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Abstract

The problem of artificially changing the orbit of an asteroid to avoid possible future impacts is discussed
from the orbital mechanics point of view. We study the accuracy of analytical estimates for the encounter
b-plane displacement of the asteroid. Based on these estimates we introduce the deflection charts as a way
to preliminary assess an asteroid threat and select possible deflection options. We then discuss the asteroid
deflection optimal control problem as a mean to perform a precise assessment of a given deflection threat.
We show how the outcome of trade-offs between deflection strategies depend on the spacecraft design and
on the asteroid-Earth phasing.

Nomenclature

AV Impulsive velocity change vector applied to the asteroid

AC Displacement on the encounter b-plane of the asteroid image.

Ar Magnitude of the change, at encounter, in the heliocentric asteroid position due to the deflection.
Am Costate of the mass

A Deflection acceleration.

Uast Asteroid unperturbed velocity relative to the Earth at encounter.

x(tL) Decision vector

AR Costate of the position

Av Costate of the velocity

f(x,u;t) Spacecraft dynamic function
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Asteroid unperturbed heliocentric position.
Spacecraft position

Spacecraft control

Asteroid unperturbed heliocentric velocity.
Spacecraft velocity

Spacecraft state vector

Gravitational parameter of the Sun
Transversality conditions

State constraints

Time from deflection start.

Push time.

Start time. This is also the Earth encounter Epoch in the new time axis.
The angle between vg ., and Ugs:.
Asteroid semi-major axis

Maximum spacecraft thrust

Standard gravity

Spacecraft Thruster Specific Impulse



Mse Spacecraft mass

to Impulse epoch or, later, the epoch of the spacecraft arrival to the asteroid
te Earth encounter Epoch

tr, Spacecraft Launch Epoch

VE Earth heliocentric velocity.

Introduction

The artificial modification of an asteroid orbit for deflection purposes is a technological challenge that
scientists are taking more and more seriously as our knowledge on the Near Earth Objects population is
improving. It is becoming increasingly clear that asteroids do cause natural disasters of different magnitudes
and with different (and fortunately low) frequencies and that these are the only type of natural disasters
that we can actively prevent from happening. This requires an early detection of the hazardous object, an
assessment of the risk posed and a subsequent mitigation action. While the three steps are equally important,
we here concentrate on the last and in particular on those cases where the only possible mitigation action is
to deflect the asteroid. Our aim in this paper is to study the “dynamics of moving asteroids” [1] intended as
the study of the asteroid orbit perturbed by artificially induced external accelerations. Such a subject allows
for simplifications to the methods traditionally used in the study of the dynamic of spacecraft trajectories, as
the magnitude of the acceleration we can optimistically hope to artificially induce on an asteroid is extremely
small when compared to the acceleration level of a spacecraft equipped with low-thrust propulsion. This
simple fact make the nonlinearities in orbital mechanics almost disappear. In the early work of Ahrens and
Harris (1992) [2] elementary orbital dynamic formulas are used to show that impulsive velocity increments
resulting in changes to the asteroid semi-major axis allow, for long enough warning times, a larger effect with
respect to velocity increments resulting in changes to the asteroid eccentricity and inclination. Valsecchi et
al. (2001) introduce ¢ as the b-plane coordinate function only of the difference in timing between the asteroid
and the Earth. Using this coordinate, Carusi et al. [3] published a refinement to Ahrens and Harris work in
the form of a compact formula relating the impulsive velocity increment magnitude (assumed to be along the
asteroid velocity vector) to the required displacement along the ¢ axis. The work of Kahle et al. (2006) [4]
present a numerical method able to extend this expression to arbitrary direction velocity increments, while
Rathke and Izzo (2007) [5] obtain similar results using an analytical approach. A few years before, Scheeres
et al. (2004) [1] had started to consider the same problem for non-impulsive velocity increments showing
that analytical results were still possible in this case. Eventually, Izzo (2006) [6] obtained one compact
expression, the asteroid deflection formula, valid for deflection acceleration along the velocity vector and
showed its reduction to previously obtained results using simple calculations. Along these research lines, in
this paper, we take a few steps further showing the use of the deflection formula in the preliminary assessment
of the deflection capability of a certain deflection strategy. We then argue its use in the the optimal control
problem arising in the spacecraft trajectory design of a deflection mission presenting a few results on the
optimal control structure of the control in these unusual cases. We finally apply our results to a case study:
the trade-off between a kinetic impactor and a gravity tractor strategy for the case of the asteroid Apophis.

Impulsive Deflection

Consider an asteroid following a keplerian orbit. We indicate its heliocentric position and velocity with the
variables rq,s: and vgsi. At the epoch top we apply an impulsive velocity change AV and observe its change
in position Ar at the next Earth encounter at time t.. Rathke and Izzo [5] developed a full expression of

Ar using the variation of parameter method [7]. Here we will only use the secular term of that expression
for the heliocentric deflection distance Ar [3] [6] defined as:
3a
Ar = ~ Vastite (te — to)(Vast,to - AV) (1)

An expression of the AV}| to apply along the asteroid velocity (i.e., tangential) in order to obtain a fixed
deflection Ar, can be found by substituting vas: with v/ (2a — rast) / (arast), which gives:
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We can use Eq.(2) to estimate the required AV for a given deflection distance, at any time to along the
asteroid’s orbit. An example is illustrated in Fig. (1) for the asteroid Apophis. We note that even with a




simple formula and two-body propagation, results shown in Fig. (1) have very similar trends as compared to
the work found by n-body simulation[3][8]. The two curves shown in the figure are calculated from Eq.(2),
labeled as Analytical, and an iterative two-body numerical simulation, labeled as Numerical. The results are
found in two steps: (1) To deflect the asteroid outside the keyhole, from the year 2010 to April 2029, Ar is
assumed to be 1 km as the keyhole size of Apophis is known to be 600 m [8]. (2) To avoid an impact in
April 2036, the deflection distance is set to be equal to the Earth radius amplified by the focusing factor.
The jump in the AV after encounter in 2029 can be explained by the increase in the required Ar of 4 orders
of magnitude. The orbital parameters of Apophis after the 2029 encounter are chosen such that its orbital
period becomes 7.0 years and keeping the closest distance with the Earth during the 2029 hyperbola to
about 32,000 km.

The two-body numerical simulation in Fig. (1) assumes a tangential AV. We present a second scenario
where the direction of the AV is allowed to changed in its orbital plane. Various AV angles (measured from
its current velocity vector) are considered along the same interception time frame. For each ¢, an optimal
angle is selected in which the AV required is minimum to achieve the same deflected distance Ar. From
Fig. (2), we note that for most of the time, the optimal AV direction remains very close to be tangential
and the difference between tangential and optimal AV is very small, except when the asteroid approaches
the Earth for its final heliocentric revolution.
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Figure 1: AV required to deflect Apophis as a function of the epoch of interception.

Generic Deflection

We now consider the asteroid being accelerated away from its reference orbit by a deflection acceleration
A(t) acting continuously over the time interval [to,to + 7p]. We introduce, following Scheeres [1], a new
time axis 7 = ¢t — to. The duration of the deflection acceleration will thus be 7,, or push time, and
Ts = te — to, or start time, will represent the time before impact the deflection starts (and, in this new
time axis, also the Earth encounter epoch). We approximate the deflection acceleration with a series of N

impulses A(7) ~ SN | AV;§(r — +7Tp), where AV; = fﬁ_;p A(7)dr. The heliocentric deflection Ar will
~ Tp

be the sum of the contributions due to each one of the impulses Ar = Eivzl Ar;. Clearly, to use Eq.(1) to
evaluate each contribution, one has to change the reference orbit after each velocity increment (i.e new a and
Vast). On the other hand, in foreseeable deflection scenarios, such a change will be exceedingly small and
will thus be neglected. In this case the contribution of each AV, to the final heliocentric deflection can be
evaluated independently of all the others using Eq.(1). Following this ansaz and recovering the continuous
representation of the deflection action A taking the limit for N — oo we reach the following expression for
the heliocentric deflection vector:

= _3Wastre TPVT- T)|dT
Ar = —Betette [V AGrar. 3)

Projecting this expression on the encounter b-plane, we have:

3avg,, sin @
7

AC = /OTP(TS —n)v(r) - A(7)dr, (4)
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Figure 2: Apophis deflection using a kinetic impactor

where 0 represents the angle between the Earth velocity at encounter vg ;. and the asteroid relative velocity
U,gst at encounter and A{ measures the displacement of the asteroid image on the encounter b-plane due
to the deflection acceleration A. Several properties of this last equations (also called the asteroid deflection
formula) are detailed in a previous work [6] where its accuracy is also studied numerically for a few interesting
cases that demonstrate its use for practical applications. It is noteworthy to remind that Eq.(4) reduces
to previously published results (i.e. Carusi et al. [3] and Scheerers and Schweighart [1]) when introducing
further assumptions (see [0]).

Deflection Charts

The asteroid deflection formula allows us to introduce a new type of charts that are useful to preliminary
assess the threat of a given impact scenario. These are essentially a contour plot of Eq.(4) with A = ml ” iy
(i.e. deflection acceleration aligned with the asteroid velocity). Under these assumption the b-plane deflection
is a sole function of 75 and 7,, that is of the start and the push times.

In Figure 3(a) the deflection chart relative to the 99942 Apophis close encounter in 2029 is shown. In Figure
3(b) we have reported the deflection chart for the asteroid 2009 KK and its close Earth encounter in 2022.
The amount of deflection on the encounter b-plane that can be achieved by pushing constantly along the
asteroid heliocentric velocity vector with a 1N force is plotted. As the two asteroids have a similar estimated
mass (Mapo = 2.7 - 10107 Mmre = 2.6 - 1010kg) the order of magnitudes of the deflection achievable are quite
similar, but the trend with respect to the variables 75 and 7, are different. The deflection charts are useful
to preliminary assess the capabilities of a putative deflection mission aimed at moving the asteroid b-plane
uncertainty ellipsoid out of dangerous areas. The linear behavior of A( with respect to A and mgs: allows
also to use the charts to quantify the sensitivity to these parameters of the achievable deflection. The charts
also show clearly how the correct combination of 7, and 7, is critical to obtain the best possible deflection.
Consider the case of a spacecraft that arrives at the asteroid 2009 KK 8.13 years before its Earth close
encounter. Assume that the spacecraft is capable to push the asteroid for a period of 0.82 years and that
it starts the deflection action immediately after its arrival (upper dot in Figure 3(b)). Such an intuitive
strategy would, though, be far from optimal as the same spacecraft could wait three years before starting to
push and with only 0.72 years of push would achieve three times as much deflection. Such a case is frequent
for asteroid with high eccentricity orbits where the orbital velocity has a great variability and thus the
efficiency of our push changes significantly if we operate at its aphelion or at its perihelion. Complex cases
could force us to consider switching on and off the engines along multiple asteroid orbits. The deflection
formula can be used also in these cases to perform a simple optimization of the thrust arcs once 75 is given.
The limits of this methodology is that it assumes implicitly that the spacecraft can reach the asteroid as
easily at any given time disregarding the phasing between the Earth (from where the spacecraft is launched).
Some arrival dates could just be infeasible for a given spacecraft, or could require so much fuel that little
would be left at arrival to actually push the asteroid (for some deflection strategies such as the gravity
tractor the propellant available on board at arrival is used to produce the deflection action). In general, a
more accurate estimate of the deflection capabilities of a given spacecraft requires to consider the concurrent
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Figure 3: Deflection charts for two different asteroids having a small and a big eccentricity. On (b) the red dots
explain the counter-intuitive case of a spacecraft having to wait before starting its deflection action in order to
maximize the deflection action.

optimization of the interplanetary trajectory and of 7, and 7,. This can be done by considering an optimal
control problem for the spacecraft thrust where the objective function is given by Eq.(4). Such an unusual
objective function (essentially depending on both the transfer duration and the spacecraft final mass) is
considered in the following sections in the framework of indirect methods for trajectory optimization.

The Optimal Control Problem for asteroid deflection

Problem Statement

In a mitigation mission, the first part of the mission is the launch and the asteroid encounter phase. In this
section, we propose results on the optimal control to place the spacecraft in a given state, to maximise the
asteroid deflection. We study the transfer problem from Earth to the asteroid, a two-body problem and the
sun is the only attracting body. We assume the departure and arrival date are fixed as we will grid sample
later on these variables. We describe the state vector x of a spacecraft with its position Rs. and velocity
Vs in the heliocentric reference frame, and with its mass ms., . We introduce the dynamics:

R (t}fsc(t)F
FOuit) = | “ATe P T mactn () (5)
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To account for the initial position of the spacecraft, and the desired terminal state at the time of encounter,
we introduce initial conditions and constraint. The initial conditions,

R..(tr) — REe(tr)
msc(tL) — Mo

=0 (6)

and the initial constraints,
Yo(x3tr) = [[Vse(tr) — ve(to)l — Voo (7)

with Voo = ||[Vse(tr) — ve(tz)||. The initial constraint states that the spacecraft is launched from Earth,
with a fixed launch energy C3 = V2.

For generality with further developement, we pose for now the general formulation for the terminal
constraints:

Yr(x5t0) =0 (8)

Because we consider two-body dynamics, and in the absence of capturing effects, the terminal constraints

change from case to case. In the kinetic impactor case we are only interested in satisfying the encounter

position with the asteroid, while in a gravity tractor case, we have to hover the asteroid and thus we might



consider a rendezvous constraint. We assume a spacecraft using an electric propulsion system. As such,
the thrust can vary but is bounded to the maximum value Frp. We introduce then the dynamic control
constraint,

@)l <1 9)
The problem is to minimise the objective function, or performance index, J = —A(, where the deflection
A( is given by Eq.(4).

Optimal Control

Consider the objective function and constraints just described, we are seeking the control that minimises
the objective function J . We introduce costate vectors Ar(t), Av(t) and A, (t) associated respectively to
R(¢), V(t) and m(t), and the Lagrange multipliers vy and vy, to augment the performance index, such as,

=g [ 20" (G - fw0) det v usite) + son(ite) (10)

with A\(1)T = [Ar(®)T, Av(t)T, A (t)]. We can then introduce the Hamiltonian,
H(x, A\ wst) = Pr(6)", Av ()", A (B)]£(x, us t) (11)

The necessary conditions of optimality can be found stating the stationarity of the Lagrangian L of the
optimisation problem. This leads then to the well-known Euler-Lagrange equations, which describe the
dynamics of the costate vectors,

dx™ _oH
dt X

12
WaT__on 1
dt ~—  Ox

and to the boundary conditions of the Euler-Lagrange equations, also called transversality conditions. For
instance, we have the generic forms,

oJ 0
and because of the initial constraints we have the transversality condition at initial time ¢r.:
AV,
7o (X, Ajtr) = Av(tr) + V07HAV2H (14)

Note that A(tr) is the initial condition and not completely defined, but it is guessed to such that the terminal
constraints and the transversality conditions can be satisfied. Following calculus of variation theory and the
Maximum Principle [9], the optimal control u*(¢) is the one minimising the Hamiltonian:

u” = arg min H(x, \, u;t)

and,
Hx, A3 t) = Ar () Ve — Av(t)T% +S(x 0w t) (15)
Fryp T Frp
S(x, A\ u;t) = AT = At 16
(x, A, u5) msc(t)u() v(t) ()golzsp (16)
Clearly, the Hamiltonian is minimised for:
* Av
u = -(t) 7+
O

with 0 < §(¢) < 1. As the control belongs to a compact set, and appears linearly in the Hamiltonian, it is
in general bang-bang. In particular, S is called a switching function, and helps us choose at each time ¢,
whether the control reaches its upper or lower bound (4(t) = 1 or §(¢) = 0).

The optimal control is thus computed by minimising the Hamiltonian and solving a two point boundary
value problem (TPBVP). Using a shooting method, the Euler - Lagrange dynamical equations are integrated
using the initial conditions [x(¢1), A(tr)] while satisfying transversality conditions 7 (x, A;to) and terminal
constraints ¥r(x;t0). If x(tr) is not completely defined, the missing elements have to be guessed, as for
A(tr). For instance, the decision vector x(¢r),

X(tL) = [)‘Rov >\V07 )\mo,Vo}

is used to satisfy the endpoint conditions. We now study 2 specific cases of deflection method. Each one has
its own objective function, and requires a specific formulation.



Objective function 1: Impulsive Deflection

Using an impact strategy, the deflection formula in Eq.(4) can be reduced to the objective function of the
Mayer form [6]:

3avg,t, sin 6 Mse(to)
msc(to) + Mast
We denote with to the time of impact, and with Ug. the spacecraft velocity relative to the asteroid. As
te —to = Ts we will use this variable in the following developments. The terminal constraints for the position

encounter are:

J=K (te — to) Usc(tO)Vast(tO) (17)

Yr(x(to);to) = Rsc(to) — Rast(to) (18)
With the terminal constraints, the necessary conditions of optimality give the transversality conditions:
aJ
Av(to) = =
8Vsc
(19)
Aen (o) = aJ
" Omsc
with,
o0J 3avg .+, sin @ mse(to) OUsc(to)
=K =< s ast(t
avss 1% T msc(tO) + Mast avsc M t( 0)
oJ 3avg,t, sin @ Meast(to)
= =2 s Usc t, ast(t
6msc 12 T (msc(to) + mast)2 ( O)V f( 0)

As m(tr) and R(tr) are imposed by the problem, the costates A, (tr) and Ar(¢z) are free. Similarly, as
there is already a constraint in the encounter position R(to), the associated costate Ar(to) is also free. It
is worth mentioning that the difference of order of magnitude between the asteroid mass and the spacecraft
mass, allows to write,
mSC ~ mSC (20)
Msec + Mast Mast
Assuming that the asteroid mass is much larger than the spacecraft mass,

Av (to) = —amsc(to)vast (to)

)\m(tO) = OéUsc(tO)Vust (tO) (21)
o= K?’CWE,te sm&tO 1
1% Mast

This shows, trivially, that to increase the deflection, in the fixed date problem we are considering, we
need to increase either the spacecraft mass or the relative velocity at encounter.

Objective function 2: Continuous Deflection

Using a continuous deflection technique, such as a gravity tractor, the deflection formula can be simplified
into:
3a . i
J = —wvg;, sinf (Ts — T)Vast (T)A(T)dT (22)
© 0
We have to note that J depends only on the state of the spacecraft at the time of encounter with the
asteroid. This is then a terminal function, of the Mayer form, and we have similar equations as for the
problem 1 . We use rendezvous constraint between the spacecraft and the asteroid at to :

R (to) — Rm(to)}

by (x(to);to) = [vscoso) ~ Vas(to) N

As done earlier, the optimality conditions for the given initial conditions are expressed by Eq.(19). As
before, since m(tr) and R(¢r) are imposed by the problem, the costate A, (tr) and Ar(tz) are free. The
encounter position R(to) is imposed by the asteroid state at terminal time, and thus the costate Ar (o)
is free. In the long duration thrust case, assuming that we thrust, at full throttle, in the direction of the
asteroid velocity|[6], we get:

J = %vE,te sin QFTh/ ’ (Ts = T)ast(T)dT (24)
0

Note that for a given date of encounter, J depends only on 7,, which varies linearly with ms.(to) with the

relation:

_ msc(to)
= (25)



Also, as the integrand (75 — T)vas:(T) is a positive quantity for all 7 € [0,7,], J is a monotonic positive
increasing function of 7,. Consequently, the dates being fixed (e.g. encounter and impact dates), maximising
J resumes to maximising msc(to) and we may thus consider this case as a fixed times maximum final mass
problem.

Case study: gravity tractor vs. kinetic impactor

‘We here consider as a study case a deflection mission to the asetroid 99942 Apophis, before the 2029 putative
keyhole passage. We consider a spacecraft having an initial mass is 1500 kg. We aim at comparing, in this
case, the performances of a gravity tractor strategy and those of a kinetic impactor. The spacecraft has 2
thrusters of thrust force Frp, = 0.1 N. The thruster specific impulse is chosen to be Is, = 2500 s. In the
gravity tractor case, in conformity to the gravity tractor design proposed by Lu and Love [10] the spacecraft
needs 2 thrusters of opposite cant angle. We suppose a cant angle of acant = 45°, such that the acceleration
applied on the asteroid is:

Fryp
COS Qcant
Mast

We use the results of the preceding sections to evaluate the deviation induced in both cases solving the
fixed time optimal control problem grid sampling the departure and arrival dates. The spacecraft departure
date and time of flight spaces are split into intervals of 50 days. The encounter date is 10694.5 MJD. The
launch date varies between 7042 and 9964 MJD. The time of flight ranges from 1 to 3 years. The deflection
is computed for every points on the grid. Due to the method and the optimisation technique, convergence
is not guaranteed for every points on the grid. For instance, in the impact case the convergence rate is
about 91 %, while in the gravity tractor case, as the terminal constraints are rendezvous constraints, the
convergence is more difficult and the convergence rate reaches 75 %. When no convergence is possible, we
set the deflection value to 0.
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Figure 4: Apophis: kinetic impactor capabilities

Figures 4 and 5 depict respectively the deflection map due to an impact on the asteroid, and the deflection
map using a gravity tractor. What we can first infer from the figures is that the deflection is obviously not
uniform on the time space. This is first due to the date at which the deflection technique start, as evident
in the deflection charts presented in previous sections. In addition, even at a given encounter date with the
asteroid, the deflection value changes because of the final spacecraft mass and, in general, of the encounter
conditions. Opposite the previous studies, which did not account for the spacecraft mass and the inherent
difficulty to place the spacecraft at the desired location and time, these graphs shows that to study a deflection
technique efficiency, we have to take into account the initial phase of the mission, for instance the launch and
the encounter problem. On figure 4, we notice that few launch dates allows to have an efficient deflection (the
final word on the feasibility of the deflection would depend on how much deflection we actually need). Figure
4(b) represents the kinetic impactor trajectory that provides the highest deflection in the search domain.
The spacecraft mass at impact is 1260kg, the relative velocity is 5.2km/s and the spacecraft impact takes
place 7.5 years before the Earth encounter. The impact geometry provides Uvgas: = 150km? / s?, such that
the impact energy is actually quite small and the deflection achieved by April 2029 is only 32.8km.

On Figure 5, the different plot refer to different spacecraft dry mass and to the gravity tractor case. Once
the spacecraft rendezvous with the asteroid, it still has to push to create the gentle push of the asteroid. As
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Figure 5: Apophis: Gravity Tractor capabilities.

in (4), the push time is limited by the available fuel mass, the spacecraft dry mass is an important design
parameter as it affects heavily the achievable deflection. The fuel mass depends on the mass of the spacecraft
at rendezvous with the asteroid, to which we should substract the dry mass of the spacecraft. The more dry
mass we have, the less fuel remains. Consequently, as shown on figure 5, the performance of the deflection
shrinks when the dry mass increases. An interpretation of the non convergence of trajectories with launch
dates approaching the Earth encounter is that the condition of controllability imposes to have sufficient time
for the spacecraft to reach the desired state. As a last remark we note that for this particular spacecraft
design the gravity tractor technique seems to be very efficient with respect to the kinetic impactor. This
fact is a direct consequence of the spacecraft design chosen and its validity is limited to the actual possibility
of designing a spacecraft weighting 1500 kg and with engines able to have the quoted maximum thrust and
specific impulse. The results here presented highlight the importance of accounting for the spacecraft design
in a defection strategy trade-off. In particular, we may conclude that the two strategies considered may not
be compared “in general” but only with respect to a given spacecraft (mass, thrust, specific impulse and
minimum dry mass achievable).



Conclusion

We have studied common analytical estimates for the b-plane deflection due to impulsive and continuous
deflection strategies, which shows how their extremely good accuracy fully justifies their extensive use in
deflection studies. We have introduced the deflection charts as a preliminary tool to assess the threat of a
given putative hazardous Earth encounter, explaining some counterintuitive choices for the start and push
times. The deflection formula can be used as an objective function for interplanetary trajectory optimisation.
In this case, the detailed study of the optimal control problem shows several new features of the design of
deflection missions, including the bang-bang structure of the control and the importance of the Earth-asteroid
phasing and of the spacecraft design in the evaluation of the deflection capabilities of a given strategy.
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