inertial cloaking”
version of transformation acoustics (cf. [9]). We do this via a theorem.

§

6.1 Basic Transformation Acoustics Theorem

Theorem: If uP and £ are solutions of Egs. (47) and (48), then

and

are solutions of

0; ()\/5/) = g;jpljku/k ) (51)
1
¢ = < detgg.u'p) , (52)
det g;; OP ’
where
det g;;
!



and

A \/det géj .
/1 m — AN . (54)

Note the following definitions (see Appendix B):

=@l u" = (pa)' 0! A= () 0" = (0ap)y 1 Gij = (0) 75 (94)" gmn
(55)
where ggj is a spatial metric. Stating the theorem in words: under a trans-
formation solutions of the elastodynamic equations are mapped to solutions
of the elastodynamic equations at the price of redefining the constitutive pa-
rameters. Note how the metric is ‘hidden’ in Eq. (54) after transformation.
The proof of the theorem is given in Appendix C.
7 obeys p' = p.

Lemma: p/ = —10/;

Proof: p' = —%X&iig’kle%l = —%)\’5’ =N =-\=p.

7 Pentamode Acoustic Transformation

The previous section presented the basic transformation acoustics theorem
for a trivial medium in which the elasticity tensor took its simplest form as
given by Eq. (35). Here we extend the theorem to pentamode media where
the elasticity tensor is given by Eq. (23). Note that since the trivial medium
CUk = \g gk (which is equivalent to Eq. (35)) is also a pentamode, the
theory of this section encompasses the transformation (trivial medium) —
(pentamode medium) as a sub-case. For clarity we restate all the starting
equations for linearised elasticity (i.e. small displacement) in a pentamode
material as

G = AgimSTISM (56)
O’Z-j = Cijklekl y (57)
fi = gyp i, (58)
Djo,) = fi, (59)
1
€ij = 5 (Digjkuk + ngikuk) . (60)
To these we add a crucial additional assumption, namely that
D;S9 =0. (61)

15



It is emphasised again, that the subsequent development is restricted to first
order equations, and no attempt is made to generate wave equations that
will involve second spatial (covariant) derivatives. Combining Eqgs. (56)-(59)
yields

D; |:/\gim5mj <Sklekz)] = gipp"gu? . (62)

The strain of Eq. (60) can be decomposed with respect to S¥ as
€15 = Sim |#7) + (S7pg) 07| = Sim™s + (SPep) Sy (63)

where we note that the trace-free part of the strain ¢ij, does not couple to
Eq. (57). Note, in Eq. (63) (and subsequently) the symbol S;,, refers to
the im™ component of the inverse of S7%. For a pentamode medium only
the component of the strain given by & := S¥e;; couples to Eq. (57). The
decomposition given by Eq. (63) is actually quite crucial as it permits us
to develop equations in which the covariant derivative is easily related to
the partial derivatives. In turn, this allows transformation acoustics to be
performed successfully. Now, by using Eq. (60), we can easily show by
relabelling indices and the symmetry of SP4, that the term in parentheses
in the last equation can be written as

SPepg = S Dy (ggru”) - (64)
Thus, in a manner analogous to Egs. (45) and (46) we arrive at

D; [MgimS™ ] = gipp¥,it? (65)
f = Sijeij = S”Dz (gjkui) y (66)

which is four equations in four unknowns. If we now make use of the addi-
tional assumption Eq. (61), and the invertibility of S%, then the above two
equations become

D; (\) = Sijpii* (67)
§=D; (Sijgjkuk> : (68)
or, with further use of the invertibility of S

D; (X) = Sijp g™ Spi™ (69)

16



where w' := S¥ gjkuk. These two sets of first-order equations encode the

dynamics of pentamode materials in two slightly distinct ways. As before,
both sets (i.e. Egs. (67)-(68) and (69) and (70)) may be expressed in terms
of ordinary derivatives:

8; (\E) = Sijp’ ik (71)
1

&= \/(M&- [\/detgpqSijgjkuk} , (72)

and

0; (\E) = Sijp’ g Spmui™ (73)
1

&= \/ﬁ& {\/det gpqw’} . (74)

Before stating the relevant pentamode transformation acoustics theorems,
we note that the assumption of vanishing divergence of S¥ (i.e. D;S% =
0) must hold true for the tensor S¥ both before and after transformation
acoustics is applied. This leads to an additional constraint that in practice
may be quite hard to satisfy, particularly if the transformational scheme
is applied to Egs. (71) and (72). By contrast, the set (73) and (74) has
additional flexibility in the choice of the transformed tensor Sl(j which can
be exploited to manufacture D;S"7 = 0. Hence in the next section we give
two transformational acoustic theorems, one for set (71) and (72) and one
for set (73) and (74).

Another point concerns the quantity £. It is related to Norris’ pseudo
pressure, p [9] via p = —\E, and can be called the ‘trace’ of the strain with
respect to S¥.

7.1 Pentamode-to-Pentamode Transformation Acoustics The-
orems

We now state the transformation acoustics theorem analogous to that given
in Section 6.1:

Theorem 1

If ¢ and u¥ are solutions of Egs. (71) and (72), then



are solutions of
9, (N€') = Sip " (76)
¢ = \/d:tigl’wai /et gpeSgna] . (77)
where
S = 5" G g™ (78)
Fim LSS, (79)
N = Yy (80)

Here (see Appendix B for notation) ¢ = ¢.¢ and @' = (<,p*u)Z are
transformed variables; 5% = (,5)%, ﬁij = (go*p)ij and A\ = @, \
are transformed constitutive parameters; g7 = (go*g)ij is the
transformed metric and ¢’ is some other metric.

To give the theorem in words, the primed quantities are quantities obtained
after:
transformation 4+ reinterpretation as a new medium

The proof of the theorem is entirely analogous to that given in Appendix
C. Attention is also drawn in particular to Eq. (78) which is effectively a
requirement on the new S’. In order for a transformational scheme based
on Eqgs. (75)-(80) to work it is also necessary for D;S" = 0, i.e. the primed
S% must be covariantly conserved. Satisfying this requirement turns out
to be quite problematic. However, this difficulty may be circumvented by
instead basing the transformational acoustics scheme on the equation set
(73)-(74). We now give the second transformational acoustic theorem based
on the equation set (73) and (74).

Theorem 2

If £ and w” are solutions of Eqs. (73) and (74), then

¢ — v/ det gpg 3 W' — v/ det gpg & (81)

18



are solutions of

0 (N€') = SLp”7 g™ Spuw™ (82)

provided
o detgl, _ _
S/zgpljkg/klsl/m _ % Siaﬁabgbcscm , (84)
pq
and

Jdetgl -
N Iy (85)

Here quantities denoted with an overbar are the transformed quantities,
whereas those denoted with a prime are quantities actually implemented in
the final medium. The quantity g;’,q is an arbitrary metric, usually set to be
equal to g4, the metric of Euclidean space.

Note that if §% = g% and S = S, the above transformation scheme
replicates that of Norris [9], taking a simple shear-free material as being a
special case of a pentamode. Our development, in contrast to Norris, has
been consistently first order.

When we consider a specific application of transformational acoustics in
Section 8, we will exploit the additional flexibility referred to above and use
Theorem 2. Since exploitation of Theorem 2 is more fruitful than Theorem
1, we give a detailed proof in Appendix D.

8 Application: Cylindrical Acoustic Cloak

We now give a specific application of the above formalism to acoustic cloak-
ing, illustrating the use of the second theorem given in the last section. We
take the radial transformation to be

= (T2 + a2)1/2
= 0. (86)

=t

™

The origin point » = 0 is mapped to the circle 7 = a, and for large r we have
7 ~ r. Note that this improves on the ‘standard’ cloaking transformation

= b—a r+a
= 7 ,

0 = 0. (87)
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which, although extensively used in the literature right from the inception
of transformation optics [1], fails to satisfy 7 — r as r — 0.

In order to proceed we need to first express the underlying Euclidean
metric g;; = d;; in cylindrical polar coordinates

) 2 2)1/2 _ -1(Y
r=(z*4+y*+2z%)"" , §=tan <x> : (88)

with the z-coordinate unaltered. Using g; ;= ggf%'l % 9ij, we find the polar
i J

representation g, = 1, ggo = 12, g.. = 1, i.e. gijr = diag (1,7“2, 1). The
inverse is given by ¢ = diag (1, r2, 1). For convenience we now drop the
primes so that g;; represents the untransformed Euclidean metric expressed
in cylindrical coordinates.

In order to implement the transformation scheme we need to calculate
the push-forward quantities (.97 1)%, (©x9)ij, and (ps«)), where ¢ is the
mapping given by Egs. (86), and A is the bulk modulus of the original
homogeneous medium denoted by A = k, where & is a constant. We find

(pag™ )7 = diag [(7* — a®) /7%, (7 — a®) 1] (89)
(pag)ij = diag [/ (7 = a®), (7 — a*), 1] , (90)
() = K . (91)

We are now ready to apply the transformational scheme of Theorem
2. We make the following assumptions concerning the initial (i.e. untrans-
formed) medium:

1. The initial medium is a simple fluid, i.e.
CIF = X5 g"! (92)
2. The initial medium is characterized by an isotropic mass density, i.e.
pij = péij . (93)
3. The initial medium is characterized by a constant bulk modulus, i.e.

A=kK. (94)

4. The initial medium is characterized by a constant mass density, i.e.

p =M = constant . (95)
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After application of Theorem 2 we find that Eq. (84) becomes

- +/det ¢’
gl Ipq M.

S5, (96)

Jdetg. -
N = V9 (97)

or, explicitly for the transformation of Egs. (86) (now dropping the tilde),

St =
M M |diag r? (r2 _ a2)3/2 (r2 _ a2)1/2 (98)
V/det gpq (2 — a2)L/2’ . ; . ,
det ¢’ 2 _ 2\1/2
)\/ _ gpq (7’ a ) . (99)

Vdet gpq r

We now focus on the possibilities for the medium designed to mimic the
transformation. Omne natural assumption is that the medium exists, like
its untransformed antecedent, in Euclidean space, so that gl’-j = gij =
diag(1,7%,1) and ¢V = ¢¥ = diag(1,772,1). Eqgs. (98) and (99) then
become

. 2 2\3/2 (2 _ .2\1/2
11 klgl . r (r a’) (r a’)
(100)
2 9\1/2
PV Gl (101)
r

Evidently, there are various possibilities for satisfying Eq. (100). We con-
sider just two.
8.1 Inertial Cloaking Limit

In this case - -
S = g = diag(1,r7%,1) , (102)

and we have for r > a

: ) T (r2 _ 32)3/2 (I‘2 _ 32)1/2
pi=M ldlag <(r2 i 5 . , (103)
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2 2\1/2
X:(TT“) K . (104)

In this case the requirement that D;S'¥ = 0 is automatically satisfied by
the covariant compatibility condition D;g7* = 0 which associates the metric
gij with its unique covariant derivative D;.

8.2 Isotropic Mass Density Limit

In this case we set p’ij = M’(Sij and obtain for r > a

/ M\ rl/2 12,2 ovaa (r—a?)l/d
= (57) | (g - )

(105)

2 2\1/2
X:(Tra) K . (106)

Now the requirement D;S% = 0 sets a condition on the radial mass density
M'(r). Explicitly, S must satisfy

8;87 + 17,89 417 5% = (107)

where the only non-zero connection coefficients in cylindrical polar coordi-
nates are I'"p, = —r and FOTG = r~L. After inverting S;; in Eq. (105) and
substituting in the above equation, we find that M’(r) must satisfy

(r2_a2)1/4 9 [ln (M’)] . 9 (T2_a2)1/4

rl/2 or M ar  ri/2
(TQ _ a2)1/4 172
oy - R 0. (108)
The solution is 1/2
M’ a®
i const. <1 - 7"2> ) (109)

where const. is an integration constant. This mass distribution, together
with the bulk modulus distribution (which for this case is still given by Eq.
(104)) ensures that acoustic disturbances are bent around the region r < a,
and, being mass-isotropic, should be easier to achieve than the previous
inertial limit case.
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9 Transformation acoustics beyond pentamodes

As explained in Section 6, to achieve a valid transformation acoustics scheme
it is essential that the equations of motion can be easily cast in terms of or-
dinary derivatives, as opposed to covariant ones. When the transformation
acoustics scheme takes its moves from a pentamode material (Section 7),
the effortless conversion from covariant to ordinary derivatives is made pos-
sible by the identification of a crucial scalar, namely the pseudo pressure
p. As an alternative, one can make use of the parameter &, given that this
quantity is a proxy for p. For more general materials, the determination
of a single scalar, such as the pseudo pressure, becomes insufficient so as
to characterise the behaviour of sound waves. In particular, shear effects
may occur that are truly tensorial in nature. An important consequence fol-
lows: the fundamental equations for more general materials do not manifest
a simple conversion from covariant to ordinary derivatives, unless suitably
manipulated. Ergo, developing a transformation acoustics scheme that goes
“beyond pentamodes” is a significant challenge. One solution may come
from the identification of multiple scalars, describing the numerous features
of sound propagation in complex media. To this end, a decomposition of
the stress-strain tensor C* put forward in the article [15] by Milton and
Cherkaev is employed:

6
CUM =N ArSYSH = A SPSH 4+ g Sy SE. (110)
I=1

The scalars A\; may be regarded as bulk moduli. In addition, the tensors
S}j are not necessarily full-rank. A pentamode material is defined by the
property that five of the parameters A\; vanish. Contracting C* with the
strain e;; allows one to formulate the stress tensor, with one index raised,
as

6
ol == pysY = - (1515? b +ﬁ65g) . (111)
I=1

Each of the scalars (131,...,156) = (—AlSijeij,...,—/\GSéjeij) can be in-
terpreted as a pseudo pressure. As anticipated, the identification of these
multiple parameters is the key for constructing a transformation acoustics
scheme that is applicable beyond pentamodes. In fact, subject to the con-
dition that

DpS¥ =0 forall I, (112)
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it is possible to identify six coupled wave equations, governing the evolution
of the scalars p;. Notably, the covariant derivatives appearing in such equa-
tions of motion are easily converted into ordinary ones. As a result, one can
devise a transformation acoustics scheme for media of very general nature.
However, it should be recognised that the constrain of Eq. (112), which
must be imposed on all Sy, is very restrictive. Thus the scheme outlined
above can only be claimed to a be a first step towards the Transformation
Acoustics of a non-scalar wave equation. Second, numerous transformation
acoustics endeavors that are otherwise productive fail to comply with the
requirement (112) for all 1.

10 Geometric (‘Ray’) Transformation Acoustics

In this section we formulate a transformation theory that operates at the
level of geometrical acoustics, i.e. the goal of an exact field transformation
theory (cf. foregoing sections) is compromised in favour of a ray-based theory
that seeks to define material properties that can morph rays in a prescribed
or designed way. The key idea is to regard the rays as geodesics with respect
to a metric. A ‘speed’ is defined at each point on a given geodesic according
to the magnitude of the tangent vector at that point. A desired morphing
of the rays will be shown to relate to a single parameter n(r), given by
the ratio of the speed along the unperturbed geodesics, to the speed along
the perturbed geodesics. Such a refractive index can then be related to
simple medium parameters such as the contrast in bulk modulus and mass
density. This transformational strategy appears to be quite generic. Any
ray theory (e.g. geometrical optics, geometrical acoustics, etc.) admits a
parameter equivalent to the refractive index of geometrical optics, so that
relating spatial deformations to the required index distribution (and thereby
material parameters) gives us access to e.g. an acoustic cloak or black hole,
a refractive-index based cloak or concentrator for optics, etc. One just has to
prescribe the desired deformation, and the following theory will then deliver
the required index distribution. The price of such generality is that any such
transformation device is necessarily imperfect, since the very index contrast
used to create the device induces scattering.

10.1 Geodesic Equation

A covariant derivative provides a mechanism for parallel transportation,
allowing vectors at different locations to be compared. Insisting that a
given vector v, be parallel transported with respect to itself results in the
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geodesic equation:
v' D! = v'op’ + ijivkvi =0. (113)

Alternatively, if time ¢ affinely parameterizes the curve for which v = d/dt =
v'0; is tangent, then v* = dz'/dt, and

A%zt o dzk dat
.= =0. 114
dZ TR @ 0 (114)

A standard result from differential geometry is that a metric induces a unique
covariant derivative for which the connection coefficients are given by

1.
e =59™ (Okgjm + Ojgkm — Omgijk) - (115)

10.2 Conformal Metric Transformation

The cartesian components of the Euclidean metric of flat three-dimensional
space are just d;;, so that according to Eq. (115) all connection coefficients
vanish, leaving

dei
=0. 11
7 =0 (116)
This integrates up to ‘ ‘ ,
2! (t) =27(0) + U(J)t , (117)

i.e. the familiar straight lines of Euclidean geometry. Also, according to
Newtonian mechanics, Eq. (117) is the trajectory of a free particle with
velocity v). We now take the Euclidean metric and conformally transform
it according to (in Cartesian coordinates)

gij = ’I’LQ&" . (118)

The transformed metric generates a new covariant derivative for which the
connection coefficients are determined from Eq. (115). In Cartesian coordi-
nates we have

. 1.
szk: = §5zm (6m38k + Ok 0i — 5jk8m) [ln n] . (119)

The new covariant derivative produces new geodesics that satisfy

A2zt _. dzF dT
4 =0. 120
dt2 Tk dt dt (120)
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Equation (119) tells us how the new geodesics arise from the old. The first
two terms on the right hand side of Eq. (119) correspond to a reparameter-
ization of the original geodesics from time ¢ to a dilated time, T'(¢). This is
seen by transforming Eq. (113) with Fijk = 0 to one in which a ‘bad’ clock
T(t) is used:

A2t . d . dxt [ d2at N dxt dxd
—=T— T =T |T—— T) ———| = 121
dt? dT( dT) [ dT? +(8J )dT dT] 0 (121)
or
A2t N dat dad
—_— N InT) —— = 122
dT2+8J(n>deT 0, (122)
or
A2zt 1. N\ dxd dxk
—0"" (Opns Omir0i) (INT) ———=0. 12
gz T30 (OmiOk + ka)(“ )dT ar (123)

Thus we see that indeed the time reparameterization generates the first two
terms on the right of Eq. (119) provided T =n.

The final term of Eq. (119) is the most interesting. It corresponds to
bending the original geodesic, when there is a gradient of n = T as we move
between neighbouring geodesics. When 0,n = 0, for example, geodesics
parallel to the z-axis in the Euclidean plane deform to ones satisfying

d’x dx dy
T L 919, (Inn) LY
gz 210y (nn)] Gy

Y+ 19, (tnn) [(‘fjj)z - (Cflf)Q] ~0. (125)

Clearly, the solutions to Eqgs. (124)-(125) will describe a geodesic that de-
viates and curves away from the z-axis as illustrated in Fig. 1 We thus
conclude that conformal transformation of the spatial metric has two ef-
fects: to reparameterise the geodesics so that n can be interpreted as a
refractive index, and to deform the geodesics in a potentially useful way.

0, (124)

10.3 Direct Transformation of Geodesics

The previous subsection showed how geodesics are morphed by the param-
eter n(r). Here we note that without reference to n(r), any coordinate
morphing, i.e. z(p) — Z[p(p)] transforms the connection coefficients to (see
[16], p.36)

T = (00 (Y o (@), T i 4 (00) 1 (07 (00 (126)
where ((p*)il = 03'/0x!, and (@*)iz (W*)lj = (5ij (see Appendix B).
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Figure 1: Illustration of the action of —38™§;; (9, Inn) (cf. Eq. (119)) in
bending geodesics.

10.4 Combining Conformal-Transformation with Direct Trans-
formation

The key result is now obtained by combining Eq. (115) with Eq. (126) to

yield

1 a
= i.gl (8mgan + OnGam — aagmn) ) (127)

where g¢;; is determined from its Cartesian form given in Eq. (118). This
links some desired deformation (¢ : p — ¢(p)) of the geodesics of a homoge-
neous medium to the index distribution n(r), of an inhomogeneous medium
required to achieve that deformation.
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10.5 Example: Acoustic Ray Cloak

As an application of Eq. (127) we consider again the 2-D cloaking trans-
formation of Section Eq. (86) 8. In a polar coordinate basis, the non-zero
connection coefficients for Euclidean space are given by

FT@@ = —-T, Fe,r,g = Feer = T_l . (128)

Also, from Eq. (86), we note

or T a?
*\T er__ r _a
(") TOF (f2 _ a2)1/2 ; (0x) O (129)
The Cartesian metric g;j = n”d;; becomes gmy, = n*diag(1,7?) in polar

coordinates, so that the non-zero connection coefficients are
7, =0.(Inn), Iy = —r[1+7rd, (nn)], I , =r~1 4+, (Inn) . (130)
Eq. (127) for I'",,. then turns out to be

d(lnn) a?
di (2 —a?)’ (131)

which readily integrates up to

AL
n=ng (1 - ) , (132)

f2

where ng is the index of the initial homogeneous medium. Note that the
index becomes zero at r = a reflecting the fact that transport around
the edge of the cloak must correspond to the null transit time across the
pre-transformed origin. There is no causality violation as we are dealing
with steady-state. Therefore to acoustically cloak an object immersed in a
medium characterized by mass density pg and bulk modulus Ay, the medium
must be locally modified so that

2
P) Po a
2y (22 1— — 1
()\ <>\0> ( TQ) ’ (133)
where the tilde has been dropped. The resultant cloaking function is il-
lustrated in Fig. 2. The optical index cloak defined by Eq. (132) might
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151

Figure 2: Acoustic ray cloaking function produced by the medium distribu-
tion described by Eq. (133). The red tick marks on each geodesic indicate
time.

be achieved by surrounding the object to be cloaked with a semiconduc-
tor? with graded free-carrier density, N(r). The refractive index is then

approximately described by
9\ 1/2
w
=(1--2 134
n ( wg ) ) ( )

where w is the angular frequency of the incident light, and w, = (N e?/ meo) 1/2
is the plasma frequency determined from the free-carrier density, N. Equa-
tion (134) bears a striking similarity to Eq. (132). Provided always that
w > wp, the refractive index is real and less than unity. For an acoustic
cloak, the initial homogeneous medium cannot be vacuum, and the required
radial profile of the contrast in mass density and/or bulk modulus is deter-
mined from Eq. (133). Note also from Eq. (132) and Fig. 2 that the local
phase velocity must become infinite at the cloak boundary » = a. Again this
is unsurprising as the mapping of Eq. (86) takes the origin point, crossed in
zero time by the original geodesics, to the points on the circle r = a.

4Note the structure must be band-gap engineered to prevent radial diffusion of the free
carrier density.
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11 Simple Covariant Acoustics

Here we present a simple but general description of scalar acoustics in
a covarient-compatible form similar to tensor descriptions of electromag-
netism. As noted previously (see Section 6) we use first order equations to
model our wave mechanics [17], so that a pair of them are needed (in concert
with constitutive or state equations) are needed to generate wave behaviour.
If desired, the first order equations can be substituted inside one another
to give a familiar second order form, but in fact the first order formulation
is less restrictive. It is also more straightforward to apply a transformation
scheme to the first order system.

A typical description of linearized acoustic waves [18] uses an an isotropic
pressure field p, and fluid velocity field v, linked by a bulk modulus A and
a density p. Here we extend the theretical description to explicitly allow
for a momentum density field V' and a dimensionless scalar field P; but
for now choose to neglect the role of material velocity. In this way we can
write down a simplified pseudo-acoustic (p-acoustic) form that is equivalent
to a theory describing linear (i.e. perturbative) acoustic waves on a sta-
tionary background medium. The advantage for our purposes, however, is
to emphasize both the similarities when compared to the electromagnetic
description, which also uses two pairs of related quantities. Because we can
use the same mathematical skeleton, transformation optics (T-optics) and
transformation acoustics (T-acoustics) then are merged to become the same
procedure. Only the construction of a particular transformation device (T-
device) will differ between the two, being dependent on the expression of
optics or acoustics within the overall machinery.

Moreover, p-acoustics is a more general model than the comparable tra-
ditional acoustic one, which typically reduces the equations back down to p
and v — or even just a second order wave equation in p.

11.1  Vector Calculus Description

To make wave equations in the way we want, we need to link pairs of quan-
tities by spatio-temporal differential equations, as well as by constitutive
relations. Note that whilst a time derivative leaves a scalar as a scalar,
and a vector as a vector, a spatial derivative can either promote a scalar
to a vector, using the gradient, or demote a vector to a scalar, using the

divergence®.

5 Another alternative is the curl operation, which takes a vector to a vector, as seen in
EM.
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Since the divergence V - demotes the velocity field v to the change in a
dimensionless scalar P, and the gradient operation V promotes the scalar p
to a temporal rate of change of vector momentum density V', the p-acoustic
system is

OP(r,t) =
AV (r, 1)

Vv(r,t) + Qp(r,t), (135)
Vo(r,t) + Qv(r,t), (136)

where @ p is a dimensionless source term for P, and @y a momentum density
source term for V.

These are not yet wave equations, however, since the two differential
equations are independent. To link them, and create a wave theory, we
define constitutive relations. In the most general case these are

P=X'p—a-w (137)
V =pBp+ pv, (138)

where A is a scalar bulk modulus relating the scalar p to the scalar P, and p
is a matrix of densities relating the velocity field v to the momentum density
V. In addition there may also be unconventional couplings between the ve-
locity field v and dimensionless P parameterized by a vector a, and another
between the pressure field p and the momentum density parameterized by
a vector 3.

11.2 Tensor Description

Whilst the vector calculus description above is accessible to a wide audience,
we can gain considerable benefits by re-expressing it in a tensor form. This
offers similar advantages to the re-expression of EM’s Maxwell’s equations in
tensor form. For our purposes, the main advantage is that a transformation
acoustics based on this prescription follows the same mathematical steps as
for transformation optics. That is, one mathematical methodology can be
used for both T-acoustics and T-optics, there is no need for separate and
incompatible approaches.

So, just as for EM, we can now embed the field components P, v into
a tensor F*? and the p,V fields into a tensor density G*?; as well as
populating a constitutive tensor x with p, A\, a, 3 appropriately. The p-
acoustic wave mechanics will now look the same as EM, being

OoFP =J°, 9GP = K“. (139)
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with constitutive relations
GoF = Xaﬁ 7, (140)

and source terms J%, K%; but the internal structure — how the tensors are
populated — will dlffer.

To see how the vector calculus quantities populate the tensor description,
we utilise the Cartesian (¢, z,y, z) coordinates. Then the tensor fields FoB
and G*? can be written out as matrices

P 00 0 0 -V, -V, -V,

wp _ | —vz 0 0 0 w _ |0 p 0 0

E w000/ ¢ 0o 0 p o |@ 04
—v, 0 0 0 0 0 0 p

together with the source terms J° = Qp and K = (K*) = Q,. In particular,
note the repeated appearance of the single quantity p in three elements of
GP.

It is instructive to compare these p-acoustic field tensors with their EM
counterparts, which are antisymmetric, have no repeated elements, and are
only zero on the diagonal. In order to make the merger between acoustics
and EM a seamless as possible, we use an unconventional choice of field
tensor pair; i.e. the usual F' but the dual of G:

[0 —¢B, —cB, —cB,
o _ cB, 0 E, -FE,
F cB, —FE, 0 E, ’ (142)
| ¢cB. E, —E, 0
[0 D, D, D,
-D 0 cH —cH
af _ x z
¢ -D, —cH, 0 cH, (143)
| —D. cH, —cH, 0

One consequence of this, but not further discussed here, is that the matrix
representation of the EM constitutive tensor becomes (block) off-diagonal.

11.3 Constitutive Relations

As with EM, the constitutive tensor has four indices, making a rewriting as
a matrix problematic; so we follow the same approach as EM and compact
it: we stack the non-zero elements of the F*? to make a vector FA, and
do likewise for G*? to make a vector G, However, because of the repeated
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element p in the G*? tensor, the situation is less straighforward than for
EM.

Explict form: The most explict Compaction contains redundant informa-
tion, but will reveal post transformation inconsistencies most clearly. To do
this we choose to compact the G tensor and preserve independently each of
the diagonal elements G**, G¥Y, and G** — even though each is simply the
same quantity p. This helps us identify transformations or deformations of
the coordinates that give rise to material properties incompatible with the
vector model; i.e. where G*, GYY and G** are not all identical. Thus the
FA and G® column vectors are

[FA] = [P, vy, vy,0:]T (144)
[GB] = [p,p, ;s Vm,Vy,VZ]T. (145)
5

The matrix representation of x“ 4 is not square, but still has the upper
index denoting columns, and the lower index denoting rows. It has a matrix
constitutive relation given by

64] =[] [F7] (146)
[ GT* ] [N oy ;]
GYY A oy Ftt
G*#* D S T A Ftr
= 147
Gt Bz  Pax Pxy Pxz F% ( )
GYt Bz Pyz Pyy  Pyz F
L G*t | L /8:1: Pzzx Pzy Pzz

At this point we might hope to generalize away from our original vector

model and replace the scalar A with a vector, and the vector a into a matrix;
but this would emphatically not be equivalent to the original p-acoustic
equations in eqns. (135), (136). Further, if we were to try to design a T-
device by transforming eqn. (147), whatever transforming we pick would
have to preserve the repeated rows of [XAB] intact.
Abbreviated form: We can choose to use the fact that the elements G**,
GY and G#* are all just p, and so write a more compact vector for G using
only (e.g.) G*. We now have a 4 x 4 constitutive matrix, with field column
vectors G4, FB,

(GA] = [p, Vi, Vi, V2T (148)
[FB] = [P, vg, vy, 0] (149)
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The matrix representation of Xa’i s has the upper index denoting columns,
and the lower index denoting rows, so that the matrix constitutive relation
is

[G4] =[x [F7] (150)
Gee A oy o Ftt
Gt _ Bz Pazx Pxy Pxz F* (151)
GY* Be Pyz Pyy Pyz FY
G* Bz Pra Pzy Pzz Ft=

Note that we must remember that the G element can be freely substituted
by G*, GYY or G%*; this acts as an implicit constraint on allowed transfor-
mations, which are only allowed to transform x, y, and z equivalently. Thus
any allowed non-isotropic wave behaviour has to derive from «, 8, or p, and
not from a transformation.

11.4 Covariance

This implementation of acoustic waves (p-acoustics) is written down in a
covariant way; thus the mathematical description is intrinsically covariant —
the form of the equations remains invariant under Lorentz transformations.
However, note that although the mathematics is covariant, the underlying
physics of acoustics is not, since the constitutive parameters A, p are not
frame independent, unlike the €y and pp in EM. Nevertheless, the covariant
description mimics (as far as possible) the tensor representation of Maxwell’s
equations, which emphasises the similarity of the transformation mechanical
machinery used to design T-devices in either T-acoustics or T-optics.

11.5 Pentamode Acoustics

Stress/shear acoustic waves can be modelled using the “pentamode mate-
rial” model [9], based on 6-vectors for stress o and strain e, linked in a
constitutive relation by a 6x6 matrix € of elastic moduli. This theory re-
duces to an orientation vector s and two scalars that scale it to get stress
and strain vectors. As a result, for small amplitude disturbances, the model
can be reduced to a form suggestively similar to p-acoustics, but with the
addition of an extra matrix 8 encoding the anisotropic material parameters.

Thus, just as the p-acoustics vector calculus eqns. (135) and (136) can
be inferred from traditional acoustics models, similar forms can be generated
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for pentamode acoustics. The relevant vector calculus re-representation of
Norris’s pentamode wave equations are

KV =—-V-8p, (152)
P =-8:Vuv, (153)
with
V=pv+0p, (154)
P=\Yp+a- v, (155)

where the pseudo-pressure p is derived from a negative single stress term
as p = —ATr(8¢). Note that this is a more general model than Norris’s
pentamode description, and is not an approximation of it.

In an indexed notation, these differential and constitutive equations are

0V =-V,Sp, (156)

P =-SkViv, (157)
with

Vi = plvj + Bip (158)

P=X"'p+ v, (159)

Taking 8 to be a constant, i.e. that these equations describe waves in
a uniform medium. Since 8 should have an inverse 8 ' = T, we can pre-
multiply the PM model’s 0;V; equations,

T90,V; = —T4 V. SFp | (160)
TV, = =V TSkp | (161)
OV, =V dhp (162)
WVi=-Vip, (163)

leaving us with a differential equation for V with identical structure to the
basic p-acoustics 0;V equation; with

Vi=TVi, Vi=S'y. (164)
Likewise the PM model’s 0; P equation can be adapted,
P = —Sk iy, (165)
oy = — Vi Sk, (166)
= -V, (167)
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and again this leaves us with a differential equation for P with identical
structure as the basic p-acoustics 9; P equation, with

V; = Skl-’l)k; V= TkiQ_}i . (168)

So we see that the two vector wave properties v and V have been trans-
formed. This affects the vector constitutive relation as follows:

Vi = p v+ Bip (169)

TilVi = TilpikamT’m + Tizﬂz'p ) (170)
Vi=p;""0m + Bip , (171)

with o= Tilpikam , (172)
and Bi=T,"B . (173)

It also affects the scalar constitutive relation,

P=)1p+aly, (174)

=\ lp+a'T 755, (175)
=\"p+aly;, (176)

with &l =That . (177)

Thus the transformed PM-acoustics equations are

oV =—-Vp, (178)
P =-V-0, (179)
V =po+0p, (180)
P=X'p+ta-v. (181)

Thus the PM acoustic equations codify the same wave behaviour as the
ordinary p-acoustic ones, albeit with the matrix 8§ encoding a skew between
the physical velocity field v and the effective one v; and betwwen the physical
momentum density and the effective one V. Further, the density matrix p,
and cross-couplings @ and 3 also have to be transformed to match.

11.6 Transformations

The transformations used in designing T-devices are usually expressed as
coordinate transformations between an original set a with a known solution
of the wave equations (usually a flat space solution), and a new set o’ in
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which the solution is distorted to form the T-device, such as one with a
central hole for use as a cloaking T-device. We can write down the Jacobian
of the transformation between « and « as

/
T = {%ﬂ ; (182)

so that the field density G' and field F' transform as
G = {det(T)} ' TETS GP, PP =TT R (183)

and the rules of tensor calculus ensure that both the differential equation
and constitutive relation works in any coordinate system:

OnFP = JB 95GP = K & OuFYP =8 0GY = K

(184)
GP=xGF° e GV =\ FT (185)
where
12l 1 / /
X0y = TETY XTI (186)

det(T)

Of course there is an important caveat here: although the transformed
constitutive relation and tensor Xi‘,g are mathematically valid, the new

el

X?;/?/ might not have a form allowed by the physical model specified in the
original theory —i.e. the physical y is not a tensor, despite the mathematical
notation. We will see how this happens in practise in the example that
follows.

11.7 An example: the spatial carpet cloak

It is instructive to consider an example showing how a particular T-device
might be implemented. Consider a carpet cloak, a means of concealing a
bump in a planar reflective surface. Here this lies flat on the y — z plane at
x = 0, and reflects waves coming from the negative x half-space. We decide
to transform a localized region of space reaching no higher than x = —H
above the plane and no further than y = +A sideways. This is done to
create a triangular cloaked region h high that is undetectable to any exterior
observer, as shown on fig. 3.
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Figure 3: The (a) spatial carpet cloak. Continuous lines show the actual
ray trajectories, dotted lines the apparent (illusiory) ray trajectories.

The deformation that achieves these T-devices is applied (only) inside
the shaded regions on fig. 3, and is as follows:

t =t, y =, 2 =2z, (187)
A—y.sen(y),

A
where R = (H — h)/H is the ratio of actual depth to apparent depth, and
r=h/A, and s = sgn(y).

The effect of this deformation from eqn. (188) is given by the tensor
Lg/, which specifies the differential relationships between the primed and
un-primed coordinates, where a € {t,z,y,2} and o € {t/,2',y/,2'}. If we
let columns span the upper indices, and rows the lower, then in matrix form
we have

= Rx —

= Rx + h — rsy, (188)

1 0 00

o 80[, 0 R 0 0
[La] a [804] 0 —rs 1 0|’ (189)

0O 0 01

and note that det(L) = R.

For p-acoustic transformations, we need two compactified transformation
matrices, with correctly arranged ordering. This is less straightforward than
in EM, where rows and columns are indexed by the same list of coordinate
pairs. To transform G*?, compactly indexed by cc, zt, yt, zt, we need [N f/]

6] = [N (6] (190)
Gee {R%, 1} 0 0 0 Gee
G{E’t’ _ 0 R —rs 0 G:Bt
Gyv | 0 0 1 0 Gyt (191)
Gy 0 0 0 1 G
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Note that the top left corner entry has two entries, i.e. R? if the cc index
stands for xzx, but 1 if yy or zz. This is the first explicit sign that all
types of T-device are not possible with p-acoustics, and that in most cases
restrictions will be imposed by the scalar nature of p-acoustics itself. For
the moment we will continue with the ambiguity, so that we can determine
how to resolve this at the final step when all consequences of the T-device
design will be visible.
To transform F®? compactly indexed by tt, tz, ty, tz, we need [M A/]

[FA'} - [MA’] [FA] (192)
Ft’t’ 1 O O 0 Ftt
Fyypr 0 R —rs 0O Fi,
= 1
Fyyy O 0 1 0 Fy | (193)
Ft’z’ 0 O 1 th

The compact constitutive matrix transforms like,

"M A T
it - AT

(194)

where a transpose operation has to be applied to the M matrix to ensure it
represents the tensor summation correctly.

Hence
/ / (AR, \/R} 0 0 0
] = INATXsIMET" _ 0 p(R*+1?)/R —rsp/R 0
B det(L) 0 —rsp/R p/R 0
0 0 0  p/R

(195)

Just as for the N transforation matrix, we can see an ambiguity in constitu-
tive matrix, i.e. in the modulus X' which must be both AR and A\/R. This
kind of problem is intrinsic to any T-device design for a scalar wave that
scales different directions differently.

One point to note is that although the waves will propagate differently
depending on our choice for X, this is just a scalar multiple applied to the
anisotropic properties specified by p/, i.e. the 3x3 lower-right submatrix of
X' dependent on the reference density p. This means that although the ray
trajectories will be correctly preserved in our (necessarily imperfect) carpet
cloak, the wave speeds will not. Further, we cannot perfectly impedance
match across the free-space to cloak interface, leading to reflections.
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Only with non-trivial acoustic waves can we rescue this situation, at
least to a degree; e.g. with pentamode waves we might restrict ourselves
to cloaking in the 2D zy plane with the wave oscillations at right angles
along z. We can achieve this means of a careful choice of the matrix 8§
defining the stress-strain orientation, thus isolating the wave dynamics from
the ambiguity in the constitutive matrix.

Alternatively, we could design a corner-cloak, the cloaking counter part
to a corner cube reflector, but this is a rather trivial device, with each of
x,y,z being scaled by the same amount with no cross-coupling, i.e. ¢ =

Rc + h.

11.8 Discussion

The above description makes two important points. First, that acoustics and
EM can use a unified description in which a single transformation theory
can be defined without reference to either acoustics or optics specifically —
although the implementation of any given T-device will be type dependent.
To clarify this statement, for acoustics, which is not a priori pre-metric,
there seem to be essentially three ways of defining a transformation scheme:

1. Instead of the exact theory, take an approximation, such as the Ray
Acoustics of Section 10.

2. Despite the fact that the equations of the exact acoustic theory are
not premetric, transform the metric dependent equations and try to
find a transformation scheme at least for certain specific cases. This
is what was done in Sections 6-8.

3. Since the equations of an exact acoustics theory are not premetric, we
can aim to construct a new model which is premetric, as is done in
this section. While this model is capable of being adapted directly
for describing many types of acoustic wave in practical circumstances,
it is important to note that it could only be mapped onto an exact
metric-dependent acoustics in specific cases.

Secondly, the pentamode theory as finally applied by Norris as an example
of an acoustic wave for which more general T-acoustic devices might be
possible is not so — it is mathematically identical to ordinary p-acoustics.
The similarity is guaranteed by the symmetry (and hence invertibility) of
the stress-strain orientation matrix S.

It is worth noting that there are other useful properties that follow from
this p-acoustic wave theory. We can construct flux vectors analogous to the
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Poynting vector of EM, which are simple products of one choice of scalar
quantity (i.e. p or P) and one choice of vector quantity (i.e. v or V'). Just as
for EM, there are four possibilities, each with their own continuity equation.
Also, scalar wave potential(s) can be defined, with wave quantities being
extracted by a time derivative or a gradient operation; as can vector wave
potential(s), with wave quantities being extracted by a divergence operation
or a time derivative.

As a final note, consider the linearized acoustics with anisotropic mass
as discussed at the beginning of this report. The wave theory there is based
on eqns. (19), (3), (5), i.e.

Dy0y = gmnp'yil,
1
Enk = 5 (Dkuk + Dnuk) y
j jkl

(&) ij = Ci] €Ll
Now the usual linearized acoustics situation involves a bulk background
medium with spatially and temporally constant parameters. This allows
us to shift the time derivatives to define a material velocity field vy and a

momentum density Vi, and to redefine the density using the metric several
times to raise and lower indices, to get

v = Ogug, (196)
Vin = Gmnp" 0t = vt = p,Fvg. (197)

These allow us to rewrite that wave theory in a manner similar to that
used here for both p-acoustics, PM acoustics, and even EM; i.e. as pairs of
quantities linked by constitutive relations, and cross-linked by differential
equations. Taking the time derivative of the e, equation, inverting the Ji]

equation using a 1" such that C’ij leijkl = 1, we can achieve this. We find
that the wave theory can be written using the differential equations

0V = Doy,
1
Oren, = 5 (Dk, + Dy) vy, (198)
with the constitutive equations

ert = T'0,7. (200)
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This theory interlinks a pair two-index quantities Un,’f, enk to a pair of single-
index ones V,,v;; we might choose to express it as pairs of matrices and
vectors. A new feature is the non-standard spatial derivative part in the
Orenk equation, which here is a sum of two parts.

This demonstrates that the type of approach used in this section is valid
even for treating acoustic wave theory of the kind discussed in the earlier
part of this report.

A Anisotropic Mass Density: on the Correct In-
dex Positioning of the Mass Tensor

Consider a 4-dimensional setting. Conservation of particle (baryon) number
reads
dJ =0, (201)

where J is the baryon current density 3-form, and it is a twisted quantity.
Note that in Eq. (201), the symbol d represents the exterior derivative. Now

impose the condition that
n|lJ=0, (202)

where n is the tangent vector to the baryons’ trajectories (i.e. n is the
4-velocity of the baryons). Note that in Eq. (A), the symbol | represents
the interior product.

n*Jagy =0 . (203)

Note that in Eq. (203), the greek indices run over the four dimensions of
spacetime. Now define

. 1 A i
JY = geo‘ﬁwjgw = Japy = eaﬁv&]é ’ (204)

where €*%79 is the Levi-Civita symbol. The quantity J* is therefore a twisted
vector density of weight +1. Then

N%uprsd’ =0 & Eapsn’ S’ =0. (205)
Contract with %e“"o‘ﬁ as follows:
1 .
iewaﬁéammﬁ =0. (206)
Recall that %e‘“’ Be gy = 5%, and obtain

=0 e alJT=0 o JV=m", (207)
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where 7 is a twisted scalar density of weight +1, and represents the density
of baryons (see [12]). In 3-dimensions, the density of mass is a twisted 3-
form. Thus, in 4-dimensions, there must exist a current density 3-form K,
which is twisted. Hence the mass tensor is a linear map relating K and J.
More precisely, in the non-relativistic limit in which mass does not depend
on speed,

K=m(J) . (208)
Since J is dimensionless, and K has units of mass, then [m] = [mass]. Also,
m is untwisted. In tensor-index notation

1 v
Kagy = 3Mag) A s (209)
where m aﬁ‘f}‘ is a true tensor. Note that:
2.9 2N
Magy] = Mapy (210)
and ol
v A
apn =M (211)
Define:
- 1 afyd ~ 0
K* .= 56 KB’Y5 = Kagy = eag,ng . (212)
Evidently,
. . 1 ) .
Eaprs K = 5r,naﬁg“eWT,JT : (213)
Contract through by %e By,
1 OBy » ) 1 2 OBy MU A i
3¢ €apro K’ = 3) € My gh Eunrd (214)
so that
KV =ml Jr | (215)

. 1 .
where m?_ is a true [ 1 ] tensor, defined via

) 1) .
mh, = (3)‘) e m e, . (216)
Also
KM =mh J¥ =gt n” | (217)
or 0
i 0 — it
[ 00 } — (218)

The term on the bottom right of this equation is what Norris [9] calls |/gp’ e
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B Push-forward (p.) and Pull-back (¢*) Notation,

Central to any transformation scheme is the mapping of one manifold M,
to another manifold N, i.e. ¢ : M — N. For various technical reasons, we
assume that the mapping is a diffeomorphism, so that ¢ is invertible, and
M ~ N (i.e. M is diffeomorphic to N). Let z° represent coordinates in
M and #7 coordinates in N. For a given vector field u in M, ¢ induces a
vector field @ = ¢,u in N (the push-forward of u) via the standard rules for
coordinate transformation:

(owu)) = (pu)u’ (219)

where ((p*)ji = 027/02%, and the summation convention has been used.
Likewise, since ¢ is a diffeomorphism, the pull-back ¢*w of a vector w € N
may be defined via

(p*w)' = (¢") 0’ , (220)
where (@*)ij = 02077, and (w*)ik(@*)kj = (Vj. In this notation g"" =
(pxg)™" are the pushed forward components of a (2,0) tensor whose com-
ponents in M are ¢g*/. They are given by

(00)™™ = (04)"} (0:)"; 9" - (221)

For a mixed second rank tensor® in M whose components are given by p’ o
the corresponding pushed forward components in N are p" = (¢.p)", and
are given by

(pep) = (00)5 (), ' (222)
Finally”, a function & on M may be pushed forward to £ = ¢,.& on N via
p«& [o(p)] = £(p) (223)

where p € M.

C Proof of Inertial Cloaking Theorem

This appendix gives the proof of the theorem stated in Section 6.

5For a mixed tensor the distinction between push-forward and pull-pack is blurred, and
so the following definition should be considered a formal one which is only defined when
© is a diffeomorphism.

" Again, this definition relies on the invertibility of ¢.
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Part 1:

Hence ' -
iP5 " = gigp i
Part 3: On account of parts 1 and 2
I .. 3 _ 7 =k
9 (N¢) = g;jp/]kulk = 0; (\) = gip'u" .
Part 4:

¢ = e (1)

,/detgijf_ 1 0 / f \/m,p
det ¢/, -§ B det ¢/, dxP det gi; y/det g’iju ’
V ij

Hence

Part 5:

0 (N€) = g™ = 0;(A) =g i = 0 () = gigpyil"

and
, 19 — T
$T T g, 07" (Vaergur) = &= \/det gi; Oa? (vaerga)

1 0
- / .. P
= 5— ,7det gl] 6.’1,'p ( det glju ) ) QED
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D Proof of Theorem 2 (Section 7.1)

Here we give the proof of the second theorem given in Section 7.1 (cf. Egs.

(81)-(85)). As previously, we divide the proof into several steps.

Step 1

e — \/detg;,qj\ \/detgpq*_j\*
&= det g Ty o S
Vdetgpg  +/det gy,

Step 2

j detgl, - _ det gpq ..
S;jpl]kg/klsl/mw/m _ 9pq S pa 7b080m@wm

Step 3

Combining Step 1 and Step 2 implies that if

0; ( VN 5/) Slx'jpm}‘C g/kl Sl/m W

then
0; (5\5) Sijﬁjkgklglmif)m .
Step 4
If .
’:7&;< det g/ ’Z) ,
¢ V/det gr, 4 Ipq™
then
w/detgquz 1 5 \/M\/detgpq o
Jdetgl ~ /detg, P, [det gh,
Hence .
f= Lo (yastaw)
Vdet gpq
Step 5
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(225)

(226)

(227)

(228)

(229)

(230)



Combining the results of Step 3 and Step 4 yields

i (N€) = Sj;p".9™ S i™ (231)
< 0; (AE) = Sy 7. g Spnd™ (232)
& 0; () = Sijp’ g™ Symti™ (233)
and
1 .
&= ——""90; detg’ w") , 234
VT (Vdets'p") (234)
_ ]_ .
&= ——=0; (Vdet gpy0*) , 235
€= =0 (Vatan) (255
1 .
S = —u-—20, det v 236
= o (V) (230)
QED.
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